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ABSTRACT

We consider generalized iteration of two entire functions of (p, q)-order and study some growth properties of
generalized iterated entire functions to improve some earlier results.
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1. INTRODUCTION AND DEFINITION

M(r,fog)
M(r, f)

paper [5] Clunie proved that the same is also true when maximum modulus functions are replaced by their

characteristic functions. Singh [9] proved some results dealing with the ratios of logT (r, f o g)and T (r, f) under

some restrictions on the orders of f and Q. In a recent paper [2] Banerjee and Mondal generalize the results of A. P.

It is well known that for any two transcendental entire functions f(z) and g(z), lim . Ina
r—oo

Singh [9] for iterated entire functions imposing some restrictions on (p, g)-orders and lower (p, g)-orders of f and g.
In the present paper we extend the results of Banerjee and Mondal for generalized iterated entire functions under some
restrictions on (p, q)-orders and lower (p, q)-orders of f andg. Following Sato [8], we write

log'™ x = x, exp™x = x and for positive integer m, log™ x = log(log'™™ x), exp™x = exp(exp™"'x).

Let f(z):ZanZ” be an entire function. Then the (p, g)-order and lower (p, g)-order of f(z)are denoted by

n=0
Peq(f) and A (f) respectively and defined by [4]
. log™ T(r,f) . log™ T(r,f)
p(p,q)(f) = Ilr:‘LSwUplogT and j’(p,q)(f) = I";TLlopf MgTr’ p > g >1.

According to Lahiri and Banerjee [7] if f(z)and g(z) be entire functions then the iteration of f with respectto g
is defined as follows:

f(z)=1(2)

f,(2) = £(9(2)) = (9.(2)

f3(2) = 1(9((2))) = 1(9.(2))
f.(2) = £(a(1(9(2))) = 1(95(2))

f,(z2)=f(g(f(g(..(f(z)org(z) accordingas nisodd or even)))), andsoareg, (z).

Clearly all f (z) and g, (z) are entire functions.
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In paper [1] Banerjee and Mondal introduced a more general type of iteration, called generalized iteration as follows:

Let f and g be two non-constant entire functions and « be any real number satisfyingO0 < a <1. Then the
generalized iteration of f with respectto g is defined as follows:

£, =(1- )z + aft2)
f,4(2)=(1-a)0,4(2) + o/ (9,,(2))
fs,g(z) =(1-a)9,:(2)+af (9,,(2)

fn,g @)=(1-a)9,,(@D+0af(9,4:()

and so are

9. (@)= (1-a)z+aglz)
9,@)=(1-a) f, () +og(f4(2)
934(2) = (1-0) f,4(2) + ag (f,,4(2))

90 (@D =(1-a) f,_14(2) +ag(f,1,4(2))
Note-1: For o =1, generalized iteration reduces to relative iteration.

Definition 1[1]: We say a real valued function ¢(r) is said to have the property P if
(i) @(r) is non-negative and continuous for I > 1, say;
(i) ¢@(r)is strictly increasing and ¢(r) — ooas r — oo; and

SN
Giii) gp(r) <e 2
hold for all 4,5 > 0and for all sufficiently large values of I.

The purpose of this paper is to compare the characteristic function of generalized iterated entire functions with that of
the generating functions. Throughout we assume f and g are non constant entire functions having finite (p, g)-orders.

2. LEMMAS

Following two lemmas will be needed during the proof of our theorems.

Lemma 1[6]: If f (z) be regular in|Z| <R, thenfor 0<r<R

T(r, f) < log* M(r, f) < 2”

T(R, ).
-r

In particular if f be entire, then for all large values of r
T(r, f) < log M(r, f) < 3T(2r, f).

Lemma 2[3]: If f is meromorphic and g is entire then for all large values of r

T(r, fog)<(1+ o(1))%T(M(r.g), f).

Since @ is entire so using Lemma 1, we have
T(r, f @) <(1+0(1) )T(M(r, 9), ).
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3. MAIN RESULTS

Theorem 1: Let f(z) and g(z) be two entire functions with p, ,(9) < 4, ,,(f) . Then for even n
log [p+(n-2)(p+1-a)] T (rf )
limsup P
F o log“ ™ T(2"“r, f)

S p(p,Q)(f)'

Proof: We have

T(r, f,4) =T (1-a)g, ., +f(9, 1))
ST(r’(l_a)gn—l,f)+T(r’af(gn—l,f ))+log?2
<ST(rgny)+T(r, (9,4, ))+0Q)
<T(r,g,.¢)+@+0M)T(M(r,g9,..¢). F)+0O(), byLemma2

or, log®™ T(r,f, ) <log"™ T(r,g,.,, ) +log™ T(M(rg,,; ).+ O(1)

< Iog te T(r!g n-1f )+ (p(p,q)(f) + 8) Iog ta M(r’g n-1f )+ O(l)’

for all large valuesof rand >0
<109 T(r,g,4¢ )+ (0o +8)log™ {3T(2r,g, 1, )} +O(1), by Lemmal
<log"™ T(2r,9, ;) +3(ppq)+&)log " T(2r,g, ) +O(1)

=[3(ppq (0 +2) +1log " T(2r, g, )+ O(1)

@
or, log® N T(rf )<log® T(2rg, ,)+0(1)
<[3(ppe(@)+&) +1log I T(2°r,f , )+ O(1), using (1)
or, logP*®IT(r f )<log® T(2°rf, ,,)+O(1).
Proceeding similarly after some steps we get
log® 2P T(r g Y<log™ T(2"?rf,,)+0(1)
=log™ T(2"*r,(1-a)g,; +af(g,;))+0(1)
<log™ T(2"?r,g, )+1log™ T(2"*r,f(g,, )+ O(1)
<log™ T(2"?r,g, )+log™ T(M(2"?r,g,,),f)+O(1)
<log™ T(2"?r, g, )+ (0D +e&)log M(2"?r,g,, )+ 0O(1)
=log®™ T(2"?r,(1-w)z +ag(z) +(p, N+ &)
xlog™ M(2"?r,(1- )z + ag(z)) + O(1)
<log® T(2"?r,z) +1og™ T(2"%r,9)+ (p, o) + &)
x 10g™ M(2"21,2) + (pg(F) + &) l0g™ M(2"2r,g) + O(1)
<10g®* (2"21) + (.o (9) + &) 109" (272 1) + (p () + &) log @ (2 1)
+ (p(p,q)(ﬂ +¢) exp[P—Q]{log [a-1] (2”‘2],. }p(p,q)(g)ﬂ + 0(1) ?

<log®™ (221) +(py @) + (91 + 26 l0g™ (272r)
+ (p(p,q)(f) + 8) exp[pfq]{mg [9-1] ( 2n—2 r)}ﬂ(p,q)(f)—g n O(l)
by choosing ¢ > 0sosmall that p, ,(9) +¢& < 4, ,(f) —&.
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On the other hand
T(r, f)>exp!®™ (log ™! r) “*" forallr>r,.

or, log T (r, f)>exp” ¥ (logH r)*s™ forallr>r,.
Therefore, from above
|Og[p+(n—2)(p+1—q)] T(rf )
i) n,g
gl T2 ?r, f)

gPH (2™ 2r)+(p(pq)(g)+(p(pq)(f)+28)|Og[q] (2721) + (M) + &) exp'P Mlog M (272 ryp e +0(1)
ptP 9 (log™ (2" ?r) )%q)(f) €

forallr>r,.

) lo [p+(n—2)(p+1—q)]-|- r,f
Hence, limsup L T n_z( “‘g) P
ro log“" ™ T(2"“r, f)

(f)+z.

The theorem now follows since ¢(> 0)is arbitrary.

Note-2: From the hypothesis it is clear that f must be transcendental.

Theorem 2: Let f and g be two entire functions with o, ,(f) < 4, ,,(9) . Then for odd n
log lp+(n-2)(p+1-a)] T (rf )
limsup - =
rosoo log™H T(2"?r, Q)

< p(p,q)(g)'

The proof of the theorem is on the same line as that of Theorem 1.

Theorem 3: Let f(z)and g(z) be two transcendental entire functions such that 4, ,(g) > 0. Then for even n

lo [p+(n—l)(p+l—q)]-|- r,f
|imsup g - ( n,g) S p(p,q)(g).
. log®™ T(2"%r,g) Ap.0(@)

Proof: From (2) we have forall ¥ =1,
log®P 2 T(rf ) <logP ™ (27721) +(pg(9) + 109 (272 1)+ (p, o(F) + £)10g™™ (2" %)
+ (P(p,q)(f) +é) exp[p—q]{|og [9-1] ( on-2 r)}p(p‘q)(g)ﬂ +0(1)
= Iog [p] ( 2”*2 r) + (p(p,q)(g) + p(p,q)(f) + 28) Iog tal ( 2”*2 r) + (p(p,q)(f) + 8)
% exp[p—q]{|og [a-1] (2n—2 r)}ﬂ(p‘a)(g)’rs +0(1)

or, logP DA T(rf ) <1ogt?P 29 (272 1)+ 1og® (22 1) + (4 (@) + &) 10g™ (272r) + O(1).

On the other hand,
log™ T(r,9) > (A,(@)—&)log™ r, forallr > 1.

Therefore,
|og[p+(nfl)(p+lfq)] T(r’fn,g) 3 |0 [2p+2-q] (2n 2r)+ |og[P+1] (2n Zr) +(p(pq)(g)+g)|og[¢1] (2n 2I’)+O(1)
log™ T(2"*r, g) (Apq(@) —&)log™ (2"*r)
lo [p+(n—1)(p+l—q)]-|- r,f
Thus limsup J (M) p(p,q,(g)’ since & > 0is arbitrary small.

o log® T(2"%r,g)  2,4(0)
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Theorem 4: Let f(z)and g(z) be two transcendental entire functions with 4, ,(f) > 0. Then for odd n

lo [p+(n-1)(p+1-q)] T r,f f
IImSUp g — — ( n,g) S p(p,q)( ) .
r—o log™ T(2"“r, f) Apo(f)

The proof is omitted.
Note-3: If p, »(9) > o, o(f) holds in Theorem 1 we shall show that the limit superior will tend to infinity.

Now we prove the following four theorems where we assume that the maximum modulus functions of f, g and all of
their generalized functions satisfy property P.

Theorem 5: Let f(z)and g(z) be two entire functions of positive lower (p, g)-orders with

Pe.o(d) > pgq(f)-Then for even n

_ Iog [p+(n-2)(p+1-a)] T (r’fn ] )
limsup ’

= logl M T(-

Proof: We have,

T(r'fn,g ) = T(r!(l_ a)gn—l,f + af(gn—l,f ))
>T(r,af (9,4¢)-T(r(1-a)g, ;) +0O(1)
>T(r (9,4 ) —T(r,9,.:)+0(1)

g %EXP“"” { log™™* M( % o YO =T(r,g, 1 )+O(1).  {see[9], page100}

Therefore,
log™ T(r,f,,) > log{ log™™* M( % oa Yo" —log® T(r,g,,,) +O(1)

r
= (i(p,q)(f)_ 8) |Og[q] M( Z ’gn—l,f )_ |og[p] T(r,g n-1f )+ O(l)

r 1 r
> (f)= 109" M 9,41 ) = o= 210" M( 59,11, )+ O(2).

1 r
=5 o) —e)l0g" M (Z,gnu j+ O(L). )

So, we haveforallr > r,,

log® ¢ I T(r, ;) > log® [logM( .9, 1, )] +O(1)
210g" T( 7 G,)+0(1)
1 r :
> E(/1(p’q)(g) —¢)log™ M( ya fo2g ) +O(1), using (3)

or, |Og[p+2(p+1—q)] T(r'fn,g ) > |og[p] T( L f )+0(1)

42 1'n-2,9
1 r .
> g —#)log M 279 )+0(1), using (3)
Proceeding similarly after some steps we get

r
4n—1 !

|og[p+(n—2)(p+1—q)] T(r’fn,g ) > %(ﬂ‘(p,q)(f) _ 8) |Og[q] M( gl,f )+ O(l)
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= %(A(p,q)(f)— &)log™ M( 4:1 (1-a)z+ag(z)) +O(1)
>~ Gpo®=2I 109 M( 51 ©)-1og M(- 1+ 2] +0(1)

> %%m@? —&)[exp® I {logh( ﬁ)}’”“’”)@ ~ —~log"( %)] +0(1) @
for asequence of values of r — o,
On the other hand for all r > r, we have,
T(r,f)< exp[Pfl] ( |Og[qfl] r)ﬂmq)(f)*g

or, log" ! T(r, f) < exp® I (log*™ r)tea?, )

So, from (4) and (5) we have for a sequence of valuesof r — oo,

logP+-2)6+1-0] T(rf ) (/1(p o - glexp® I { logl (- — )}p(pm(g)—s —log (— )]
n.g 4 4
+0(1)
log [a-11 T(—— 4n - 9 ex [p ql ( |Og[q -1] n e )/’<pq>(f)+*’
Iog [p+(n-2)(p+1-0)] T(I’ f )
andso limsup =0,
r—o I [9-1] T( 4n —, )

since we can choose &(>0) such that p, ,(9) —& > p, () + .

This proves the theorem.

An immediate consequence of Theorem 5 for odd N is the following theorem.

Theorem 6: Let f(z)and g(z) be two entire functions of positive lower (p, g)-orders with

p(p,q)(f) > p(p'q)(g)-Then for odd N

] Iog [p+(n-2)(p+1-0)] T (r’fn o )
limsup == =
r—o I [9-1] T(

4n1’g)

Theorem 7: Let f(z)and g(z) be two entire functions of positive lower (p, g)-orders. Then for even n

_ Iog [p+(n-2)(p+1-9)] T (rvfn . )
limsup =

r—w r
log™ T( i 9)

Proof: From (4), we have for a sequence of values of I — o0
H(n-2)(p+1 1 . ay, @-¢
Iog[p (n-2)(p+1-q)] T(r,fn,g )> E(i(p,q)(f)_g)[ exp[p al { |og[q 1] ( i )}P(p‘q)g |0g[<1] ( )+o(1)

Also, 10g™ T(r,9) < (p,(9) + &) log™ r, forall r > r,.

Thus for a sequence of valuesof r — o

1 o-algjanla-ty T \yoea@- @ ¥
log® AN T(rf, ) 5 Goo(D—a)exp ™ Hlog™( L )Y —og®l( 1) +OW)

r r
log™ T(,,9) (Poa@+ ) 109 (1)
which tends to infinity as r — oo, through this sequence since p,, ,(9) > 0.
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Theorem 8: Let f(z)and g(z) be two entire functions of positive lower (p, g)-orders. Then for odd N

[p+(n-2)(p+1-0)]

y log" PEOIT(rf,,)

imsup - =
r—o Iog [r] T( pLe ’ f)

The proof is omitted.

Note-4: If we put & =1 in the above Theorems we get the results of Banerjee and Mondal [2].
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