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ABSTRACT

Ditferent types of symmetric doubly stochastic matrix are formed to using the respective eigen values. The basic
concepts and theorems of symmetric doubly stochastic matrices using eigen values are introduced with examples. A
simple graph theoretic formula for finding the stationary distribution value to the well-known flow graph formulae. In
case of Markov chains arc *“weights™ correspond to the transition probabilities Pjj. Using this method to draw the
transition graph and find the stationary distribution.
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INTRODUCTION

In this paper A becomes a list of 2m real numbers or 2m+1 real numbers for any positive integer m, and the results
gives sufficient conditions for a list of 2m+1 real numbers to be realizable by a symmetric doubly stochastic matrix.

J.J. Solberg in 1975, using the graph theoretic formula to find the steady state distribution of finite Markov Processes
[10]. Using the same formula to find the stationary distribution V.

Type: 1 If a list of real fractional numbers

A= {7\,1', 7\,2, ....... A 2m+1} = Al o A2 Ui A m U{;u m+1}

A=, X ome2 - K=1, 2, ... msatisfies

1=x>0> A>......... > A= A > > Xomer > -1

S=h+h+ .. + Xome1 > Amer @Nd Aomaok < A, K =2, 3, ....m. Then A is realizable by the following doubly
stochastic matrix

My, My My Mg

M, M;, My My

Mml MmZ Mm‘m Mm,m+1
Mpi11 Mpy2 - Mpam S

0 -\ _
where My, = (_ 2m+2-k ) fork=1,2,...m
}"2m+2—k 0

S— 7\'m+1

Mg m+1 = (S—xm+1)f0rk: 1,2, ...m

and Mm+1,k: (_7\‘2m+1 ) _}"2m+1 —S) fork=1,2,...m

—h —Aom+1 )
fork=2,3,...m
_}"2m+1 _}"k
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—\ -\ .
Mkj — ( j 2m+2—j

_7\'2m+2 =j _7\'j

Example: 1
A={h, Ao, A3} ={1,-1/2, -1/2} satisfies 1=A; >0>1, > A3 >-1withm=1,
M=1 A=-05 A3=-0.5 and S = MtAr+ oo+ Aomer > Amet and Aomiok < Ak k=2,3,...m
Ay = {1, A3} for k= 1. Therefore A = Ay U {A} = {1, Ao, A3} = {1, -1/2, -1/2 }, Then A is realizable by the doubly
stochastic matrix
Mll

M:( Ml’z)formzl
M,; S

0 —A 0 1/2
Where Mll = (_)\‘3 03) = (1/2 (/) )

M., = (5—x2> _ (1/2)
L2m\s -2,/ " \1/2
and M2,1 = (_7\43 ) _7\.3 - S) = (1/2 1/2)
Then the doubly stochastic matrix is
0 1/2 1/2
M = (1/2 0 1/2)
1/2 1/2 0

Example: 2
A= {7\.11, Aoy Aay Aa s 7\.5}, Ay = {7\4(, 7¥2m+2—k} form=2.

Now A = { M, 7\,5} and

Ay = {7\,2 , 7\.4} then A = {7\,11, Aoy Ay Mg 7\.5} = {1, -1/4, -1/4, -1/4, '1/4} satisfies S > A3
andS=0> A3 withm =2, M=1 A= -1/4, Az = -1/4, Ay = -1/4, As = -1/4

M :( 0 —A2m+2-1 ) - ( 0 =25 ) _ ( 0 1/4)
e P 0 —As 0 1/4 0

M :( 0 _)"2m+2—2> _ ( 0 —M) _ ( 0 1/4>
27\~ Ayma2—2 0 A 0 1/4 0

(S Ams1)_[(~rs3)_ (0 _
My m+1 = (S _ )\'m+1) = <—7»3) = (0) fork=1,2

M1k = (=A2m+1 =S —Aem+1r —S)=(—As —As) =(1/4 1/4) fork=1,2

—Ax —Aam+1 —Ay s /4 1/4
M :< )fork:ZthenM :( )z( )
4T\ ama —hi 2T\ Ay 174 174
My = ( ™ “hamiz-y ) = ( “he ) = (1/4 1/4) Then the doubly stochastic matrix is
kj _)"2m+2 _]' —}\.] —}\.4 _}\42 1/4’ 1/4 ’

0 1/4 1/4 1/4 1/4
1/4 0 1/4 1/4 1/4
M=|1/4 1/4 0 1/4 1/4
1/4 1/4 1/4 0 1/4
1/4 1/4 1/4 1/4 0

Type: 2 If a list of real fractional numbers

A:{)\'l,l )\.2, ....... A Zm} =ATUA, L A
A ={ M A omerk o k=1, 2, ... msatisfies
1:7\.1>0>}\.22 ......... ka+12km+22 ....... Z}\.Zm >-1
S=M+ A+ .. + Xom > Amer @Nd Apmezk < Ak, K =2, 3, ....m. Then A is realizable by the following doubly
stochastic matrix

My My My,

M=| M My - My,
Mml MmZ Mmm
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0 - -
where Mkk=(_x2 " o “) fork=1,2,3, ...m
m+ie
and  My= (__73;“ _}i: ) = fork=2,3,...m
m
- —A2m+1-j .
My = : ") forj=2,3,...m
‘ (—xzm_j A, .
Example: 3

A= {?Lly, )\.2, )\‘3, }\.4 }, Ak = {)Lk, }"2m+1-k} form=2. Now Al = {}\.1, 7\4} and
Az = {}\.2 , )\‘3} then A = {}\.]”, }\.2, )\.3, }\.4} = {1, '1/3, '1/3, '1/3} satisfies

S=0>Aswithm=2,4, =1, 4, =-1/3, A3=-1/3, 1, =-1/3
M _( 0 —x2m>_( 0 —M)_(o 1/3)
B\ 0 )\, 0/ \1/3 o
0 _}"Zm—l ) _ ( 0 _7\.3 ) _ ( 0 1/3)
—Aam-1 0 “\-x 0 /)7\1/3 0

(
wos (S0 )3 R0 1)
(

]

“r2 )— (1/3 1/3) . Then the doubly stochastic matrix is

=y 1/3 1/3

0o 1/3 1/3 1/3

M:<M11 M12>: 1/3 0 1/3 1/3
My My) \1/3 1/3 0 13
1/3 1/3 1/3 0

Type: 3 If a list of real unit numbers
A= {7\.11, 7\.2, ....... A 2m+1} = Al \ A2 Ui A m\Y {7\. m+1}

A=, XM omeok b K =1, 2, ... msatisfies

1=Mm=h> . A1 > 0> Ao > o > Aome1 > -1
S=M+h+ ... + Aome1 = Amar @Nd Apmeo < Ak, K =2, 3, ....m. Then A is realizable by the following doubly
stochastic matrix
Mll M12 Mlm Ml,m+1
M;q M;, My, My
M: vee cee
Mml MmZ Mm‘m Mm,m+1
Mpii1 Mpyi2 0 Mpiam S
0 —A _
where Mkk=< N 2“6” k) fork=1,2,...m
“A2m+2-k

— S_km+1> —
My m+1 = (5_7\'m+1 fork=1,2,...m

and Mm+1, K= (—7»2m+1 -5 _7\'2m+1 - S) fork=1,2,...m

0 -\ -\
M =< 2m+1 k) fork=2,3...m
K _)\'2m+1 - )"k 0
0 —A2m+2- _7”1'> .
My = forj=2,3...m
‘ (—xzmz_j - 0 .
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Example: 4
A= {7\.11, Aoy Aay Aa s 7\.5}, Ay = {7\4(, 7¥2m+2—k} form=2.

Now A; = {7\.1, 7\,5} and Ay = {7\.2 , 7\,4} then A = {7\,11, Aoy A3, A 7\,5} = {1, 1,1, -1, -1} satisfies S > A3 and S=1= A3
Withm=2,7\,1=1,7\.2:1, M=l M=-12A=-1

-\
My = <_}(35 05> = (f é)
0 -\
Mz, = <—M 04) = (f (1))
My, 3 = (;:t) = (8) fork=1,2

Ms=(—=k3 =S —k3 —=S)=(0 0)fork=1,2

M. = 0 —he—j — A :( 0 —Ay —7»2>:(0 0)
7\ Al — A 0 Ay — Ay 0 0 0

My, = ( —kso— . }”50 }”2) = (% 8) . Then the doubly stochastic matrix is
01 00O
1 0000
M=10 0 01 0
0 0100
\0 000 1/

A:{7\.11, 7\.2, ....... 7\,2m}=/\1UA2U ....... Am
A ={ M, Aomerk}, k=1, 2, .... msatisfies

1:7\.127\,22 ......... 27\.m+1>0>7\.m+22 ....... 27\.2m+12-1
S=M+A+ ... + Xom = Amer @nd Aomirk < Ak, K= 2, 3, ....m. Then A is realizable by the following doubly
stochastic matrix
Mll M12 Mlm
M= M Mz Mo
Mml MmZ Mmm
0 -\ _
where Mkk=< N 2“6“ k) fork=1,2,3, ...m
“A2m+1-k
_ 0 —A2m _xk) _
and  My= (_}\'Zm e 0 fork=2,3,...m
0 —Aam+1-j — A .
M, = forj=2,3,...m
‘ (—xzml_]- - 0 .
Example: 5

A ={h1, A, Ag, Mg}y Ak = {hio Aomerad for m= 2. Now Ay ={A4, As} and Az = {A2, A5} then
A = {7\.1', Ao, Az, 7\,4} = {1, 1, -1, '1} satisfiesS=0> A3 with m = 2, M=1,0=1,
7\.3 = -1, 7\,4 =-1

va= (L, 0')=@ o)

_ 0 —hsj — N _ 0 —A3 —A\_(0 O
Mlz_(_7\.5_j _7\,] 0 >_(_7\,3_7\,2 0 )_(0 0)

g) . Then the doubly stochastic matrix is
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STATIONARY DISTRIBUTION OF THE SYMMETRIC DOUBLY STOCHASTIC MATRIX

In generally the doubly stochastic matrices of whose entries are 1/ (n-1) in all except the main diagonal. But the main
diagonal entries are zero. For example
0 1/4 1/4 1/4 1/4
/1/4 0 1/4 1/4 1/4\
LetA=|1/4 1/4 0 1/4 1/4 |
1/4 1/4 1/4 0 1/4
1/4 1/4 1/4 1/4 0

1 6
Ty(Wy) = — Ti(Wo) = -
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6
Ti(Wa) =

6
Ta(Ws) =

C.= Z?=1 W, =TWy + T;W, + T\W3 + TW, + T, Ws
1 6 6 6 6 _ 25

T 256 256 256 256 256 256

Similarly we can draw the intree for all nodes, we have
Co= Yoy T, W= ToWy + ToW, + ToWs + T W, + ToWs
6 1 6 6 6 25
S — =+ ===
256 256 256 256 256 256

C3 = X0 TsW;= TaWy + TaW, + ToWa + ToW, + TaWs
6,6, 1t 6, 6 _ 25

T 256 256 256 256 256 256

C4 = l'5=1 T4M/i: T4Wl + T4W2 + T4W3 + T4W4 + T4W5
6 6 6 " 1 " i _ 25

T 256 ' 256 256 256 = 256 256

CS:ZL'S:1 TsWi=TsW; + TsW; + TsW3 + TsW, + TsWs
-6 ,6,6, 6, 1_25

T 256 256 256 256 256 256

Stationary distribution for the doubly stochastic matrix is V; = 25—’6
i=1%i
125

AndZ?lei=C1+C2+C3+C4+C5=E

C 25 ,125_1
Vizo= 2 2

¥>_,Ci 256 256 5
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V2:

V3=

V4:

V5_

Cy
¥>_,C; 256 256 5

_ 25 ,125_1

¥> ,C; 256 256 5

_ 25 ,125_1

¥>_,Ci 256 256 5

_ 25 ,125_1

_ 25 ,125_1

Ty, C 256 256 5

Finally the stationary distribution values of the doubly stochastic matrix are all equal to 1/n, where n is the order of the
doubly stochastic matrix and the main diagonal values are all entry in zero.
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