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ABSTRACT

Here we study the fuzzy regularly open sets [1] and introduce fizzy d-open set. Using these sets we define and study
the r-separation axioms for topological spaces. Several basic results were introduced and studied for r-separation
axioms for topological spaces viz. fuzzy rT; fori=0, 1, 2, fuzzy r-regular, fuzzy r-normal spaces.
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1. INTRODUCTION

The concept of Fuzzy set was introduced by Zadeh in 1965 to describe those phenomena which are imprecise, vague or
fuzzy in nature. Fuzzy set theory has remarkable array of applications in almost all disciplines. Fuzzy set handle such
situation by attributing a degree to which a certain object belongs to a set.

Fuzzy regularly open sets in a fuzzy topological space were introduced by Azad [1] in 1981. Using these concepts
Sinhal and Rajvanshi in 1992 introduced almost separation axioms. All undefined fuzzy topological concepts are from
[2]. In the present paper we have defined fuzzy r-separation axioms- fuzzy rT; for i=0, 1, 2 fuzzy r-regularity and fuzzy
r-normality in a fts.

2. PRELIMINARIES

We take I= [0, 1].For a fuzzy set A€l*, co A denotes its fuzzy complement. For o € |, a denotes « valued constant
fuzzy set. We denote the characteristic function of Y X as Y and regard it as an element of I*.A fuzzy point x, in X is
a fuzzy set in X taking value r € (0, 1) at x and 0 elsewhere, x and r are called the support and value of x, respectively.
A fuzzy point x, is said to belong to A€l if r < A(x). Two fuzzy points are said to be distinct if their support are
distinct. Given a fuzzy topological space (in short fts) (X, T), A€l*is called regularly open if int cl (A) =A [1], also
A€l* is called regularly closed if co A is regularly open. Clearly A is regularly closed if and only if A=cl int A.

2.1. Proposition: [1] Intersection of two fuzzy regularly open sets is regularly open.

2.2. Proposition: [1] Closure of a fuzzy open set in a fts (X ,T) is fuzzy regularly closed and interior of a fuzzy closed
set in X is fuzzy regularly open.

2.3. Definition: [3] Let (X, T) be an fts and X, be a fuzzy point in X. A fuzzy set A is called a fuzzy r-neighbourhood if
there exists a fuzzy regularly open set U such that x,eUSA. A fuzzy set A is called quasi r-neighbourhood of a fuzzy
singleton x; in X if there exist a fuzzy regularly open set U such that x,gUCSA.

2.4. Definition: [3] Let (X,T) be a fts ,then the set of all fuzzy regularly open sets forms a base for some topology on X.
This fuzzy topology is called the fuzzy semi regularization topology of T and is denoted by T*, clearly T*<C T. (X, T*)
is called the fuzzy semi regularization of (X, T).

Azad[1] defined an fts (X,T) to be fuzzy semi regular if and only if the fuzzy regularly open sets of X form a base for
the fuzzy topology T on X. Then according to above(X, T *) is fuzzy semi regular if and only if T= T*.
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2.5. Definition: [1] A mapping f :( X, Ty) — (Y, T,) is called fuzzy almost continuous if the inverse image of every
fuzzy regularly open setin Y is fuzzy open in X.

2.6. Definition: [1] A mapping f:(X,T1)—(Y,T,) is called fuzzy almost open (closed) if for every fuzzy regularly open
(closed) set U in X, f(U) is fuzzy open (closed) in Y.

2.7. Lemma: [3] If f: X—>Y is a fuzzy almost continuous, fuzzy almost open map, then the inverse image of every
fuzzy regularly open (closed) set is fuzzy regularly open (closed).

3. MAIN RESULTS

In this section we have defined fuzzy 8-open set and fuzzy r-separation axioms. Several results related to fuzzy 3-open
set and fuzzy r- separation axioms have been established.

3.1. Definition: A fuzzy set A in a fts is said to be a fuzzy & —open set in X if it can be expressed as a union of fuzzy
regularly open sets in X. A fuzzy set A in X is called a fuzzy d-closed set if it is a complement of a fuzzy & —open set in
X.

For a fuzzy set A in X, the 5-closure of A is defined as the intersection of all fuzzy &-closed sets in X which contain A.

3.2. Definition: A fuzzy singleton X, is called a d-adherent point of a fuzzy set A in X if every quasi r-neighbourhood
of x, is quasi-coincident with A.

3.3. Proposition: Let (X, T) be an fts and (Y, Ty) be its subspace where Y is fuzzy regularly open in X, then ANY is
fuzzy regularly open in Y for any fuzzy regularly open set A in X.

Proof: First we show that if A isa fuzzy setinY and Y is a fuzzy open in X then
Intx A:inty A

Consider the two families, A, ={Uy € Ty: Uy S A}
n={U €eT:UcA}

Take any Uy € A, then Uy =UNY forsome U € T, but YE T,
Therefore, Uy € T and hence Uy € ;.
Conversely, let U € A, thensince U S AcC Y, U =UnY, hence U € Ty, implying that, U € A,
Thus A, = A, Hence
U { Uy: Ue }Ll} =U { Uy: Ue 7\,2}
=inty (A)= intx (A)
Now we prove the proposition:
Inty cly (A NY) = Intxcly (ANY) (since Y is fuzzy open in X)
= Intx (YﬂClx (AﬂY))
= YN intk clx (ANY) (since Y is fuzzy open in X)
=Y Nn(ANY)
= AnY
Hence ANY is fuzzy regularly openin'Y.

3.4. Proposition: In a fts (X, T) a fuzzy set A is fuzzy 6-closed if and only if A= 8-adh A where -adh A denots the
union of all its §-adherent points.

Proof: First let us suppose that A is fuzzy 3-closed. To show that A= §-adhA.
We first show that Ac §-adhA.
Take any fuzzy point x; € A then r<A(X).

Consider any quasi-r-nbd of x,, say N. Then there exists a fuzzy regularly open set U such that x, ¢ USN. Now x, q N
and hence r+N(x)> 1 =A(X)+N(x)>1 since A(x)>r, so AgN
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Implying that x; is a 3-adherent point of A. hence x; € 8-adh A .Thus Ac d-adh A.
Next we show that 8-adh ACA .Take any 5-adherent point of A, say X;.

Then we show that x, € A. For, if not, then r>A(X) if and only if r-A(x) >0
o1+ (1-AKX) >1
X qcoA

Now since A is fuzzy 6-closed, A=n F; where each F; is fuzzy regularly closed set containing A. Then coA= uUco F;
where co F; for each i, isa is fuzzy regularly open set contained in A. Now x; g co A if and only if x, g (Uco F;)

i.e r+uco Fi(x)>1 if and only if uco Fi(x)>1-r

i.e. 1-r <uco F;(X)= sup;co Fi(x)
=1-r< co Fi(x) for some i, say iy
=1<r+ co Fj(X)

Thus X, g co Fj;, =co Fyy, is a fuzzy regularly open quasi-r nbd of x,. As X, is a 6-adherent point of A, we must have co
Fi1 g A which implies U coFi g A or (coA) gA which is a contradiction.

Hence x, € A implying that U{x;: x, €6-adhA} CA
i.e. -adhAcA
Hence A= 6-adh A

Conversely let us assume that A= 3-adhaA. Then we claim that A= n{F;: Fi is a fuzzy regularly closed set containing
A}

Obviously AcnF; .Now we show that NFiCA, let x, be a fuzzy singleton such that x,€ n{F;: Fi is a fuzzy regularly
closed set containing A} -------- Q)

Take any fuzzy regularly open set U such that X,qU. Then r+ U(x)>1 or r>1-U(x) i.e.r>coU(x) but this implies that
x.gcoU=coU is a fuzzy regularly closed set which does not contain A ie A€coU(Since in view of (1) , x,€F; for each
fuzzy regularly closed set F; containing A)i.e. there must exist some zeX such that co U(z)<A(z)

=1-U(2) <A(2)

=>A(2) +U (2) >1

=UgA

Which further implies that x, is a 8-adherent point of A and therefore since A= &-adh A, we have x,€A thus NF,.CA
therefore A=NF;and hence A is fuzzy §-closed.

3.5. Definition: Fuzzy r - separation axioms in a fuzzy topological space. Now we define Fuzzy r - separation Axioms
in a fuzzy topological space. A fts (X, T) is called
(@) Fuzzy r-T if for every X, y in X, x=y then there exists a fuzzy regularly open set U such that U(x)=U(y).
(b) Fuzzy r-Tq if for every x, y in X, x=y then there exists a fuzzy regularly open set U such that U(x) =1,
U(y) =0.
(c) Fuzzy r-T, if for every pair of distinct fuzzy points X,, ys in X, then there exists fuzzy regularly open sets U
and V such that x,€eU, ys€ V and UnV=0.
(d) Fuzzy r-regular if for every fuzzy point x; in X and each fuzzy closed set F such that x, ecoF, there exists
fuzzy regularly open sets U and V such that x,eU, FS V and UScoV.
(e) Fuzzy r-normal if for every pair of fuzzy closed sets F;,and F, such that, F;ScoF,, there exists fuzzy regularly
open sets U and V such that F,cU, F,€ V and U<coV.

Now we prove some results related to fuzzy r-separation axioms.
Theorem: 3.6 If (X, T) is fuzzy rT, then every fuzzy singleton x; in X is fuzzy closed.
Proof: We have to show that {x;} is fuzzy closed or X-{x;} is fuzzy open. Now choose any fuzzy point y, in X-{x;}

theny #x as (X, T) is rT; so 3 regularly open set U such that U(x) = 0, U(y) =1 so y,€ U =X-x,, so X-{x} is fuzzy
open i.e. {X} is fuzzy closed.
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3.7. Theorem: Let (X, T) be an fts, then (X, T) is fuzzy rT; if and only if its semi-regularization (X, T*) is fuzzy T; for
i=0, 1, 2.

Proof: Let (X,T)be a fuzzy r-T, space, then for every x, y in X, x #y there exists fuzzy regularly open set U such that
U(x) #U(y).But every fuzzy regularly open set in (X,T) is fuzzy open in (X,T*) therefore U is a fuzzy open set in (X,
T*) such that U(x) # U(y) and hence (X, T*) is fuzzy T,. Conversely, let (X, T*) be fuzzy Ty, then V x, y € X, x#y, 3
U € T* such that U(x) = U(y). Here U is of the form U,c,U; where each U; is fuzzy regularly open set in X. hence,
U U;(x) # U Ui(y) which implies that 3i€A such that U;(x) = Ui(y) showing that (X, T) is fuzzy r T,

Next, let (X, T) be fuzzy r Ty, then V X, y € X, x#y, 3 a fuzzy regularly open set U such that U(x)=1, U(y)=0.
Obviously U € T* hence (X, T*) is fuzzy T;. Conversely, if (X, T*) is fuzzy T, then 3 U € T* such that U(x) =1,
U(y) =0 and clearly any U is of the form U = U;4U; thus U;c,U; (X) = 1 thus sup;e, Ui(x) =1, so Uj(x) = 1 for some
i And U;c,U; (y) = 0 thus sup;eq Ui(y) = 0 so Ui(y) = 0 so 3 regularly open set U; such that U; (xX) = 1, Ui(y) = 0 so (X,
T)isrTy

Again, let (X, T) be fuzzy r T,. Choose fuzzy points X; ys in X,x=Yy then 3 fuzzy regularly open sets U, V in T such that
X € U, ¥s € V and Un V=¢. Now since U and V are fuzzy open in (X, T*) therefore (X, T*) be fuzzy T,

Conversely let (X, T*) be fuzzy T,. Choose distinct fuzzy points X, ys in X, then 3 U, V € T* such that
X € U, ys € V, UNV = ¢. Here, U= U1 Ui V=Ujeq,Vj Where Uy’s and Vy’s are fuzzy regularly open in X. thus we
have X, € UiU;, ys €U ;V; and( UU;) n (UV)) = ¢ which implies that 3 i€ 4; j€ A, such that x, € U;, y; € V;j and
Ui NnV;= @ showing that (X, T) is fuzzy rT,.

3.8. Theorem: Let f:(X, T)—(Y, S) be an injective, fuzzy almost continuous and fuzzy almost open mapping then
(X, T) is fuzzy rT; if (Y, s) is fuzzy rT; for i=0,1,2.
Proof: Let f: (X, T)—(Y, S) be an injective, fuzzy almost continuous and fuzzy almost open map. First we show that
(X, T) is fuzzy rTy if (Y, S) is fuzzy rT, To show this let x, ye X, x # v, since f is injective f(x), f(y) € Y, and
f(x)=f(y). Again since Y is fuzzy rT,,3 a fuzzy regularly open set U such that

U (f(x))# U (f(y))
=f1(U) (x) #F(U) ()

Since f is fuzzy almost continuous and fuzzy almost open map by using Lemma (2.7), f*(U) is fuzzy regularly open in
X. Hence 3 a fuzzy regularly open set £'(U) in X such that f*(U) (x) # £*(U) (y) which implies that X is fuzzy rT,

Next let X, y € X, where x # y then f(x), f(y) € Y, f(x) #f(y). If (Y, S) is fuzzy rT, 3 afuzzy regularly open set U in Y
such that U (f(x) ) =1, U (f(y)) =0

=>f1(U(¥) =1, F1(U(y)) =0

= (V) is fuzzy regularly open set in X such that f*(U(x)) =1, f*(U(y)) =0

Thus (X, T) is fuzzy rT;.

Now we show that (X, T) is fuzzy rT, if (Y, S) is fuzzy rT,, Let X, Y€ X, X#Y.

Since fis injective f (x,), T (ys) € Y, f (X)) = f (ys)

Since Y is T, 3 fuzzy regularly open sets U and V such that f (x,) € U, f (y;) € Vand UnV =0

This implies that x, ef*(U), y, ef*(V)

Since f is fuzzy almost continuous and fuzzy almost open mapping by using Lemma f'(U) and f* (V) are fuzzy
regularly open sets in X. Again f*(U) n f!(V) = f* (Un V) = f'9=¢

Thus (X, T) is fuzzy rT,,

3.9. Theorem: Every fuzzy regularly open subspace of
(i) A fuzzy rT; space is fuzzy rT; for i=0, 1, 2.
(it) A fuzzy r-regular space is fuzzy r-regular

Proof: (i) first we show that every fuzzy regularly open subspace of a fuzzy rT,. space is fuzzy rT, Let (X, T) be fuzzy
I'To space and let (Y, Ty) be its subspace where Y is fuzzy regularly open. Let X, y € YS X, X # y. Since X is fuzzy
I'To 3 a fuzzy regularly open set U such that U (x) # U(y).
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Now Uy = UNY being intersection of two fuzzy regularly sets is again fuzzy regularly open. Also it can be easily seen
that Uy (X) # Uy (y) implying that (Y, Ty) is fuzzy rT,,

Next Let Y be fuzzy regularly open subspace of X and let X, y € YSX, where x # y, and Y is a subspace of X.
So 3 a fuzzy regularly open set U in X such that U(x)=1 ,U(y)=0 (as X is rT,)

Now take Uy=UNY then Uy(x)=UNY (X)=inf{U(x),Y (x)}=1 and Uy (y)=UNY (y)=inf{U(y),Y (y)}=0

This Uy is regularly open such that Uy (x) =1, Uy(y) =0

Thus, (Y, Ty) is fuzzy rT,

Next, let (X, T) be fuzzy rT, and let (Y, Ty) be its fuzzy regularly open subspace. Since X is fuzzy rT,V x, Ys€ Y € X,
x=#y. 3 fuzzy regularly open sets U and V such that x, €U, Y, € V and U n V =@. Now Uy= Un Y and Vy = VnY
being intersections of fuzzy regularly open sets is itself fuzzy regularly open. Thus we have V x,, ys € Y, 3 fuzzy
regularly open sets Uy, Vv such that x, € Uy, Y € Vy and Uy N Vy =0

Hence (Y, T,) is fuzzy rT,,

(ii): Let x, be a fuzzy point in Y, where Y is a subspace of X and F is a fuzzy closed set in Y such that x, € co F so 3
fuzzy regularly open sets U and V such that x, e U,Fc Vand U S co V.

As X is fuzzy r regular and Y is fuzzy regularly open subspace of X, therefore 3 fuzzy regularly open sets Uy= UnY,
Vy=VNY such that x, e UnY, F S VNY and UNY < co(VNY). Thus (Y, Ty) is fuzzy r regular

3.10. Theorem: Every fuzzy open subspace of
(i) afuzzy rT;space is fuzzy T;for i=0, 1, 2.
(if) afuzzy r-regular space is fuzzy regular open

Proof: The Proof is on similar lines as in previous theorem.
3.11. Theorem: An fts (X, T) is fuzzy rT, if and only if the diagonal set A, is fuzzy closed in (X x X, T*xXT*).

Proof: Let (X, T) be fuzzy rT,. Consider X x X- A,. Let (x,y), be a fuzzy point in X x X- A, then X, , y, are distinct
fuzzy points in X. therefore 3 fuzzy regularly open sets U and V such that x, € U, y, € V and UnV=@ Consider now
U x V, then U x V is a basic fuzzy open set in (X x X, T*xT*) and is such that (X, y); € U x VEX x X- A, and hence
X x X- Ayis fuzzy open i.e. Ay is fuzzy closed in (X x X, T*xT*).

Conversely, let A, be fuzzy closed in T*xT*, then X x X- Ay is fuzzy open in (X x X, T*xT%*).

Now choose distinct fuzzy points x; , ys in X. let s<r.then (X, y); is a fuzzy point in X x X- A, therefore 3 a basic fuzzy
open set U x Vin (X x X, T*xT*) such that (x, y); € U x V€ X x X- A, here U=U;¢4,U;, V=U,¢4,V; Where each U;
and each V;j are fuzzy regularly open in X. so, (X, y)r € UU; x U V; € X x X- A, which implies that 3 iand j such that
(x, y)r € Ui x V; € X x X- Acand hence we have found fuzzy regularly open sets U; and V; such that x, € U; , y, € V;
and U; N V; = ¢. Further, since s<r, we have X, € U;, y; € Vjand U; N V; = ¢ showing that (X, T*) is fuzzy rT,.

3.12. Theorem: In an fts (X, T) the following are equivalent:
) (X, T)is fuzzy r-regular
(ii) For each fuzzy point x, and each fuzzy open set V such that x, € V, 3 a fuzzy regularly open set U such that
X € U cclUcV.

Proof:

(i) = (ii)

Let x, be a fuzzy point and let V be a fuzzy open set such that x, €V. then co V is a fuzzy closed set such that
X; €co (co V). Now since (X, T) is fuzzy r- regular, 3 fuzzy regularly open sets U and W such that x, eU , co VEW and
Uc co W, thus x,€ U< coW< V but co W is a fuzzy closed set containing U, therefore x,€ U< cl UC V

(i)= (i):

Let x; be a fuzzy point and let F be a closed set such that x, eco F. Then co F is a fuzzy open set such that x;, € co F,
therefore 3 a fuzzy regularly open set U such that x, €U <cl U < co F consider now the fuzzy regularly open sets U
and U; where U;=1-cl U, here Uj is fuzzy regularly open . then x; €U, F€ U; and U<co U, since for any z € X, U(z) +
U; (z) =U (2) +1- cl U(z) which is < 1. Therefore (X, T) is fuzzy r-regular.
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3.13. Theorem: in an fts (X, T) the following statements are equivalent:
(i) (X, T) is fuzzy r-normal.
(ii) V Fuzzy closed set F and fuzzy open set V such that FEV 3 fuzzy regularly open set U such that F€ Uccl
Ucv.

Proof:

(i) = (ii)

Let (X, T) be normal space. Let F be any fuzzy closed set and V be a fuzzy open set such that FEV, therefore 3 fuzzy
regularly open sets U and U; such that FEU, co V€ Uy, and USco Uy, thus FEUSco USV. since co U, is a fuzzy
regularly closed set and hence a fuzzy closed set containing U, we have FEUCccl UCV.

(ii)= (i)

Let F; and F, be any two fuzzy closed sets such that F,< co F,, then 3 a fuzzy regularly open set U such that
F, €UC cl Ucco F,. Consider now the fuzzy regularly open sets U and U; where U; =1-cl U here Uy is fuzzy regularly
open. Then we have F; €U, F, €U, and Ucco U, since forany z € X, U (z) +U; (z) = U (2) +1-cl U (2) which is <1.
Hence (X, T) is fuzzy r normal.
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