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ABSTRACT 
In the present paper, an extension of fixed point theorem for Hausdorff in a fuzzy metric space is established, which 
also can be considered as a generalization of Hausdorff fuzzy metric spaces. Additionally, we extend a α-fuzzy fixed 
point theorem in Hausdorff fuzzy metric spaces. One corollary is constructed to illustrate the corresponding result. 
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INTRODUCTION 
 
The fuzzy set mappings in fuzzy metric spaces play a crucial role in fixed point theory in 1965, Zadeh [1]. Afterwards, 
several researchers have extensively developed the concept of fuzzy set, which also include interesting applications of 
this theory in different fields such as mathematical programming, modeling theory, control theory, neural network 
theory, stability theory, engineering sciences, medical sciences, color image processing etc. The concept of fuzzy 
metric spaces was introduced initially by Kramosil and Michalek [2]. Later on, George and Veeramani [3] modified the 
notion of fuzzy metric spaces due to kramosil and Michalek [2] and studied a Hausdroff topology of fuzzy metrics. 
Recently, Gregori et al. [4] gave many interesting examples of fuzzy metrics in the sense of George and Veeramani [3] 
and have also applied these fuzzy metrics into color image processing. Several researchers proved the fixed point 
theorems in fuzzy metric spaces such as the references [5-13] therein. In 2004, Lopez and Romaguera [14] introduced 
the hausdroff fuzzy metric on a collection of nonempty compact subsets of a given fuzzy metric spaces. 
 
To the best of our knowledge, there is no discussion so far concerning the fuzzy fixed point theorems for fuzzy 
mappings in Hausdroff fuzzy metric spaces. the object of this paper is to study the role of some type of fuzzy mappings 
to ascertain the existence of fuzzy fixed point in Hausdroff fuzzy metric spaces. We also present some relation of 
multivalued mappings and fuzzy mappings.  
 
1. PRELIMINARIES 
 
Definition 1.1: Let X and Y be two arbitrary nonempty sets. A mapping t from set x into Ƒ(Y) is said to be fuzzy 
mapping. 
 
If X is endowed with a topology, for α є [0, 1], α- level set of A is denoted by [A]α  and is defined as follows: 

[ ] ]1,0(:})(:{ ∈≥∈= ααα xAXxA  
and 

[ ] },0)(:{0 >∈= xAXxA  

Where B  denotes the closure of B in X. 
 
Definition 1.2: Let X be an arbitrary nonempty set, T be fuzzy mapping from X into Ƒ(X) and z є X. If there exists       
α є [0,1] such that z є[Tz]α ,then a point  z is called an α- fuzzy fixed point of T. 
 
The following notations as regard t-norm and fuzzy metric space will be used in the sequel. 
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Definition 1.3: A binary operation *: [0, 1] 2 →  [0, 1] is a continuous t-norm if it satisfies the following conditions: 

[0,1].  dc,b,a, allfor  d  b and c  a whenever d*c b*(T4)a
[0,1], a allfor  a = 1*a (T3)

,continuous is *(T2)
e,commutativ and eassociativ is *(T1)

∈≤≤≤
∈

 
 
Definition 1.4: Let X be an arbitrary nonempty set,∗ be a continuous t-norm, and M be a fuzzy set on X2 × (0, ∞). The 
3-tuple (X, M,∗) is called a fuzzy metric space if satisfying the following conditions, for each x, y, z, є X and t , s >0 

.continuous is [0,1] )(0, : )y,M(x,  (M5)
s), +t  z,M(x,  s)z,(y, M * t)y,M(x,  (M4)

t),x,M(y, = t)y,M(x,  (M3)
y,= xifonly  and if  1= t)y,M(x, (M2)

 0, > t)y,M(x,  (M1)

→∞⋅
≤

 

 
Remark 1.5: It is worth pointing out that 0 < M(x, y, t) < 1 (for all t > 0) provided x ≠ y. 
 
Let (X, M,∗) be a fuzzy metric space. For t > 0, the open ball B(x, r, t) with a center x є X and a radius 0 < r < 1 is 
defined by 

}1),,(:{),,( rtyxmXytrxB −>∈=  
 
A subset A ϲ X is called open if for each x є A there exist t > 0 and 0 < r < 1 such that B(x, r, t) ϲ A. let τ denote the 
family of all open subsets of X . Then τ is a topology on X, called the topology induced by the fuzzy metric M. 
 
Example 1.6: Let (X, d) be a metric space. Define b}){a,min  = ba(or   ab=ba ∗∗ for all a, b є [0.1] and define    

                       [0,1]  )(0, ×X :M 2 →∞ as 

                      y)d(x,t
t= t)y,M(x,

+
 

for all x, y є X and t>0. Then (X, M,∗) is a fuzzy metric space. We call this fuzzy metric induced by the metric d the 
standard fuzzy metric. 
 
Now we give some examples of fuzzy metric space due to Gregori et al. [4]. 
 
Example 1.7: Let X be a nonempty set,  R X :ƒ +→ be a one-one function and  ][0, R : g + ∞→ be an increasing 

continuous function. For fixed α, β > 0, define [0,1] )(0,× X:M 2 →∞ as         

( )( )
( )( )

β

α

α










+
+

=
)()}(),(max{
)()}(),(min{),,(

tgyfxf
tgyfxftyxM

 
for all x, y є X and t > 0. Then (X, M, *) is a fuzzy metric space on X where * is the product t-norm. 
 
Example 1.8: Let (X, d) be a metric space and  )[0,  R :g + ∞→ be an increasing continuous function. Define 

 [0,1] )(0, × X : M 2 →∞ as 

𝑀𝑀(𝑥𝑥,𝑦𝑦, 𝑡𝑡) = 𝑒𝑒(−𝑑𝑑(𝑥𝑥 ,𝑦𝑦)
𝑔𝑔(𝑡𝑡) ) 

for all x, y є X and t > 0. Then (X, M, *) is a fuzzy metric space on X where * is the product t-norm. 
 
Example 1.9: Let (X, d) be a bounded metric space with d(x, y) < k (for all x, y є X, where k is fixed constant in (0, ∞) 
and g:R+→ (k, ∞) be an increasing continuous function. Define a function  [0,1] )(0, × X : M 2 →∞ as 

)(
),(1),,(

tg
yxdtyxM −=  

for all x, y є X and t > 0. Then (X, M, *) is a fuzzy metric space on X. where * is a Lukasievicz  t-norm. 
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Definition1.10: Let (X, M, *) be a fuzzy metric space 

1. A sequence [xn] in X is said to be convergent to a point x є X if  

1),(lim , =→∞ txxM nn
 
for all t > 0. 

2. A sequence {xn} in X is called a Cauchy sequence if, for each 0< є < 1 and t > 0, there exists n0 є N such that 
∈ - 1 >  t), x,M(x mn  for each n, m ≥ n0. 

3. A fuzzy metric space in which every Cauchy sequence is convergent is said to be complete. 
4. A fuzzy metric space in which every sequence has a convergent subsequence is said to be compact. 

 
Lemma1.11: Let (X, M, *) be a fuzzy metric space. For all x, y є X, M(x, y, ∙) is non-decreasing function. 
 
If (X, M, *) is a fuzzy metric space, then M is continuous function on X2 × (0, ∞), that is, if {x n},{yn} ⊆ X are 
sequences such that XyyXxx M

n
M

n ∈→∈→ }{,}{ and {tn} ⊂ (0,∞) verifies ),0(}{ ∞∈→ ttn  then 

),,()}({ ,, tyxMtyxM nnn →  
 
Lemma 1.12: If (X, M,*) be a fuzzy metric space, then M is a continuous function on X2× (0, ∞). 
 
In 2004 Rodriguez- Lopez and Romaguera [14] introduced the notion for Hausdroff fuzzy metric of a given fuzzy 
metric space (X, M, *) on KM (X), where KM (X) denotes the set of its nonempty compact subsets. 
 
Definition 1.13: [(21)] let (X, M,*) be a fuzzy metric space. The Hausdroff fuzzy metric ),0())((: 2 ∞×XKH MM  
is defined by 

( , , ) : min ( , , ) , sup ( , , )supinf infM
x A y By B

H A B t M x y t
x a

M x y t
∈ ∈∈

 
   =       ∈  

 
 
 

for all 𝐴𝐴,𝐵𝐵 ∈ 𝐾𝐾𝑀𝑀(𝑋𝑋) and t > 0.  

 
Lemma 1.14: Let (X, M,*) be a fuzzy metric space. Then the 3- tuple (KM(X), HM,*) is a fuzzy metric space. 
 
Lemma 1.15: Let (X, M,*) be a fuzzy metric space and t > 0 be fixed. If A and B are nonempty compact subsets of X 
and x є A, then there exists a point y є B such that 

sup
b B∈

( , , ) ( , , ).M x b t M x y t=  

 
2. MAIN RESULT 
 
In the present paper, we prove α-fuzzy mapping in Hausdorff fuzzy metric space and reduce our result to metric space. 
The following lemma is essential in proving our main result. 
 
Lemma 2.1: Suppose (X, M,*) be a fuzzy mark space and [xn] is a sequence in X such that for all n є N, 

),,,(),( 1,21 txxMktxxM nnnn +++ ≥ Where 0 < k < 1, suppose that 

1),,,( 321lim =∗∞=
∞→

i
ni

n
thxxxM

                       (1) 
for all t > 0 and h > 1. Then {xn} is a Cauchy sequence. 
 
Proof: It follows proof similar to the proof of lemma 1 of Kiany and Amini-Harandi. then, in order to avoid repetition, 
the details are omitted. 
 
Now we start to prove our main result. 
 
Theorem 2.2: Suppose (X, M, *) be a complete fuzzy metric and α: X→ (0,1) be a mapping such that [Tx]α(x) is a 
nonempty compact subset of X for all x є X. Suppose that T : X→φ (x) is a fuzzy mapping such that 

                                        ( )( ) ( ) ( )] ,[ ] ,[ ] ( , , , )M x x y y z zH T T T kt M x y z tα α α ≥                                                              (2)
                    

for all t>0,where k є(0,1).  
 
If there exists x0 є X and x1 є X [Tx0]α(x0) such that 0 1lim ( , , ) 1i

i nn
M x x th∞

=→∞
∗ =                                               (3)

 
for all t>0 and h>1 ,then  T has an α- fuzzy fixed point.
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Proof: We start from x0 є X and x1 є [Tx0]α (x0) under the hypothesis. From the assumptions, we have [Tx1]α (x1) is a non-
empty  compact subset of X. If  [Tx0]α (x0) =[Tx1]α (x1) then x1 є[Tx1]α (x1) so x1 is an α- fuzzy fixed point of T and the 
proof is finished. Therefore, we may assume that  

[Tx0]α (x0) ≠ [Tx1]α (x1). 
 

Since x1 є [Tx0]α (x0) and [Tx1]α (x1) is a nonempty compact- subset of X then by Lemma1.15 and condition (2) there 
exists x2 є [Tx1]α (x1) satisfying 

3 1 1

1 2 3 1 2 3
x'   [Tx ]  (x )

( , , , ) su p ( , , ' , )M x x x kt M x x x kt
α∈

=  

                             ( )0 0 1 1 2 2( ) ( ) ( )[ ] ,[ ] ,[ ]M x x x x x xH T T T ktα α α≥  

                             0 1 2( , , , )M x x x t≥  

If 
1 1 2 2 3 3( ) ( ) ( )[ ] [ ] [ ]x x x x x xT T Tα α α= = , then 3x ∈ )( 33

][ xxT α .This implies that x3 is an α-fuzzy fixed point of T and then 

proof is finished. Therefore, we may assume that )()()( 332211
][][][ xxxxxx TTT ααα ≠≠

.      
 

 
Since )()()(3 332211

][][,][ xxxxxx TandTTx ααα∈  are nonempty compact subsets of X. by using Lemma 1.15 and 

condition 2, there exists )(4 33
][ xxTx α∈  satisfying  

4 3 3

2 3 4 2 3 4
x '  [Tx ]  (x )

( , , , ) su p ( , , ' , )M x x x kt M x x x kt
α∈

=  

                               ( )1 1 2 2 3 3( ) ( ) ( ),[ ] ,[ ] ,[ ]M x x x x x xH T T T ktα α α≥
 

                               
1 2 3(, , , )M x x x t≥  

 
By induction, we can construct the sequence {xn} in X such that )(1 1

][
−−∈

nxnn Txx α  and 
  
 

for all n є N. From Lemma 2.1, we get {xn} is a Cauchy sequence. Since (X, M, *) is a complete fuzzy metric space, 
there exists x є X such that 𝑥𝑥𝑛𝑛𝑛𝑛→∞

𝑙𝑙𝑙𝑙𝑙𝑙 = 𝑥𝑥 which means 𝑀𝑀(𝑥𝑥𝑛𝑛 ,𝑥𝑥, 𝑥𝑥′ , 𝑡𝑡) = 1𝑛𝑛→∞
𝑙𝑙𝑙𝑙𝑙𝑙      for each t > 0, then for each t > 0, we 

get  
 
Now we claim that )(][ xTxx α∈  since 

( )1( ) ( ) ( ) 1,[ ] ,[ ] ,[ ] ( , , )
n n n nM x x x x x x n nH T T T kt M x x x tα α α + +≥  and 1limM( , , , ) 1n nn

x x x t+→∞
=  

 
 

Then for each t >0, we get  
                    lim𝑛𝑛→∞ ( )1][,][,][ )"(")()( =ktTTTH xxxxxxM nn ααα  

 
This implies that 

𝑀𝑀�𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛 , 'x , t� = 1
'x є[𝑇𝑇𝑥𝑥]∝(𝑥𝑥)

𝑠𝑠𝑠𝑠𝑠𝑠

𝑛𝑛→∞

𝑙𝑙𝑙𝑙𝑙𝑙
  

and thus there exist a sequence { 'nx } in [𝑇𝑇𝑥𝑥]∝(𝑥𝑥) which implies        

 𝑀𝑀�𝑥𝑥𝑛𝑛 ,𝑥𝑥𝑛𝑛 ′ , 'x , t� = 1𝑛𝑛→∞
𝑙𝑙𝑙𝑙𝑙𝑙  

for each t > 0, for each n є N, we have 
)3/,,',(*)3/,,,'(*)3/,',,'(),,','( txxxMtxxxMtxxxMtxxxM nnnnnn ≥  

 
Since lim ( ', , ', / 3) 1n nn

M x x x t
→∞

=  and 

         lim ( , ', , / 3) 1nn
M x x x t

→∞
= , we get  

         
lim ( ', ', , / 3) 1nn

M x x x t
→∞

=  

 
That is lim ' ' .nn

x x x
→∞

= = It follows from [Tx]α(x) being a compact subset of X and x’n є [Tx]α(x) that x є 

[Tx]α(x).Therefore, x is an α-fuzzy fixed point of T. This completes the proof. 

),,,( ),,,( 1121 txxxMktxxxM nnnnnn +−++ ≥
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Next, we apply Theorem 2.2 to α-fuzzy fixed point theorem in metric space. Before we study the following results, we 
give the following notations. 
 
Let (X, d) be a metric space and K(X) denotes the collection of all non –empty compact subsets of X. for                     
A, B, C є K(X), we denote 

{ ( ) ( )}inf inf inf( , , ) ( , ) , ( , ) , ( , )y B z C x Ax A y B z c
H A B C Max sub d x y sub d y z sub d z x∈ ∈ ∈∈ ∈ ∈

 =  
 

 

 
The function H is called the Hausdorff metric. It is well known that (K(x), H) is a metric spaces. 
 
Corollary 2.3: Let (X, d) be a complete metric space and α: X→ (0,1) be a mapping such that [Tx]α(x) is a nonempty 
compact subset of X for all x є X. Suppose that T:X→F(X) be a fuzzy mapping such that 
       𝐻𝐻𝑀𝑀 �[𝑇𝑇𝑥𝑥]𝛼𝛼(𝑥𝑥), �𝑇𝑇𝑦𝑦�𝛼𝛼(𝑦𝑦),

[𝑇𝑇𝑧𝑧]𝛼𝛼(𝑧𝑧), 𝑘𝑘𝑡𝑡� ≤ 𝐾𝐾min{𝑑𝑑(𝑥𝑥,𝑦𝑦),𝑑𝑑(𝑦𝑦, 𝑧𝑧),𝑑𝑑(𝑧𝑧, 𝑥𝑥)}  
for all t > 0, where k є (0,1).then T has an α-fuzzy fixed point. 
 
Proof: Let (X, M, *) be standard fuzzy metric space induced by the metric d with a*b=ab. Now we show that the 
conditions of theorem 2.2 are satisfied. Since (X, d) is a complete. It is easy to see that (X, M, *) satisfies (3) from 

proposition 3, for each non empty compact subset of X. We have ( , , )
( , , )M
tH A B C

t H A B C
=

+
 

By the above equality, we have 
𝐻𝐻𝑙𝑙 ([𝑇𝑇𝑥𝑥]𝛼𝛼(𝑥𝑥), �𝑇𝑇𝑦𝑦�𝛼𝛼(𝑦𝑦),

[𝑇𝑇𝑧𝑧]𝛼𝛼(𝑧𝑧), 𝑘𝑘𝑡𝑡) ≤ 1
𝑘𝑘(𝑡𝑡+min  𝑑𝑑(𝑥𝑥 ,𝑦𝑦),   𝑑𝑑(𝑦𝑦 ,   𝑧𝑧),   𝑑𝑑(𝑧𝑧 ,   𝑥𝑥))

 

                                                      
1

( min{ ( , ), ( , ), ( , )}t d x y d y z d z x
≤

+
 

           
            

 

                                                       
= 𝑀𝑀(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡)   

  
For each t > 0 and each x, y, z, є X. therefore, the conclusion follows from theorem 2.2 
 
CONCLUSIONS 
 
From the application point of view, it often happens that a mapping T is a fuzzy contraction on a subset Y of X but not 
on the entire space X. However, if Y is closed, then it is complete, so that T has a fuzzy fixed x in Y, provided we 
impose a restriction on the choice of xo, so that the sequence {xn} remains in the closed subset Y. In this paper, we used 
this method to find fixed points of fuzzy mappings on α- fuzzy fixed point theorems for fuzzy mappings in the 
Hausdroff fuzzy metric space. Moreover, we reduced our result from fuzzy mappings in Hausdroff fuzzy metric space 
to fuzzy mappings in metric space. 
 
Finally, we showed some relations of multivalued mappings and fuzzy mappings, which can be utilized to derive fixed 
point for multivalued mappings. 
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