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ABSTRACT
In this paper, we present some common fixed point theorems by using Delbosco’s set for two pairs of weakly
compatible mappings in the setting of a 2-metric spaces. As an application of our main result, a generalized common
fixed point theorem is also derived besides furnishing two illustrative examples.
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1. INTRODUCTION

The concept of 2-metric spaces was initiated and developed (to a considerable extent) by Gahler in a series of papers
[7-8] and by now there exists considerable literature on this topic. In this course of development, a number of authors
have studied various aspects of metric fixed point theory in the setting of 2-metric spaces which are generally
motivated by the corresponding existing concepts already known for ordinary metric spaces. Iseki [13] (also see [14),
appears to be the first mathematician who studied fixed point theorems in the setting of 2-metric spaces.

The authors of the articles [3,11,20,22,25,29,30] also utilized the concepts of weakly commuting mappings, compatible
mappings, compatible mappings of type (A), compatible mappings of type (P) and weakly compatible mappings of type
(A) to prove fixed point theorems in the setting of 2-metric spaces.

Jungck [17] introduced the notion of weakly compatible mappings in ordinary metric spaces which is proving handy to
prove common fixed point theorems with minimal commutativity requirement. Recently, Popa [26] utilized implicit
relations to prove results on common fixed points which are proving fruitful as they cover several definitions in one go.

The purpose of this paper is two fold which can be described as follows.

1. Motivated by D. Delbosco’s [1] and V. Popa’s [33] results, we prove some common fixed point theorems for
two pairs of weakly compatible mappings by using Delbosco’s set in the setting of 2-metric spaces. Also, we
present on example to illustrate the effectiveness of our results.

2. As an application of our main result, a generalized common fixed point theorem has been proved besides
deriving related results and furnishing illustrate examples.
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2. NOTATIONS AND DEFINITIONS

Throughout this paper, we will adopt the following notations: N is the set of all natural numbers, N, = N U {0}. RT is
the set of all non-negative real numbers, i.e. Rt = [0, +). In [1], D. Delbosco introduced a unified approach for
contraction mapping. D. Delbosco considered the set F of all continuous function g: (R*)3 —» R* satisfying the
following conditions:

(g-1): g(1,1,1))=h<1;

(9-2): Ifu,v € R* are such that u < g(v,v,u) oru < g(u,v,v) oru < g(v,u,v), thenu < hv.
And prove the following:

Theorem: 2.1 (see [1]) Let (X,d) be a complete metric space. If S and T are two mappings from X into itself,
satisfying the following conditions:

d(Sx, Ty) < g(d(x,y), d(x,5%),d(y, Ty))
forall x,y € X, where g € F. Then S and T have a unique common fixed point in X.

Some authors proved many kinds of fixed point theorems for contractive type mappings by using Delbosco’s set in
metric spaces (See [31-32]).

We recall the following definitions and results:

Definition: 2.1 (see [7]) Let X be a nonempty set. A real valued function d on X3 is said to a 2-metric if,
(M1)  To each pair of distinct points x,y in X, there exists a point z € X such that d(x,y,z) # 0,

(M2)  d(x,y,z) = 0 when at least two of x, y, z are equal,

(M3)  d(xy,z) =d(xzy) =d(y,zx),

(M4)  d(xy,z) <d(xyu) +dxuz)+d(uy,z) forall x,y,z,u € X.

The function d is called a 2-metric on the set X whereas the pair (X, d) stands for 2-metric space. Geometrically a
2-metric d(x,y, z) represents the area of a triangle with vertices x, y and z.

If has been know since Gahler [7] that a 2-metric d is a non-negative continuous function in any of its three arguments.
A 2-metric d is said to be continuous. If it is continuous in all of its arguments. Throughout this paper d stands for a
continuous 2-metric.

Definition: 2.2 (see [7]) A sequence {x,} in a 2-metric space (X,d) is said to be convergent to a point x € X, if
lim,,_,,, d(x,,x,2) = 0 forall z € X.

Definitions: 2.3 (see [7]) A sequence {x,} in a 2-metric space (X,d) is said to be Cauchy sequence if
lim,_,., d(x,,Xy,2z) =0 forall z € X.

Definitions: 2.4 (see [7]) A sequence {x,} in a 2-metric space (X, d) is said to be complete if every Cauchy sequence in
X is convergent.

Definitions: 2.5 (see [20]) Let S and T be mappings from a 2-metric space (X, d) into itself. The pair (S, T) is said to
be compatible pair (co. p.) if lim,_, d(STx,, TSx,,z) = 0 for all z € X, whenever {x,} is a sequence in X such that
lim,_, Sx, = lim,_,, Tx, = t forsome t € X.

Definitions: 2.5 (see [20]) Let S and T be mappings from a 2-metric space (X, d) into itself. The pair (S, T) is said to
be weakly compatible pair (w. co. p.) if Sx = Tx (for some x € X) implies STx = TSx.

Definitions: 2.6 (see [20]) Let S and T be mappings from a 2-metric space (X, d) into itself. The pair (S, T) is said to
be compatible of type (A) if lim,_,, d(TSx,, SSx,,z) = lim,_,, d(STx,, TTx,,z) = 0 for all z € X, whenever {x,} is a
sequence in X such that lim,, ., Sx, = lim,_,,, Tx, = t for some t € X.

Definitions: 2.7 (see [20]) Let S and T be mappings from a 2-metric space (X, d) into itself. The pair (S, T) is said to
be weakly compatible of type (A) if

lim, ,, d(STx,, TTx,,z) <lim,_,,, d(TSx,, TTx,, z)
and rlll_r)rglO d(TSx,, SSx,,,z) < lim,_,,, d(STx,, SSx,,,Z)

for all z € X, whenever {x,} is a sequence in X such that lim,,_,,, Sx, = lim,,_,,, Tx, = t for some t € X.

In view of Proposition 2.4 of [25], every pair of compatible mappings of type (A) is weakly compatible mappings of
type (A) whereas in view of Proposition 2.9 of [25], every pair of compatible mappings of type (A) is weakly
compatible pair.
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3. MAIN RESULTS

The following proposition notes that in the following specific setting the common fixed point of the involved four self
mappings is always unique provided it exists.

Proposition 3.1: Let (X, d) be a 2-metric space and let A, B, S, T: X — X be four mappings satisfying the condition:
d(Ax,By,a) < g(d(Sx, Ty, a), d(Sx, Ax, a), d(Ty, By, a)) (3.1)
for all x,y € X and for all a € X, where g € F. Then A, B, S and T have at most one common fixed point.

Proof: Assume, to the contrary, that A, B, S and T have two common fixed points u and v such that u # v. By (3.1),
we obtain;
d(u,v,a) = d(Au,Bv,a) < g(d(Su, Tv,a),d(Su, Ay, a), d(Tv, By, a))

= g(d(u, v,a),d(u,u,a),d(v,v, a))

= g(d(u,v,a),0,0)

Thus, by (g-2), we have
d(u,v,a) =0foralla € X.

This is a contradiction. Thus, our assumption that A, B, S and T have two common fixed points u and v such that u # v
was wrong. This finishes the proof.

Let A, B, S and T be mappings from a 2-metric space into itself satisfying the following condition:
AX) € TX) and B(X) € S(X). (3.2)

Since A(X) € T(X), for arbitrary point x, € X, there exists a point x; € X such that Ax, = Tx;. Since B(X) < S(X), for
the point x;, we choose a point x, € X such that Bx; = Sx, and so on. Inductively, we can define a sequence {y,} in X
such that

{ Yon = AXZn = TX2n+1,

Vn € N,. 3.3
Yan+1 = BXony1 = SXonyo, 0 (33)

Lemma 3.1 Let (X, d) be a 2-metric space and let A, B, S, T: X — X be four mappings which satisfy conditions (3.1) and
(3.2), then

(A) d(Yn'Yn+1,yn+2) = O,V ne No.
(B) Sequence { d, (a)} is a non-decreasing sequence in R*.

Proof: (A) from (3.1), we obtain;
d(Yan+2:Yan+1,Y2n) = d(AXz442, BXan 11, Y2n)
< g(d(SX2n+2'TX2n+1'YZn)'d(SX2n+2'AX2n+2rYZn):)
- d(TXzn41, BX2n41,Y2n)
_ g(d(YZn+1'YZn'YZn)'d(Y2n+1'YZn+2'YZn)')
d(Yzn Y2n+1,Y2n)
=g(0,d(yzn+2 Y2n+1,Y2n), 0)

yielding thereby
d(¥zn+2) Yan+1, Y2n) = 0 (due to (g-2)). (34)

Again, from (3.1), we have

d(Yan+1,Y2n Yan—1) = d(AXz411, BXn, Yon—1)

< g(d(SX2n+1'TX2n'YZn—1)'d(SX2n+1'AX2n+1'YZn—1)ﬁ)

- d(TXZn' BXZn' YZn—l)

=g (d(Yan Yon-1, YZn—l)r d(YZn' Yon+1, YZn—l)' )
d(Y2n-1,Y2n, Y2n-1)

= g(o' d(YZn' Yon+1, YZn—l)' 0)

By using (g-2), we obtain
d(Y2n+1, Y20, Y2n-1) = 0. (3.5)

Thus, from (3.4) and (3.5), it follows that
d(Vns Yn+1,Yn42) =0, Vn €N,
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Proof: (B) For simplicity, we denote d(y,,V,+1,a) by d,(a) Vn € Ny and for all a € X. First, we shall show that
{ d, (@)} is a non-decreasing sequence in R*. By (3.1), we have;

dzn(a) = d(yzn, Y2n+1,@) = d(Axzy, BXgpyq,a)
< g(d(SXZn' TX2n+1' a)' d(SXan AXZn' a)' d(TX2n+1' BX2n+1' a))
= g(d(YZn—l'YZn' a),d(Y2n-1,Y2n, ), d(Y2n, Y2n+1 a))
= g(dZn—l (@),dzp-1(a), dZn(a))

Implying thereby,
dzn(a) < hdy,1(a) < dzp—q(a) Vn €N, (3.6)

Again, from (3.1), we have

dzn+1(@) = d(Y2n+1,Y2n42,2)
= d(AXzp41, BXzn42,2)

< g(d(Sxzn+1, TXz2n42, @), d(SX2n11, AXzp 41, @), d(TXzp 42, BXon42,))
= g(d(YZn'YZn+1v a),d(Y2n, Y2n+1,2), d(Y2n+1, Yan+2s a))
= g(dZn (@), dz,(a),d2p 41 (a))

Implying there by
d2n+1(a) < hdy, (a) < dz,(a) (due to (g-2)) 3.7

Therefore, by (3.6) and (3.7),
dy1(@) <dy(@ VnéEN,. (3.8)

Hence { d, (a)} is a non-decreasing sequence in R*.
Lemma: 3.2 Let {y,} be a sequence in a 2-metric space (X, d) described by (3.3), then

(C) lim, e d(¥p, Vns1, @) = lim, . d,(3) =0 VaeX

(D) d(yi y;,yi) = 0, for i, j,k € Ny, where {y,} is a sequence described by (3.3).
Proof: (C) As in lemma 3.1, we have; d,,,1(a) < hd,,(a) and d,,(a) < hd,,_;(a).
Thusd,(a) < hd,_;(a) Vn € N,V a € X. By simple induction, we obtain; d, (a) < h"d,.

Hence lim,,_, d(y,, Yn+1,2) = lim,_,d,(@) =0.

Proof: (D) By axiom (M,), we have;
d(yi v, vi) < d(yi yjpa) + dia, i) + d(a,y;,y1) (3.9)

Suppose that i < j, then again by axiom (M,), we get; for all a € X,
d(Yi'Yj'a) < diVig2) + dig1 i) + diga (Viga) + -+ dj—Z(Yj) + di_1(a) (3.10)

Using (A), on taking i,j — oo in the above inequality and using (C), we get;
limi'j_,oo d(Yile' a) = 0 (311)

Similarly, we can show that;
1im; o0 d(y]-,yk,a) =0 and lim;;e d(y;,yx,a) =0 (3.12)

On taking i, j,k = oo in (3.9) and using (3.11) and (3.12), we obtain that;
limy 3o, d(y;, 5, yi) = 0 forij,k € Ny. (3.13)

Lemma: 3.3 Let A, B, Sand T be mappings from a 2-metric space (X, d) into itself satisfying (3.1) and (3.2). Then the
sequence {y, } decribed by (3.3) is a Cauchy sequence.

Proof: Since lim,_, d,(a) = 0, for all a € X, by Lemma 3.2, it is sufficient to show that a subsequence {y,,} of {y,}
is a Cauchy sequence in X. Suppose to the contrary, that {y,,} is nota Cauchy sequence in X. Then for every ¢ > 0,
there exists a € X and strictly increasing sequences {m}, {n,} of positive integers such that m, > n, > k with

d(Y2my Yon,,2) = & (3.14)

Without loss of generality, we can suppose that also

my > N = k: d(Yka' Yan'a) =g, d(Yan' Yka_Z'a) <e (315)
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From (3.15) and the tetrahedral inequality (that holds for a 2-metric space), we have

€< d(Yka'Yan'a)

d(Yka—z'Yan: a) + d(Yka'Yka—z' a) + d(Yka'Yan'Yka—z)

d(Yka—z,Yan' a) + d(Yka—erka—Z' a) + d(Yka,Yka—p a)

+d(Y2mkrYka—2'Yka—1)+ d(Yka,Yan'Yka—z)

Se+dym 2(@) + dom, —1(a) + dop, 2 (Yka) + d(Yka'Yan'Yka—z) (3.16)

IAIA

On letting k - +oo in (3.8) and using Lemma (3.1) and Lemma (3.2), we get
lirnk—mo d(Yka'Yan' a) =€ (317)

It follows from (3.14) that

0< d(Yan'Yka' a) - d(Yan'Yka—z,a)
= d(Yan,Yka—z,a) + d(Yka—z,Yka,a) + d(Yan'Yka'Yka—z) - d(Yan,Yka—z' a)
< dom, -2 (Yka) + dam, —2() + dap, —1(a) + d(Yan'Yka'Yka—z)

In view of lemma (3.1) and Lemma (3.2) and using (3.14), on making k — 400, we immediately obtain that:
lin’1k—>+w d(Yan' y2mk—2: a) =€ (318)

Note that
|d(YanlYka—1' a) - d(Yan' Yka' a)| < dka—l(a) + dka—l (Yan)
|d(Yan+1'Yka' a) — d(Yan'Yka' a)| < dan, (@) + dap, (Yka)

On letting k — +oo, in these inequalities and by using Lemma 3.1, inequalities (3.14) and (3.15), we obtain;
limk—>+w d(Yan' Yomy -1, a) =&

. (3.19)
11mk—>+w d(Yan+1' Yka' a) =&
Now, from (2.1) with x = x,,,, and y = 2ny + 1, we get, forall a € X.
d(Yka' Yan+1l a) = d(AXka' BXan+1l a)
=g (d(SXka: Txon+15 a), d(SXka' Txomyr a), d(TXan +1, BXan 41, a))
=8 (d(Yka—DYan' a), d(Yka—l'Yka'a): d(Yan'Yan+1' a)) (3.20)

On letting limit n — oo in (3.20), using the fact that g is continuous and by (3.19), we obtain; € < g(¢, 0,0), implying
there by € < h.0 = 0 (due to (g-2)). This is a contradiction. Thus, our supposition that {y,,} is not a Cauchy sequence
was wrong. Hence {y,,} is a Cauchy sequence.

Theorem: 3.1 Let A, B, S and T be four self-mappings of a 2-metric space (X, d) satisfying the conditions (3.1) and
(3.2). If one of A(X), B(X), S(X) or T(X) is a complete subspace of X, then

(E) The pair (A,S) has a point of coincidence,

(F) The pair (B,T) has a point of coincidence,

Moreover, A, B, S and T have a unique common fixed point provided both the pairs (A,S) and (B, T) are weakly
compatible.

Proof: Suppose that {y,} be the defined by (3.3). By Lemma 3.3, {y,} is a Cauchy sequence in X. By additional
assumption, if S(X) is a complete subspace of X, then the subsequence {y,,.1} which is contained in S(X). As {y,} isa
Cauchy sequence containing a convergent subsequence {y,,.1}, therefore {y,} is also convergence of the
subsequence {y,,}, that is,

lim, L, y,, =lim,_,Axy,, =lim,,,Txn41 =2,

. . . 3.21
hmn—m Yon+1 = hmn—m BX2n+1 = hmn—m SX2n+2 = Z. ( )
Assume that u € S™1(z), then Su = z. If Au # z,By using (3.1), we obtain;
d(Au, Bxy,_1,a) < g(d(su, Tx;,-1,a),d(Su, Ay, a), d(Tx,,_1, Bxa,_1, a)) (3.22)

On letting limit n — oo and using the fact that d is continuous reduces to,
d(Auy,z,a) < g(d (Su, z,a),d(Su, Au, a),d(z, z, a))

= g(d(z, z,a),d(z,Au, a), d(z, z, a))

= g(0,d(z,Au,a),0)
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yielding thereby d(z, Au,a) = 0 for all a € X (due to (g-2)). Therefore Au = z. Hence z = Su = Au.

Since A(X) € T(X), there exists v € T~1(z). Then Tv = z. By (2.1), we obtain;
d(Au,Bv,a) < g(d(Su, Tv, a), d(Su, Au, a), d(Tv, Bv, a))

That is, d(z,Bv,a) < g(d(Z, z,a),d(z,z,a),d(z By, a))
= g(O, 0,d(z, Bv, a))

Thus, by (g-2), we obtain;d(z, Bv,a) = 0 for all a € X. Therefore, z = Bv. Hence z = Tv = Bv. This establishes (c) and
(d).

If one assumes that T(X) is a complete subspace of X, then analogous arguments establish (E) and (F). The remaining
two cases also pertain essentially to the previous cases. Indeed, if A(X) is complete, then z € A(X)) € T(X). Similarly
if B(X) is complete, then z € B(X)) < S(X). Thus in all cases (E) and (F) are completely established.

Since the pair (A, S) is w. co. p. and Au = Su = z, then ASu = SAu which implies Az = Sz. By (3.1), we obtain;
d(Az,Bv,a) < g(d(SZ, Tv, a), d(Sz, Az, a),d(Tv, Bv, a))
Or d(Azza) < g(d(Az, z,a),d(Az, Az, a),d(z,z, a))
= g(d(Az,za),0,0)

Thus, by (g-2), we get;
d(Az,z,a) =0 foralla € X.

Therefore, Az =z and hence Az =Sz =1z. Also, (B,T) is w. co. p. and Bv=Tv =z, then BTv = TBv which
implies Bz = Tz. By (3.1), we get;
d(Az,Bz,a) < g(d(Sz, Tz, a), d(Sz, Az, a),d(Tz Bz, a))

Or d(zBza) < g(d(z, Bz, a), d(z,z,a),d(Bz, Bz, a))
= g(d(z,Bz,a),0,0)

Thus, by (g-2), we get;
d(z,Bz,a) =0 foralla € X.

Hence z = Bz = Tz Therefore z = Az = Sz = Bz = Tz, this shows that the point z € X is a common fixed point of the
mappings A, B, S and T. In view of proposition 3.1, the point z is the unique common fixed point of the mappings A,
B,SandT.

Corollary: 3.1 Let A, B, Sand T be self-mappings of a 2-metric space (X, d) satisfying the conditions
d(ax, By,a) < k max{d(Sx, Ty, a), d(Sx, Ax,a), d(Ty,By,a)} (3.23)
for all x,y € X and for all a € X, where k € (0,1) and A(X)) € T(X), B(X)) € S(X). If one of A(X), B(X), S(X) and
T(X) is a complete subspace of X, Then
(G) The pair (A,S) has a point of coincidence,
(H) The pair (B,T) has a point of coincidence,

Moreover, A, B, S and T have a unique common fixed point provided both the pairs (A, S) and (B, T) are weakly
compatible.

Proof: Define a function g: [0, +0)3 — [0, +0) by g(u,v,w) = k max{u,v,w} for all u,v,w € [0, +), where k €
(0,1). Itis easy to see that g € F and by theorem 3.1, the corollary follows.

Corollary: 3.2 The conclusions of theorem 3.1 remain true if (for all x,y,a € X) Delbosco’s contractive condition
(3.1) is replaced by any one of the following.
(1) d(Ax,By,a) < a;d(Sx, Ty,a) + a,d(Sx, Ax,a) + a;d(Ty, By,a) where, ¥3 a; < 1.
B max{d(Sx, Ty, a), d(Sx, Ax,a), d(Ty, By,a)}

+(1 — B)[max{d?(Sx, Ax, a), d(Sx, Ax, a)d(Ty, By, a)}] /2
(K) d"(Ax,By,a) < a.d"(Sx,By,a) + b.d"(Sx,Ax,a) + c.d"(Ty,By,a) where a,b,c=0anda+b+c < 1, with
r a positive integer.

(J) d(Ax,By,a) < «a wherea € (0,1)and 0 < B < 1.

Proof: (1) Define a function g: (R*)? — R* by g(u,v,w) = a;u + a,v + a;w, for all u,v,w € R* where, ¥>_, a; < 1,
Then g € F and by Theorem 3.1, Corollary 3.2 (I) follows.
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Proof: (J) Define a function g: (R*)3 - R* by
(v, w) = [ maxu,v, w) + (1 — Blmax?, v ]
for all u,v,w € R*,a € (0,1) and B € [0,1]. Then g € F and by Theorem 3.1, Corollary 3.2 (J) follows.

Proof: (K) Define a function g: (R*)? —» R* by

g(u,vyw) = (a.u"+b.v +c Wr)l/r
for all u,v,w € R*, where a,b,c = 0and a+ b + ¢ < 1, with r a positive integer. Then g € F and Thus, by theorem
3.1, corollary 3.2 (K) follows.

For a mapping T: X — X, we denote F(T) = {x € X: Tx = x}.

Now, we will prove the following.

Theorem: 3.2 Let A, B, S and T be four self-mappings of a 2-metric space (X, d) into itself. If inequality (3.1) holds
for all x,y € X and for all a € X, then

F(A) N F(S) N F(T) = F(B) N F(S) n F(T)

Proof: Let z be an arbitrary point in F(A) N F(S) n F(T). By (3.1), we have
d(Az,Bz,a) < g(d(SZ, Tz a), d(Sz, Az, a), d(Tz Bz, a))

Or d(zBza) < g(d(z, z,a),d(z,z,a),d(z, Bz, a))

Thus, by (g-2), we get;
d(z Bz,a) =0allaeX.

Therefore, Bz = z and then z € F(B) N F(S) n F(T).
Thus, F(A) n F(S) N F(T) c F(B) N F(S) n F(T). Now, suppose that z* € F(B) n F(S) n F(T)

By, using (3.1), we have, for all a € X,
d(Az*,Bz*,a) < g(d(Sz*, Tz*,a),d(Sz*, Az*, a), d(Tz*, Bz*, a))

Or d(Az*,z*,a) < g(d(z*, z*,a),d(z*,Az*, a),d(z", z%, a))
= g(Ol d(Z*l AZ*: a)l 0)

yielding thereby d(Az*,z*,a) = 0 (due to (g-2)). Hence Az* = z* and z* € F(A) N F(S) N F(T). Thus F(B) n F(S) N
F(T) € F(A) nF(S) n F(T). This finishes the proof.

Theorems 3.1 and 3.2 imply the following one.

Theorem: 3.3 Let A, B and {T;}ienugo; be mappings of a 2-metric space (X, d) into itself satisfying the following
conditions:

(L) T,(X) € AX) and T;(X) € B(X),i € N,

(M) The inequality

d(Tyx, Tiy,a) < g(d(Ax, By, a), d(Ax, Tyx,a), d(By, Ty, a))
for each x,y € X and foreacha € X,vi € N, where g € F.
(N) The pairs (T, , B)and (T;, A) (i € N) are weakly compatible,
(O) If one of A(X), B(X) or T,(X) is a complete subspace of X.

Then A, B and {T, };ey, have a unique common fixed point in X.
The following examples illustrates theorem 3.1.

Example: 3.1 Let X = {(0,0), (4,0), (8,0), (0,1)} be a finite subset of R? equipped with natural area function on X3,
then it is easy to see that (X, d) is a 2-metric space. Define four self mappings A, B, C and T on X as follows:

A(0,0) = (0,0), B(0,0) = (0,0),  S(0,0) = (0,0), T(0,0) = (0,0),
A(4,0) = (0,0), B(4,0) = (0,0),  S(4,0) = (0,0), T(4,0) = (0,0),
A(8,0) = (40), B(8,0) = (0,0),  S(8,0) = (8,0), T(8,0) = (4,0),
A(0,1) = (0,0, B(0,1) = (40),  S(0,1) = (4,0), T(0,1) = (8,0).
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Clearly,
AX) = {(0,0), (4,0)}, BX) = {(0,0),(4,0)}
SX) = {(0,0), (4,0), (8,0)}, T(X) = {(0,0), (4,0), (8,0)}

Notice that A(X) c T(X) and B(X) < S(X) and also A(X), B(X), S(X) and T(X) are complete subspace of X. The pair
(A, S) is weakly compatible but not commuting as AS(8,0) # SA(8,0) whereas the pair (B, T) is commuting and hence
weakly compatible. Define a function g: (R*)? - R* by

g(u,v,w) = kmax{u,v,w} Vu,v,w € Rtwhere k € [0,1].

Obviously, g is continuous function and g(1,1,1) = k < 1. Also, the condition (g-2) is satisfied. Thus g € F.

Now, let a = (ay,a;) € X be arbitrary. Then for x = (0,0) =y, we have
(a{g3§<ex{d(A(o,0), B(0,0), (a,a,))} = (amﬁx{d((o,ox (0,0), (ay,a2))}
=0 < kmax{0,0,0}, ke [0,1]
( max {d(S(O’O)’ T(OIO)I (alﬁ aZ)};\
(ag,a2)ex
= k max (a%3§ex{d(s(0'0)'A(0,0), (ag,a2)},
k(a{g?ﬁ(ex{d(T(O‘O)’ B(OPO)P (alﬁ aZ)}}

max(y, a)ex{d((0,0), (0,0), (a1, a,))},

= k max max(alraz)ex{d((0,0), (0,0), (a1, az))},

maX(al,az)EX{d((O'O): (0,0), (a4, az))}
max(allaz)ex{d((0,0), (0,0), (a1, az))},
= g| maxg, aex{d((0,0), (0,0), (a1,22))},
maX(al,az)ex{d((O'O)' (0,0), (ay, 32))}

Thus, condition (3.1) holds for x = (0,0) = y and for all a = (a;,a,) € X.

If we take x = (4,0),y = (8,0),a = (0,1)
d(A(4,0), B(8,0), (0,1)) = d((0,0), (0,0), (0,1))
=0< 2k ,wherek € [0,1]
< kmax{2,0,2}
d((0,0), (4,0),(0,1)),
= kmax< d((0,0), (0,0, (0,1)),
d((4,0),(0,0), (0,1))
d(S(4,0), T(8,0),(0,1)),
= k max< d(S(4,0),A(4,0), (0,1)),
d(T(8,0),B(8,0),(0,1))
d(S(4,0),T(8,0),(0,1)),
=g| d(S(4,0),A(4,0),(0,1)),
d(T(8,0),B(8,0),(0,1))

Hence, for x = (4,0),y = (8,0) and a = (0,1), the condition (3.1) is satisfied. Then by a routine calculation, one can
verify that the condition is satisfied with k € [0, 1[. Thus, all the conditions of Theorem 3.1 are satisfied and hence in
view of Theorem 3.1, the mappings A, B, S and T have a uniqgue common fixed point in X. Obviously, this common
fixed point is (0,0) € X. Here one may notice that both the pairs (A,S) and (B, T) have two points of coincidence,
namely (0,0) and (4,0).

Next, as an application of theorem 3.1, we give a generalized common fixed point theorem for four finite families of
self mappings which runs as follows.

Theorem: 3.4 Let {A;}15<m ‘{Bi}1515n
space (X, d) with A =T, A; ,B =[] B;,S=[I_; Sy and T =[], T, such that A, B, S and T satisfying the
following conditions:

(P) d(Ax,By,a) < g(d(Sx, Ty, a), d(Sx, Ax,a), d(Ty, By,a))for all x,y € X and for all a € X, where g € F.

(Q) AX) € T(X) and B(X) c S(X).

ASkh=<p and {1} 4«4 be four finite families of self-mappings on a 2-metric
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(R) If one of A(X), B(X), S(X) and T(X) is a complete subspace of X. Then
(S) The pair (A,S) has a point of coincidence,
(T) The pair (B,T) has a point of coincidence ,

Moreover, if A A, =AA,, S,S,=S,S,,BB.=BBs, T.T, =TT, ,A,S, =S, A, and BT, = B,T, for all
or€l, uvel, s,tel;, and ehel,, where I, ={12,...m}LI={12,....p},13={1,2,....n} and
I, ={12,....q}, thenforallo € I;,uel,,Sel;ande €1, , A,, B, S, and T, have a common fixed point.

Proof: The conclusions (S) and (T) are immediate as A, B, S and T satisfy all the conditions of theorem 2.1. In view of
pairwise commutativity of various pairs of the families (A, S) and (B, T) the weak compatibility of pairs (A, S) and
(B, T) are immediate. Thus all the conditions of theorem 4.1 (for mappings A, B, S and T) are satisfied ensuring the
existence of a uniqgue common fixed point, Say z. Now, one needs to show that z remains the fixed point of all the
component maps. For this consider

AA,2) = <]_[ Ai> (852)

= ( 1{11;1 Ai)(Aon)Z
= ([T27" AD(AnA,2)
= (H{I;IZ Ai)(Am—le (Am Z))
(272 A (AvAn—1(A2))

A ([T Ay 2) = AgA; (TT2, A (2))
=A, (H{il A; (Z)) =A, (AZ) = A,z

Similarly, one can show that,
A(S,z) = S,(Az) =S,z,
S(S,z) = S,(Sz) =S,z
S(Agz) = A,(Sz) = Az,
B(B.z) = B,(Bz) = B,z,
B(T.z) = T.(Bz) = T.z,
T(T,z) = T.(Tz) = T.z,
B(T,z) = T.(Bz) = T,.z.

Which show that (for allo € I;,u €1,,S€l;and e € I,) A,z and S,z are other fixed points of the pair (4, S) whereas
B,z and T,z are other fixed points of the pair(B, T).

Now in view of uniqueness of the fixed point A, B, Sand T (for allo € [;,u€l,,s €l;ande €1,), one can write
Az=S,z=B;z=T,z=1z.

This means that the point z is a common fixed point of Ay, S,,B; and T,. for all o € I;,u € I,,s € [; and e € 1,. By

setting

A=A, = ... =A, =A,
B1=B2="‘ ...... = n=B,
S =S, = .. =S,=S5,
Ti=Tp=u.=T =T,

One deduces the following corollary for various iterates of A, B, S and T, which can also be viewed as partial
generalization of theorem 3.4.

Corollary: 3.3 Let (A,S) and (B, T) be two commuting pairs of self-mappings of 2-metric space (X, d) such that
(U) d(A™x,B"y,a) < g(d(SpX, T%y,a),d(SPx,A"x,a),d(T%y, B"y, a))for allx,y,a € X ,whereg € F.
(V) A"(X) € T9(X) and B"(X) € SP(X) .
(W) If one of the A™(X), B"(X), SP(X) or T9(X) is a complete subspace of X.

Then
(X) The pair (A,S) has a point of coincidence,
(Y) The pair (B,T) has a point of coincidence ,
(2) A, B,SandT have aunique common fixed point.
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Remark: 3.1 A result similar to corollary 3.1 and corollary 3.2 involving various iterates of mappings corresponding to
corollary 3.3 can also be derived. Due to repetition, the details are avoided.

Next, we furnish an example which establishes the utility of Corollary3.3 over the Theorem 3.1.

Example: 3.1 LetX = {((0,0), (1,0), (2,0), (0,1)} is a finite subset of R* x R* equipped with natural area function d
on X3 . Define self-mapping A, B, S, T: X — X by

A(0,0) = (0,0), B(0,0) = (0,0,  S(0,0) = (0,0), T(0,0) = (0,0),
A(1,0) = (0,00  B(1,0)= (0,00  S(1,0) = (0,0) T(1,0) = (0,0)
A(2,0) = (1,0), B(2,0) = (0,0),  S(2,0) = (1,0), T(2,0) = (0,0),
A0,1) = (0,0), B(0,1) =(2,0), S(0,1) = (1,0), T(0,1) = (0,0).

Then we have,
A’X) ={(0,00} =A"(X),ymeN-{1}, B?*X) ={(0,0}=B"(X),vneN—{1},
SEX) ={(0,00} =SP(X),vpeN—-{1}, T'(X) ={(0,0)}=TIX),vqeN.

Obviously,
A2(X) = A"(X) = TH(X) = T9(X) and B2(X) = B"(X) = S?(X) = SP(X).

Also, the pairs (A,S) and (B, T) are c. p.

Also, A™(X), B"(X), SP(X) or T4(X) are complete subspace of X for each m,n,p € N — {1} and q € N. The pairs (A, S)
and (B, T) are commuting and hence weakly compatible. Define a function g: (R*)3 —» R* by

g(u,v,w) = au+ bv+ cw
for all u,v,w € R*, where a,b,c = 0anda+ b + ¢ < 1, obviously g € F.

Then, it is straight forward to verify that Delbosco’s contraction condition (p) is satisfied for A™, B",SP or T9 as
d(A™x, B"y,a) = d((0,0),(0,0),z) = 0 for all x,y,z € X. and for all m,n,p € N — {1}; q € N. Thus all the conditions
of Corollary 3.3, are satisfied for A™, B, SP or T9 and hence in view of Corollary 3.3, the mappings A, B, S and T have
a unique common fixed point (obviously, this common fixed point is (0,0) € X). Here one may notice that both the
pairs have two points of coincidence, namely (0,0) and (1,0).

However, Theorem 3.1 is not applicable in the context of this example, as A(X) = {(0,0), (1,0)} € {(0,0)} = T(X) and

B(X) = {(0,0), (2,0)} £ {(0,0), (1,0)} = S(X). Moreover, Delbosco’s contraction condition (3.1) is not satisfied for A,

B, S and T. To substantiate this, consider the case when x = (2,0) andy = (0,0), then one gets
1<a.l14+b.0+c0=a

Which is a contradiction to the fact that a,b,c>0anda+b+c <1, that isa < 1. Thus, in all Corollary 3.3 is
genuinely different to Theorem 3.1.
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