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ABSTRACT

A raph G is said to be one modulo three harmonic mean graph if there is a function ¢ from the vertex set of G to

g

{1,3,4,...,3q — 2,3q} with ¢ is one-one and ¢ induces a bijection ¢* from the edge set of G to {1, 4, ..., 3q — 2}, where
o — — [2¢@)e @) 29w (v)

v ] w) [w(u_)+<p(V)_] Oer(u)+<p(V) ) ]

In this paper, we investicate one modulo three harmonic mean labeling for some graphs.

and the function ¢ is called as one modulo three harmonic mean labeling of G.
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1. INTRODUCTION

We begin with simple, finite, connected and undirected graph G(V, E) with p vertices and g edges. For a detailed
survey of graph labeling we refer to Gallian[1]. For all other standared terminology and notations we follow Harary[2].

S. Somasundaram and R. Ponraj introduced mean labeling of graphs in [8]. S. Somasundaram and S.S Sandhya
introduced the concept of harmonic mean labeling of graphs [6]. S.S Sandhya, C. Jayasekaran and C. David Raj
investicated some new families of Harmonic mean Graphs in [4, 7]. V. Swaminathan and C. Sekar introduce the
concept of one modulo three graceful labeling in [9]. C. David Raj, S.S Sandhya and C. Jayasekaran introduce the
concept one modulo three harmonic mean labeling of graphs in [5] and investigated some of one modulo three
harmonic mean graphs in [3].

We now give the following definitions which are useful for the present investigation.

Definition 1.1: A graph G is said to be one modulo three harmonic mean graph if there is a function ¢ from the vertex
set of G to {1, 3,4, ...,3q — 2, 3q} with ¢ is one-one and ¢ induces a bijection ¢* from the edge set of G to {1, 4, ..., 3q

“fp = — [2¢@e ) 2o (v)
2}’_ where ¢7(e = uv) [<p(u)+<p(V) Lp(u)+<p(V)
labeling of G

and the function ¢ is called as one modulo three harmonic mean

Definition 1.2: A Qudrilateral snake Q, is obtained from a path uju,...u, by joining u; and uj,; to two new vertices v;
and w; respectively and joining v; and w; for 1 <i<n - 1. That is, every edge of a path is replaced by a cycle C,.

Definition 1.3: The corona G;®G; of two graphs G; and G, is defined as the graph G obtained by taking one copy of
G1 (which has p; vertices) and p; copies of G, and then joining the i vertex of G, to every vertices in the i copy of G,.

Definition 1.4: The Cartesian product of two graphs G; = (Vy, E;) and G, = (V,, E,) is a graph G(V, E) with
V =V, x V, and two vertices u = (uy, U,) and v = (vy, V,) are adjacent in G; x G, whenever (u; = vy and u, is adjacent to
V) or (U, = Vv, and uj is adjacent to v,). It is denoted by G; x G,.

Definition 1.5: The product P, x P, is called a planar grid. The product P, x K, is called a ladder, and it is denoted by
Ly
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Definition 1.6: Given two graphs G; and G, their union will be another graph G such that V(G;UG;) = V(G,)UV(G,)
and E(G]_UGz) = E(Gl)UE(Gz)

2. ONE MODULO THREE HARMONIC MEAN GRAPHS

In this section, we prove that Q,OK;, PnU(P,OK},), (Pn®K,)UP, and G4 are one modulo three harmonic mean graphs.

Theorem 2.1: Q,®K; is one modulo three Harmonic mean graph.

Proof: Consider a path uju,....u,. Join u; and uj; to the vertices v; and w; respectively and then join v; and
w;, 1 <i<n -1, The resultant graph is Q,. Join u; to x;, 1 <i<n, v; to y; and w; to z;, 1 <i <n — 1. The resultant graph
is Q,OK; whose edge set is {UiUi+1, UVi, Vi¥i, ViWi, WiZi, UistWiH 1<i<n — 1}U{uix; / 1< i < n}. Define a function
¢: V(Q:OKy) — {1,3,4,...,3q-2, 3q} by

o(x1) = 1; 9(x2) = 24; 0(x3) = 42; ¢(x4) = 63; (x;) =21(i—1) +3,5<i<n;

¢ up) = 6; e(u) = 21; p(uz) =43; o(ug) = 64; o(u;) =21(i—1),5<i<n;

0(v1) = 10; o(v2) =30; (v3) =51; 0(vi)) =21(i-1) + 7,4 <i<n-1;

o(y1) =3;0(y2) =31 @(y)) =21(i -1) +6,3<i<n-1;

o(w1) = 16; 0(W2) =37; 0(w3) = 58; o(wj) =21(i—-1) + 18,4 <i<n-1,

0(z) =21i-6,1<i<n-1.

Then ¢ induces a bijective function ¢*: E(G) — {1,4, 7, ..., 3q - 2}, where
@*(U1Up) = 10; @*(UzUs) = 28; @*(Uillis1) = 21(i—1) +10,3<i<n-1;
o*(Uux) =21(i—-1)+1,1<i<n;
o*(Uv) =7; o*(uv;)) =21(i—-1) +4,2<i<n-1,

e (iy) =4 ¢*(viy)) =21(i-1) +7,2<i<n-1;
o (viw;)) =21i-8,1<i<n-1,;

o (wizi)) =21i-5,1<i<n-1;

@*(Uis1W;) =21i-2,1<i<n-1.

In the view of the above labeling pattern f provides one modulo three Harmonic mean labeling for Q,®K;. Hence the
theorem.

Example 2.2: One modulo three Harmonic mean labeling of Q,©Kj is given in figure 2.1.

Figure-2.1: Q;0K;

Theorem 2.3: P,U (P,®OKj}) is one modulo three harmonic mean graph.

Proof: Let u;u,...u, be the path P, and let v; be the vertex which is joined to the vertex u; of the path P,, 1 <i<n. The
resultant graph is P,OKj. Let s;5;...5,, be the path P,.. Let G = P,, U(P,®K},). Define a function ¢: V(G) — {1, 3, 4, 6,
..., 30 -2, 39} by

o(s) =1 0(s) =3(i—1), 2<i<m-1; o(sy) =3(M-1) - 2;

¢o(u)=3(m-1) + 6i—3foralloddiand i<n;

o(u)=3(m-1) + 6(i—1)foralleveniandi<n;

o(v))=3(m-1) + 6(i—1)forall odd iand i <n;

o(v))=3(m-1)+ 6(i—1) +3foralleveniandi<n.

Then ¢ induces a bijective function ¢*: E(G) — {1,4, 7, ...,3q — 2}, where
*(Wiwip) =3i-2,1<i< n-1,
¢*(Uiljs) = 3(M=1) + 6i—-2,1<i< n-1;
o*(uiv)) =3(m-1)+6i-5,1<i< n.
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Thus the edges get the distinct labels 1, 4, ..., 3q — 2. Therefore, ¢ is one modulo three harmonic mean labeling. Hence
PmU(P,®OK}) is one modulo three harmonic mean graph.

Example 2.4: One modulo three Harmonic mean labeling of P;U (Ps®K}) is given in figure 2.2.

1 3 f 9 12 15 16
S s T 7 Yo Y TR

21 22 24 23 33 34 36 ag 43 ag 48

LIy Lis
19 25 a1 37 43 49

Wy '
18 57 an 39 42 519"

Figure-2.2: P;U(PsOK})
Theorem 2.5: (P,,®K,)UP,, is one modulo three harmonic mean graph.

Proof: Let ujU,...u, be the path P, and let v;, w; be the vertices which are joined to the vertex u; of the path
Pn, 1< i< m. The resultant graph is (P ,®@K;). Let X;X,...X, be the path P,. Let G = (P,®K;)UP,. Define a function
¢:V(G)— {1,3,4,6, ...,39—- 2, 3q} by

e(v) = 1 0(v2) =9 0(vi)) =9(i-1)-2,3<i<m;

o(w1) = 3; p(wz) = 125 p(wi) =9i - 5,3 <i<m;

o(u1) = 4; (u2) = 13; ¢(u)) =9 - 6,3 <i<m;

ex)=9IM+3(3(-1)-3,1<i<m.

Then ¢ induces a bijective function ¢*: E(G) — {1,4, 7, ...,3q — 2}, where
e*(uivi) =9(Ii—-1)+1,1<i< n
e*(uw;) = 9(i—-1)+4,1<i< n
o*(Uilisy) = 9(Ii—-1)+7,1<i< n-1,
@*(XiXi+1) =9m+ 3(i-1)-2,1<i< n-1

Thus the edges get the distinct labels 1, 4, ..., 3q — 2. Therefore, ¢ is one modulo three harmonic mean labeling. Hence
PmU(P,®K}) is one modulo three harmonic mean graph.

Example 2.6: One modulo three Harmonic mean labeling of (Ps®K,) UP; is given in figure 2.3.

1 3g O 12 16 20 25 Ilg Idevs  40gws
Wl
\/ ARE W W W
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43 45 48 51 54 57 il

. L - - -
#1 43 dé 49 32 25 ¢ 58 .X?

Figure-2.3: (Ps®K,) UP;

Construction: Let L, = P, x K, be the ladder graph. V(L,) = {u;, vi/ 1<i<n} and E(L,) = {UjUj+1, ViVi+1 /1 <i<n -
1}u{ uv; /1 <i<n}. The graph obtained from L, by deleting the edge u,v, is denoted by Gq.

Theorem 2.7: The graph G4 is one modulo three harmonic mean graph.

Proof: Let V(Gg) = {u;, v; / 1 <i<n}. E(Gy) = {UiUj+1, ViVisr/ 1<i<n —1}U{ uv; /2 <i<n}. Thatis, V(Gg) = V(L)
and E(Gy) = E(L) — {uyvi}. Then Gq4 has 2n vertices and 3(n — 1) edges. Define a function ¢ : V(Gq) — {1, 3,4, ..., 3q
—-2,3q} by

o(ur) = 1; o(u2) = 9; @(uz) = 19; @(u)) =9(i - 1), 4<i<n;

o(vi) =3;0(v2) =7; 0(vi) =9(i-1)-3,3<i<n.
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Then ¢ induces a bijective function ¢*: E(Gy) — {1, 4,7, ..., 3q— 2}, where
o*(UUp) = 1; o*(Uitis)) =9(i-1) +4,2<i<n-1;
o*(Vavo) =45 0*(Vivisg) =9(i-1) +1,2<i<n-1;
e*(uiv)) =9i-2,1<i<n.

Thus ¢ provides one modulo three harmonic mean labeling for G. Hence Gq is an one modulo three harmonic mean
graph.

Example 2.8: One modulo three Harmonic mean labeling of G4 when n = 7 is given in figure 2.4.

1 1 % 13 1 13 27 31 3 40 45 40 M

Figure-2.4: G4
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