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ABSTRACT 
In this article the Love wave propagation in a micro-isotropic, micro-elastic solid lying under another micro-isotropic, 
micro-elastic layer is studied. We found some additional waves which are not found in the classical theory of elasticity. 
The classical and micropolar results corresponding to this problem are obtained as particular cases.   
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INTRODUCTION 
 
The theory of micro-isotropic, micro-elastic materials is the simplified theory of micromorphic materials [1]. Koh[3] 
developed this theory by extending the concept of coincidence of principal directions of stress and strain in classical 
elasticity to the micro-elastic materials and assuming micro-isotropy. Assuming the micro-isotropy the frequency 
equations of the waves simplified considerably, but still it retains the characteristic features of the micromorphic model.  
 
When surface waves are studied in layered medium these waves exhibit new features. They were shown to have the 
particle motion parallel to the surface and perpendicular to direction of propagation. A.E.H.Love [6] studied these 
waves comprehensively in the case of an elastic solid half space covered by a single solid layer. Since then these waves 
are known as Love waves. These waves found immediate applications in view of the large transverse displacements 
found in earth tremors. The existence of large transverse displacements was explained by Love and showed that these 
waves consisted of horizontally polarized shear waves trapped in superficial layer and propagated by multiple total 
reflections. A number of authors [5, 9, 10] studied the Love wave propagation assuming the velocity, rigidity and 
density to be functions of depth only. 
 
Press et al[2] studied the propagation of Love waves in classical layered media. Mrithyunjaya Rao, Parameswara Rao 
and Kesava Rao [7] studied the propagation of Love waves in Micropolar layered media. Poonam Khurana and Anil 
K.Vashisth [8] studied the propagation of Love wave in a prestressed medium. S.Kundu, S.Gupta, A.Chattopadhyay 
and D.K.Majhi [4] studied the propagation of these waves in porous rigid layer lying over an initially stressed half-
space. In this article the propagation of Love waves in a micro-isotropic, micro-elastic solid lying under another micro-
isotropic, micro-elastic layer is studied. We found some additional waves which are not found in the classical theory of 
elasticity. The classical [2] and micropolar [7] results corresponding to this problem are obtained as particular cases of 
it.  
 
NOTATION AND FORMULAE 
 
Using the notation of Eringen the necessary equations for the formulation of this problem are listed below: 
 
The strain measure 𝑒𝑒𝑘𝑘𝑘𝑘  is given by 
𝑒𝑒𝑘𝑘𝑘𝑘 = 1

2
�𝑢𝑢𝑙𝑙 ,𝑘𝑘 + 𝑢𝑢𝑘𝑘 ,𝑙𝑙�                                                                                                                                                          (1) 
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The equations of motion for the micro-isotropic, micro-elastic solid are given by 
(𝐴𝐴1 + 𝐴𝐴2 − 𝐴𝐴3)𝑢𝑢𝑝𝑝 ,𝑝𝑝𝑝𝑝 + (𝐴𝐴2 + 𝐴𝐴3)𝑢𝑢𝑚𝑚 ,𝑝𝑝𝑝𝑝 + 2𝐴𝐴3 ∈𝑝𝑝𝑝𝑝𝑝𝑝 𝜙𝜙𝑝𝑝 ,𝑘𝑘  +𝜌𝜌𝑓𝑓𝑚𝑚 = 𝜌𝜌 𝜕𝜕2𝑢𝑢𝑚𝑚

𝜕𝜕𝜕𝜕 2                                                                    (2)    
         

2𝐵𝐵3𝜙𝜙𝑝𝑝 ,𝑚𝑚𝑚𝑚 + 2(𝐵𝐵3 + 𝐵𝐵5)𝜙𝜙𝑚𝑚 ,𝑚𝑚𝑚𝑚 − 4𝐴𝐴3(𝑟𝑟𝑝𝑝 + 𝜙𝜙𝑝𝑝) − 𝜌𝜌𝑙𝑙𝑝𝑝 = 𝜌𝜌𝜌𝜌 𝜕𝜕
2𝜙𝜙𝑝𝑝
𝜕𝜕𝜕𝜕 2                                                                                   (3)    

           

𝐵𝐵1𝜙𝜙𝑝𝑝𝑝𝑝 ,𝑘𝑘𝑘𝑘 𝛿𝛿𝑖𝑖𝑖𝑖 + 2𝐵𝐵2𝜙𝜙(𝑖𝑖𝑖𝑖 ),𝑘𝑘𝑘𝑘 − 𝐴𝐴4𝜙𝜙𝑝𝑝𝑝𝑝𝛿𝛿𝑖𝑖𝑖𝑖 − 2𝐴𝐴5𝜙𝜙(𝑖𝑖𝑖𝑖 )+𝜌𝜌𝑓𝑓(𝑖𝑖𝑖𝑖 ) = 1
2
𝜌𝜌𝜌𝜌

𝜕𝜕2𝜙𝜙(𝑖𝑖𝑖𝑖 )

𝜕𝜕𝜕𝜕 2                                                                          (4)  
 
The constitutive equations for this material are  
𝑡𝑡(𝑘𝑘𝑘𝑘 ) = 𝐴𝐴1𝑒𝑒𝑝𝑝𝑝𝑝 𝛿𝛿𝑘𝑘𝑘𝑘 + 2𝐴𝐴2𝑒𝑒𝑘𝑘𝑘𝑘                                                                                                                                            (5)   
        
𝑡𝑡[𝑘𝑘𝑘𝑘 ] = 𝜎𝜎[𝑘𝑘𝑘𝑘 ] = 2𝐴𝐴3 ∈𝑝𝑝𝑝𝑝𝑝𝑝 (𝑟𝑟𝑝𝑝 + 𝜙𝜙𝑝𝑝)                                                                                                                               (6)    
  
𝜎𝜎(𝑘𝑘𝑘𝑘 ) = −𝐴𝐴4𝜙𝜙𝑝𝑝𝑝𝑝𝛿𝛿𝑘𝑘𝑘𝑘 − 2𝐴𝐴5𝜙𝜙(𝑘𝑘𝑘𝑘 )                                                                                                                                    (7)        
     
𝑚𝑚𝑘𝑘𝑘𝑘 = −2�𝐵𝐵3𝜙𝜙𝑙𝑙 ,𝑘𝑘 + 𝐵𝐵4𝜙𝜙𝑘𝑘 ,𝑙𝑙 + 𝐵𝐵5𝜙𝜙(𝑚𝑚𝑚𝑚 ),𝑘𝑘𝛿𝛿𝑘𝑘𝑘𝑘 �                                                                                                                   (8)  
 
𝑡𝑡𝑘𝑘(𝑚𝑚𝑚𝑚 ) = 𝐵𝐵1𝜙𝜙𝑝𝑝𝑝𝑝 ,𝑘𝑘𝛿𝛿𝑚𝑚𝑚𝑚 + 2𝐵𝐵2𝜙𝜙(𝑚𝑚𝑚𝑚 ),𝑘𝑘                                                                                                                                  (9)  
  
where   𝜙𝜙𝑝𝑝 = 1

2
∈𝑝𝑝𝑝𝑝𝑝𝑝 𝜙𝜙𝑘𝑘𝑘𝑘                                                                                                                                               (10) 

 
             𝑟𝑟𝑝𝑝 = 1

2
∈𝑝𝑝𝑝𝑝𝑝𝑝 𝑢𝑢𝑚𝑚 ,𝑘𝑘                                                                                                                                                 (11)        

  
FORMULATION OF THE PROBLEM 
 
We consider the waves which are propagating in the plane x=0 with an amplitude decay in the z-direction taking the 
origin at the free surface.  The geometry of  it is shown in  fig.1.  

 
Fig.1 

 
Now the displacement and micro-rotation components are given by 
𝑢𝑢 = 𝑤𝑤 = 0,     𝑣𝑣 = 𝑣𝑣(𝑥𝑥, 𝑧𝑧, 𝑡𝑡); 
 
𝜙𝜙1 = 𝜙𝜙1(𝑥𝑥, 𝑧𝑧, 𝑡𝑡),      𝜙𝜙2 = 0,      𝜙𝜙3 = 𝜙𝜙3(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) 
 
Now the equations of motion (2) and (3) become 
(𝐴𝐴2 + 𝐴𝐴3) �𝜕𝜕

2𝑣𝑣
𝜕𝜕𝑥𝑥2 + 𝜕𝜕2𝑣𝑣

𝜕𝜕𝑧𝑧2� + 2𝐴𝐴3 �−
𝜕𝜕𝜙𝜙1
𝜕𝜕𝜕𝜕

+ 𝜕𝜕𝜙𝜙3
𝜕𝜕𝜕𝜕
� − 𝜌𝜌 𝜕𝜕2𝑣𝑣

𝜕𝜕𝑡𝑡2 = 0         
                              
2𝐵𝐵3 �

𝜕𝜕2𝜙𝜙1
𝜕𝜕𝑥𝑥2 + 𝜕𝜕2𝜙𝜙1

𝜕𝜕𝑧𝑧2 � + 2(𝐵𝐵4 + 𝐵𝐵5) �𝜕𝜕
2𝜙𝜙1
𝜕𝜕𝑥𝑥2 + 𝜕𝜕2𝜙𝜙3

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
� + 2𝐴𝐴3

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
− 4𝐴𝐴3𝜙𝜙1 − 𝜌𝜌𝜌𝜌 𝜕𝜕

2𝜙𝜙1
𝜕𝜕𝑡𝑡2 = 0                                                      (12)      

 
2𝐵𝐵3 �

𝜕𝜕2𝜙𝜙3
𝜕𝜕𝑥𝑥2 + 𝜕𝜕2𝜙𝜙3

𝜕𝜕𝑧𝑧2 � + 2(𝐵𝐵4 + 𝐵𝐵5) �𝜕𝜕
2𝜙𝜙1
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+ 𝜕𝜕2𝜙𝜙3
𝜕𝜕𝑧𝑧2 � − 2𝐴𝐴3

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
− 4𝐴𝐴3𝜙𝜙3 − 𝜌𝜌𝜌𝜌 𝜕𝜕

2𝜙𝜙3
𝜕𝜕𝑡𝑡2 = 0            

 
Since the propagation is in the xz-plane having amplitude decay in z-direction, we seek the solutions of (12) in the form 
𝑣𝑣 = 𝐴𝐴 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑚𝑚𝑚𝑚 + 𝑖𝑖𝑖𝑖(𝑥𝑥 − 𝑐𝑐𝑐𝑐)) 
 
𝜙𝜙1 = 𝐵𝐵 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑚𝑚𝑚𝑚 + 𝑖𝑖𝑖𝑖(𝑥𝑥 − 𝑐𝑐𝑐𝑐))                                                                                                                                   (13) 
 
𝜙𝜙3 = 𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒𝑒𝑒 (−𝑚𝑚𝑚𝑚 + 𝑖𝑖𝑖𝑖(𝑥𝑥 − 𝑐𝑐𝑐𝑐)) 
 
where A,B and C are constants. 
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Substituting (13) in (12) we obtain 
(𝐴𝐴2 + 𝐴𝐴3)(−𝑘𝑘2𝐴𝐴 + 𝑚𝑚2𝐴𝐴) + 2𝐴𝐴3(𝑚𝑚𝑚𝑚 − 𝑘𝑘𝑘𝑘) + 𝜌𝜌𝑘𝑘2𝑐𝑐2𝐴𝐴 = 0         
                                        
2𝐵𝐵3(−𝑘𝑘2𝐵𝐵 + 𝑚𝑚2𝐵𝐵) + 2(𝐵𝐵4 + 𝐵𝐵5)(−𝑘𝑘2𝐵𝐵 + 𝑚𝑚𝑚𝑚𝑚𝑚) − 2𝐴𝐴3𝑚𝑚𝑚𝑚 − 4𝐴𝐴3𝐵𝐵 + 𝜌𝜌𝜌𝜌𝑘𝑘2𝑐𝑐2𝐵𝐵 = 0                                             (14)        
              
2𝐵𝐵3(−𝑘𝑘2𝐶𝐶 + 𝑚𝑚2𝐶𝐶) + 2(𝐵𝐵4 + 𝐵𝐵5)(−𝑚𝑚𝑚𝑚𝑚𝑚 + 𝑚𝑚2𝐶𝐶) − 2𝐴𝐴3𝑚𝑚𝑚𝑚 − 4𝐴𝐴3𝐶𝐶 + 𝜌𝜌𝜌𝜌𝑘𝑘2𝑐𝑐2𝐶𝐶 = 0 
 
A non-trivial solution for A,B,C exists if and only if the determinant of the coefficients is zero. Eliminating A, B and C 
we have 

 [2(𝐵𝐵3 + 𝐵𝐵4 + 𝐵𝐵5)(𝑚𝑚2 − 𝑘𝑘2) − 4𝐴𝐴3 + 𝜌𝜌𝜌𝜌𝑘𝑘2𝑐𝑐2]�
[(𝐴𝐴2 + 𝐴𝐴3)(𝑚𝑚2 − 𝑘𝑘2) + 𝜌𝜌𝑘𝑘2𝑐𝑐2] � 2𝐵𝐵3(𝑚𝑚2 − 𝑘𝑘2)

−4𝐴𝐴3 + 𝜌𝜌𝜌𝜌𝑘𝑘2𝑐𝑐2�

+4𝐴𝐴3
2(𝑚𝑚2 + 𝑘𝑘2)

� = 0 

 
A set of approximate roots is obtained by neglecting 𝐴𝐴3

2 term, since 𝐴𝐴3
2 is negligibly small when compared with 𝐴𝐴3, and 

they are  

𝑚𝑚1
(𝑖𝑖) = �

𝜌𝜌(𝑖𝑖)𝑐𝑐2

𝐴𝐴2
(𝑖𝑖) �1 −

𝐴𝐴3
(𝑖𝑖)

𝐴𝐴2
(𝑖𝑖)� − 1 

 

𝑚𝑚2
(𝑖𝑖) = �

𝜌𝜌(𝑖𝑖)𝑗𝑗(𝑖𝑖)𝑐𝑐2

2(𝐵𝐵3
(𝑖𝑖) + 𝐵𝐵4

(𝑖𝑖) + 𝐵𝐵5
(𝑖𝑖))

−
2𝐴𝐴3

(𝑖𝑖)

𝑘𝑘2�𝐵𝐵3
(𝑖𝑖) + 𝐵𝐵4

(𝑖𝑖) + 𝐵𝐵5
(𝑖𝑖)�

− 1 

 

𝑚𝑚3
(𝑖𝑖) = �𝜌𝜌(𝑖𝑖)𝑗𝑗 (𝑖𝑖)𝑐𝑐2

2𝐵𝐵3
(𝑖𝑖) − 2𝐴𝐴3

(𝑖𝑖)

𝑘𝑘2𝐵𝐵3
(𝑖𝑖) − 1      for i=1,2                                                                                                                     (15) 

             
where  𝐴𝐴𝑝𝑝

(1),𝐵𝐵𝑞𝑞
(1) (p=2,3;q=3,4,5) denotes the elastic constants pertaining to solid layer and 𝐴𝐴𝑝𝑝

(2),𝐵𝐵𝑞𝑞
(2) (p=2,3;q=3,4,5) 

denotes elastic constants pertaining to half space. We seek the solutions of  𝑣𝑣, 𝜙𝜙1, 𝜙𝜙3 in the form                                                                                                        
𝑣𝑣(1) = �𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴�𝑖𝑖𝑖𝑖𝑚𝑚1

(1)𝑧𝑧� + 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵�−𝑖𝑖𝑖𝑖𝑚𝑚1
(1)𝑧𝑧�� exp[−ik(𝑥𝑥 − 𝑐𝑐𝑐𝑐)] 

 
𝜙𝜙1

(1) = �𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶�𝑖𝑖𝑖𝑖𝑚𝑚2
(1)𝑧𝑧� + 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷�−𝑖𝑖𝑖𝑖𝑚𝑚2

(1)𝑧𝑧�� exp[−ik(𝑥𝑥 − 𝑐𝑐𝑐𝑐)] 
 
𝜙𝜙3

(1) = �𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸�𝑖𝑖𝑖𝑖𝑚𝑚3
(1)𝑧𝑧� + 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹�−𝑖𝑖𝑖𝑖𝑚𝑚3

(1)𝑧𝑧�� exp[−ik(𝑥𝑥 − 𝑐𝑐𝑐𝑐)] 
 
𝑣𝑣(2) = 𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺�−𝑖𝑖𝑖𝑖𝑚𝑚1

(2)𝑧𝑧� exp[−ik(𝑥𝑥 − 𝑐𝑐𝑐𝑐)] 
 
𝜙𝜙1

(2) = 𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽�−𝑖𝑖𝑖𝑖𝑚𝑚2
(2)𝑧𝑧� exp[−ik(𝑥𝑥 − 𝑐𝑐𝑐𝑐)] 

 
𝜙𝜙3

(2) = 𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼�−𝑖𝑖𝑖𝑖𝑚𝑚3
(2)𝑧𝑧� exp[−ik(𝑥𝑥 − 𝑐𝑐𝑐𝑐)]                                                                                                                  (16)     

                 
𝜙𝜙22

(𝑖𝑖) = 𝐾𝐾1
(𝑖𝑖)𝑒𝑒𝑒𝑒𝑒𝑒�−𝑖𝑖𝑖𝑖𝑠𝑠(𝑖𝑖)𝑧𝑧� exp[−ik(𝑥𝑥 − 𝑐𝑐𝑐𝑐)] 

 
𝜙𝜙12

(𝑖𝑖) = 𝐾𝐾2
(𝑖𝑖)𝑒𝑒𝑒𝑒𝑒𝑒�−𝑖𝑖𝑖𝑖𝑠𝑠(𝑖𝑖)𝑧𝑧� exp[−ik(𝑥𝑥 − 𝑐𝑐𝑐𝑐)] 

 
𝜙𝜙32

(𝑖𝑖) = 𝐾𝐾3
(𝑖𝑖)𝑒𝑒𝑒𝑒𝑒𝑒�−𝑖𝑖𝑖𝑖𝑠𝑠(𝑖𝑖)𝑧𝑧� exp[−ik(𝑥𝑥 − 𝑐𝑐𝑐𝑐)]                                                                                                                 (17)     

              

where 𝑠𝑠(𝑖𝑖) = �𝐴𝐴5
(𝑖𝑖)

𝐵𝐵2
(𝑖𝑖) + (1 −  𝜌𝜌

(𝑖𝑖)𝑗𝑗 (𝑖𝑖)𝑐𝑐2

4𝐵𝐵2
(𝑖𝑖) )𝑘𝑘2   for i=1,2 

 
The boundary conditions for the problem under consideration will be  
(i). at free surface i.e., at z=0 
     𝑡𝑡𝑧𝑧𝑧𝑧

(1) = 𝑚𝑚𝑧𝑧𝑧𝑧
(1) = 𝑚𝑚𝑧𝑧𝑧𝑧

(1) = 0           
                                                                                            
(ii). at the interface of two layers, i.e., at z=H 
      𝑣𝑣(1) = 𝑣𝑣(2),     𝜙𝜙1

(1) = 𝜙𝜙1
(2),          𝜙𝜙3

(1) = 𝜙𝜙3
(2) 

      𝑡𝑡𝑧𝑧𝑧𝑧
(1) = 𝑡𝑡𝑧𝑧𝑧𝑧

(2),      𝑚𝑚𝑧𝑧𝑧𝑧
(1) = 𝑚𝑚𝑧𝑧𝑧𝑧

(2),         𝑚𝑚𝑧𝑧𝑧𝑧
(1) = 𝑚𝑚𝑧𝑧𝑧𝑧

(2)                                                                                                           (18) 
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(iii). at the free surface z=0 
        𝑡𝑡𝑧𝑧(𝑧𝑧𝑧𝑧 )

(1) = 𝑡𝑡𝑧𝑧(𝑧𝑧𝑧𝑧)
(1) = 𝑡𝑡𝑧𝑧(𝑧𝑧𝑧𝑧 )

(1) = 0 

        𝜙𝜙(12)
(1) = 𝜙𝜙(12)

(2) ,          𝜙𝜙(22)
(1) = 𝜙𝜙(22)

(2) ,    𝜙𝜙(23)
(1) = 𝜙𝜙(23)

(2)                                                                                                  (19) 
 
By substituting (16) in (18) we obtain the nine equations as follows 
1
2
�𝐴𝐴2

(1) + 𝐴𝐴3
(1)�𝑖𝑖𝑖𝑖𝑚𝑚1

(1)(𝐴𝐴 − 𝐵𝐵) − 𝐴𝐴3
(1)(𝐶𝐶 + 𝐷𝐷) = 0 

 
(𝐸𝐸 − 𝐹𝐹)𝑚𝑚3

(1)�𝐵𝐵3
(1) + 𝐵𝐵4

(1) + 𝐵𝐵5
(1)� + 𝐵𝐵5

(1)(𝐶𝐶 + 𝐷𝐷) = 0 
 
𝐵𝐵3

(1)𝑚𝑚2
(1)(𝐶𝐶 − 𝐷𝐷) − 𝐵𝐵4

(1)(𝐸𝐸 + 𝐹𝐹) = 0 
 
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴�𝑖𝑖𝑖𝑖𝑚𝑚1

(1)𝐻𝐻� + 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵�−𝑖𝑖𝑖𝑖𝑚𝑚1
(1)𝐻𝐻� − 𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺�−𝑖𝑖𝑖𝑖𝑚𝑚1

(2)𝐻𝐻� = 0 
 
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶�𝑖𝑖𝑖𝑖𝑚𝑚2

(1)𝐻𝐻� + 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷�−𝑖𝑖𝑖𝑖𝑚𝑚2
(1)𝐻𝐻� − 𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽�−𝑖𝑖𝑖𝑖𝑚𝑚2

(2)𝐻𝐻� = 0 
 
𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸�𝑖𝑖𝑖𝑖𝑚𝑚3

(1)𝐻𝐻� + 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹�−𝑖𝑖𝑖𝑖𝑚𝑚3
(1)𝐻𝐻� − 𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼�−𝑖𝑖𝑖𝑖𝑚𝑚3

(2)𝐻𝐻� = 0 
 
𝑖𝑖𝑖𝑖𝑚𝑚1

(1)

2
�𝐴𝐴2

(1) + 𝐴𝐴3
(1)� �𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴�𝑖𝑖𝑖𝑖𝑚𝑚1

(1)𝐻𝐻� − 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵�−𝑖𝑖𝑖𝑖𝑚𝑚1
(1)𝐻𝐻�� − 𝐴𝐴3

(1) �𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶�𝑖𝑖𝑖𝑖𝑚𝑚2
(1)𝐻𝐻� + 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷�−𝑖𝑖𝑖𝑖𝑚𝑚2

(1)𝐻𝐻��

+
𝑖𝑖𝑖𝑖𝑚𝑚1

(2)

2
�𝐴𝐴2

(2) + 𝐴𝐴3
(2)�𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺�−𝑖𝑖𝑖𝑖𝑚𝑚1

(2)𝐻𝐻� + 𝐴𝐴3
(2)𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽�−𝑖𝑖𝑖𝑖𝑚𝑚2

(2)𝐻𝐻� = 0 
 
�𝐵𝐵3

(1) + 𝐵𝐵4
(1) + 𝐵𝐵5

(1)�𝑚𝑚3
(1) �𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸�𝑖𝑖𝑖𝑖𝑚𝑚3

(1)𝐻𝐻� − 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹�−𝑖𝑖𝑖𝑖𝑚𝑚3
(1)𝐻𝐻�� + 𝑚𝑚3

(2)�𝐵𝐵3
(2) + 𝐵𝐵4

(2) + 𝐵𝐵5
(2)�𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼�−𝑖𝑖𝑖𝑖𝑚𝑚3

(2)𝐻𝐻�

− 𝐵𝐵5
(1) �𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶�𝑖𝑖𝑖𝑖𝑚𝑚2

(1)𝐻𝐻� + 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷�−𝑖𝑖𝑖𝑖𝑚𝑚2
(1)𝐻𝐻�� + 𝐵𝐵5

(2)𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽�−𝑖𝑖𝑖𝑖𝑚𝑚2
(2)𝐻𝐻� = 0 

 
𝐵𝐵3

(1)𝑚𝑚2
(1) �𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶�𝑖𝑖𝑖𝑖𝑚𝑚2

(1)𝐻𝐻� − 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷�−𝑖𝑖𝑖𝑖𝑚𝑚2
(1)𝐻𝐻�� − 𝐵𝐵4

(1) �𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸�𝑖𝑖𝑖𝑖𝑚𝑚3
(1)𝐻𝐻� + 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹�−𝑖𝑖𝑖𝑖𝑚𝑚3

(1)𝐻𝐻�� 

                              +𝐵𝐵3
(2)𝑚𝑚2

(2)𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽�−𝑖𝑖𝑖𝑖𝑚𝑚2
(2)𝐻𝐻� + 𝐵𝐵4

(2)𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼�−𝑖𝑖𝑖𝑖𝑚𝑚3
(2)𝐻𝐻� = 0                                                             (20)                                                                     

 
A   non-zero solution for these equations exist if the determinant of these nine equations is zero. 
i.e., �𝑃𝑃𝑖𝑖𝑖𝑖 � = 0   for   i, j=1, 2,…..,9  
 
where 
𝑃𝑃11 = 𝑖𝑖𝑖𝑖

2
𝑚𝑚1

(1)�𝐴𝐴2
(1) + 𝐴𝐴3

(1)�                                          𝑃𝑃12 = − 𝑖𝑖𝑖𝑖
2
𝑚𝑚1

(1)�𝐴𝐴2
(1) + 𝐴𝐴3

(1)� 

𝑃𝑃13 = 𝑃𝑃14 = −𝐴𝐴3
(1)                                                      𝑃𝑃15 = 𝑃𝑃16 = 𝑃𝑃17 = 𝑃𝑃18 = 𝑃𝑃19 = 0 

𝑃𝑃21 = 𝑃𝑃22 = 0                                                             𝑃𝑃23 = 𝑃𝑃24 = 𝐵𝐵5
(1) 

𝑃𝑃25 = 𝑚𝑚3
(1)�𝐵𝐵3

(1) + 𝐵𝐵4
(1) + 𝐵𝐵5

(1)�                                 𝑃𝑃26 = −𝑚𝑚3
(1)�𝐵𝐵3

(1) + 𝐵𝐵4
(1) + 𝐵𝐵5

(1)� 
𝑃𝑃27 = 𝑃𝑃28 = 𝑃𝑃29 = 0                                                   𝑃𝑃31 = 𝑃𝑃32 = 0 
𝑃𝑃33 = 𝐵𝐵3

(1)𝑚𝑚2
(1)                                                            𝑃𝑃34 = −𝐵𝐵3

(1)𝑚𝑚2
(1) 

𝑃𝑃35 = 𝑃𝑃36 = −𝐵𝐵4
(1)                                                      𝑃𝑃37 = 𝑃𝑃38 = 𝑃𝑃39 = 0 

𝑃𝑃41 = 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖�𝑖𝑖𝑖𝑖𝑚𝑚1
(1)𝐻𝐻�                                                 𝑃𝑃42 = 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖�−𝑖𝑖𝑖𝑖𝑚𝑚1

(1)𝐻𝐻� 
𝑃𝑃43 = 𝑃𝑃44 = 𝑃𝑃45 = 𝑃𝑃46 = 0                                         𝑃𝑃47 = −𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(−𝑖𝑖𝑖𝑖𝑚𝑚1

(2)𝐻𝐻) 
𝑃𝑃48 = 𝑃𝑃49 = 0                                                              𝑃𝑃51 = 𝑃𝑃52 = 0 
𝑃𝑃53 =  𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖𝑖𝑖𝑚𝑚2

(1)𝐻𝐻�                                                 𝑃𝑃54 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑖𝑖𝑖𝑖𝑚𝑚2
(1)𝐻𝐻) 

𝑃𝑃55 =  𝑃𝑃56 =  𝑃𝑃57 =  0                                                𝑃𝑃58 =  −𝑒𝑒𝑒𝑒𝑒𝑒�−𝑖𝑖𝑖𝑖𝑚𝑚2
(2)𝐻𝐻� 

𝑃𝑃59 = 0                                                                        𝑃𝑃61 = 𝑃𝑃62 = 𝑃𝑃63 = 𝑃𝑃64 = 0 
𝑃𝑃65 = 𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖𝑖𝑖𝑚𝑚3

(1)𝐻𝐻�                                                  𝑃𝑃66 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑖𝑖𝑖𝑖𝑚𝑚3
(1)𝐻𝐻) 

𝑃𝑃67 = 𝑃𝑃68 = 0                                                             𝑃𝑃69 = −𝑒𝑒𝑒𝑒𝑒𝑒(−𝑖𝑖𝑖𝑖𝑚𝑚3
(2)𝐻𝐻) 

𝑃𝑃71 = 𝑖𝑖𝑖𝑖
2
𝑚𝑚1

(1)�𝐴𝐴2
(1) + 𝐴𝐴3

(1)�𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖𝑖𝑖𝑚𝑚1
(1)𝐻𝐻�                 𝑃𝑃72 = − 𝑖𝑖𝑖𝑖

2
𝑚𝑚1

(1)�𝐴𝐴2
(1) + 𝐴𝐴3

(1)�𝑒𝑒𝑒𝑒𝑒𝑒�−𝑖𝑖𝑖𝑖𝑚𝑚1
(1)𝐻𝐻�  

𝑃𝑃73 = −𝐴𝐴3
(1)𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖𝑖𝑖𝑚𝑚2

(1)𝐻𝐻�                                        𝑃𝑃74 = −𝐴𝐴3
(1)𝑒𝑒𝑒𝑒𝑒𝑒�−𝑖𝑖𝑖𝑖𝑚𝑚2

(1)𝐻𝐻� 
𝑃𝑃75 = 𝑃𝑃76 = 0                                                             𝑃𝑃77 = 𝑖𝑖𝑖𝑖

2
𝑚𝑚1

(2)�𝐴𝐴2
(2) + 𝐴𝐴3

(2)�𝑒𝑒𝑒𝑒𝑒𝑒�−𝑖𝑖𝑖𝑖𝑚𝑚1
(2)𝐻𝐻� 

𝑃𝑃78 = 𝐴𝐴3
(2)𝑒𝑒𝑒𝑒𝑒𝑒�−𝑖𝑖𝑖𝑖𝑚𝑚2

(2)𝐻𝐻�                                        𝑃𝑃79 = 0 
𝑃𝑃81 = 𝑃𝑃82 = 0                                                             𝑃𝑃83 = −𝐵𝐵5

(1)𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖𝑖𝑖𝑚𝑚2
(1)𝐻𝐻�  
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𝑃𝑃84 = −𝐵𝐵5

(1)𝑒𝑒𝑒𝑒𝑒𝑒�−𝑖𝑖𝑖𝑖𝑚𝑚2
(1)𝐻𝐻�                                     𝑃𝑃85 = (𝐵𝐵3

(1) + 𝐵𝐵4
(1) + 𝐵𝐵5

(1)) 𝑚𝑚3
(1)𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖𝑖𝑖𝑚𝑚3

(1)𝐻𝐻� 
𝑃𝑃86 = −(𝐵𝐵3

(1) + 𝐵𝐵4
(1) + 𝐵𝐵5

(1)) 𝑚𝑚3
(1)𝑒𝑒𝑒𝑒𝑒𝑒�−𝑖𝑖𝑖𝑖𝑚𝑚3

(1)𝐻𝐻�  𝑃𝑃87 = 0    
𝑃𝑃88 = 𝐵𝐵5

(2)𝑒𝑒𝑒𝑒𝑒𝑒�−𝑖𝑖𝑖𝑖𝑚𝑚2
(2)𝐻𝐻�                                        𝑃𝑃89 = (𝐵𝐵3

(2) + 𝐵𝐵4
(2) + 𝐵𝐵5

(2)) 𝑚𝑚3
(2)𝑒𝑒𝑒𝑒𝑒𝑒�−𝑖𝑖𝑖𝑖𝑚𝑚3

(2)𝐻𝐻� 
𝑃𝑃91 = 𝑃𝑃92 = 0                                                             𝑃𝑃93 = 𝐵𝐵3

(1)𝑚𝑚2
(1)𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖𝑖𝑖𝑚𝑚2

(1)𝐻𝐻� 
𝑃𝑃94 = −𝐵𝐵3

(1)𝑚𝑚2
(1)𝑒𝑒𝑒𝑒𝑒𝑒�−𝑖𝑖𝑖𝑖𝑚𝑚2

(1)𝐻𝐻�                             𝑃𝑃95 = −𝐵𝐵4
(1)𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖𝑖𝑖𝑚𝑚3

(1)𝐻𝐻� 
𝑃𝑃96 = −𝐵𝐵4

(1)𝑒𝑒𝑒𝑒𝑒𝑒�−𝑖𝑖𝑖𝑖𝑚𝑚3
(1)𝐻𝐻�                                     𝑃𝑃97 = 0 

𝑃𝑃98 = 𝐵𝐵3
(2)𝑚𝑚2

(2)𝑒𝑒𝑒𝑒𝑒𝑒�−𝑖𝑖𝑖𝑖𝑚𝑚2
(2)𝐻𝐻�                                 𝑃𝑃99 = 𝐵𝐵4

(2)𝑒𝑒𝑒𝑒𝑒𝑒�−𝑖𝑖𝑖𝑖𝑚𝑚3
(2)𝐻𝐻�                                                     (21) 

                     
By simplifying this periodic function we get two equations as follows: 
𝑘𝑘𝑚𝑚1

(1)

2
�𝐴𝐴2

(1) + 𝐴𝐴3
(1)� exp�−𝑖𝑖𝑖𝑖𝑚𝑚1

(1)𝐻𝐻� �
−𝑘𝑘
2
𝑚𝑚1

(1)�𝐴𝐴2
(1) + 𝐴𝐴3

(1)� +
𝑘𝑘
2
𝑚𝑚1

(2)�𝐴𝐴2
(2) + 𝐴𝐴3

(2)�� 

                           + 𝑘𝑘𝑚𝑚1
(1)

2
�𝐴𝐴2

(1) + 𝐴𝐴3
(1)� exp�𝑖𝑖𝑖𝑖𝑚𝑚1

(1)𝐻𝐻� �𝑘𝑘
2
𝑚𝑚1

(1)�𝐴𝐴2
(1) + 𝐴𝐴3

(1)� + 𝑘𝑘
2
𝑚𝑚1

(2)�𝐴𝐴2
(2) + 𝐴𝐴3

(2)�� = 0                     (22)                                           
and 
−4𝑠𝑠1𝑠𝑠3

3𝑚𝑚2
(1)𝑚𝑚3

(1) − 𝑠𝑠2𝑠𝑠3
2[𝑅𝑅1 + 𝐿𝐿5(−𝑅𝑅2 + 𝑅𝑅3)] + 2𝑠𝑠1𝑠𝑠3𝑚𝑚2

(1)2
𝑚𝑚3

(1)2
𝐿𝐿2𝐿𝐿3

2 − 𝑠𝑠2𝑠𝑠3
3(𝐿𝐿1𝐿𝐿2 − 𝐿𝐿6𝑅𝑅4) − 2𝑠𝑠1

2𝑠𝑠3𝑚𝑚2
(1)2

𝑚𝑚3
(1)2

𝐿𝐿2𝐿𝐿3
2  

+exp(ik�−𝑚𝑚2
(1) + 𝑚𝑚3

(1)�𝐻𝐻){2𝑠𝑠1𝑠𝑠2𝑠𝑠3
2𝑚𝑚2

(1)𝑚𝑚3
(1)𝐿𝐿2𝐿𝐿3 + 𝑠𝑠1𝑠𝑠3𝐿𝐿3𝑚𝑚2

(1)𝑚𝑚3
(1)[𝑅𝑅1 − 𝐿𝐿6(−𝑅𝑅2 + 𝑅𝑅3)] 

+𝑠𝑠1𝑠𝑠3
2𝐿𝐿3𝑚𝑚2

(1)𝑚𝑚3
(1)(𝐿𝐿1𝐿𝐿2 − 𝐿𝐿6𝑅𝑅4)}+exp(ik�𝑚𝑚2

(1) −𝑚𝑚3
(1)�𝐻𝐻){2𝑠𝑠1𝑠𝑠3𝑚𝑚2

(1)𝑚𝑚3
(1)𝐿𝐿3[𝑅𝑅1 + 𝐿𝐿5(𝑅𝑅2 − 𝑅𝑅3)] 

−𝑠𝑠1𝑠𝑠3𝑚𝑚2
(1)𝑚𝑚3

(1)𝐿𝐿3[𝑅𝑅1 + 𝐿𝐿5(−𝑅𝑅2 + 𝑅𝑅3)] + 2𝑠𝑠1𝑠𝑠2𝑠𝑠3
2𝐿𝐿2𝐿𝐿3𝑚𝑚2

(1)𝑚𝑚3
(1)} 

+exp(ik�𝑚𝑚2
(1) + 𝑚𝑚3

(1)�𝐻𝐻){−2𝑠𝑠1𝑠𝑠3
2𝑚𝑚2

(1)(𝐿𝐿5𝑅𝑅4 − 𝐿𝐿1𝐿𝐿2) − 𝑠𝑠1𝑠𝑠3𝑚𝑚2
(1)𝑚𝑚3

(1)𝐿𝐿3[𝑅𝑅1 − 𝐿𝐿5(𝑅𝑅2 + 𝑅𝑅3)]} 
+(exp⁡(−𝑖𝑖𝑖𝑖𝑚𝑚2

(1)))2{𝑠𝑠2𝑠𝑠3
2[𝑅𝑅1 − 𝐿𝐿6(−𝑅𝑅2 + 𝑅𝑅3)]} +(exp⁡(𝑖𝑖𝑖𝑖𝑚𝑚2

(1)))2{𝑅𝑅1 − 𝐿𝐿5(𝑅𝑅2 + 𝑅𝑅3)} = 0                                     (23)              
                 
where    𝑅𝑅1 = 𝐿𝐿1𝐿𝐿2𝑠𝑠3                                  𝑅𝑅2 = 𝐿𝐿3𝑠𝑠3𝑚𝑚3

(1) 
              𝑅𝑅3 = 𝐿𝐿4𝑚𝑚3

(2)                                 𝑅𝑅4 = 𝐿𝐿3𝑚𝑚3
(1) + 𝐿𝐿4𝑚𝑚3

(2) 
              𝐿𝐿1 = −𝐵𝐵4

(1) + 𝐵𝐵4
(2)                       𝐿𝐿2 = −𝐵𝐵5

(1) + 𝐵𝐵5
(2) 

              𝐿𝐿3 = 𝐵𝐵3
(1) + 𝐵𝐵4

(1) + 𝐵𝐵5
(1)               𝐿𝐿4 = 𝐵𝐵3

(2) + 𝐵𝐵4
(2) + 𝐵𝐵5

(2) 
              𝐿𝐿5 = 𝐵𝐵3

(1)𝑚𝑚2
(1) + 𝐵𝐵3

(2)𝑚𝑚2
(2)           𝐿𝐿6 = −𝐵𝐵3

(1)𝑚𝑚2
(1) + 𝐵𝐵3

(2)𝑚𝑚2
(2) 

              𝑠𝑠1 = 𝐵𝐵3
(1)                                      𝑠𝑠2 = 𝐵𝐵4

(1)                                   𝑠𝑠3 = 𝐵𝐵5
(1)           

 
By simplifying equation (22) we get  

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑚𝑚1
(1)𝐻𝐻 =

𝐴𝐴2
(2) + 𝐴𝐴3

(2)

𝐴𝐴2
(1) + 𝐴𝐴3

(1)  

�1 − 𝜌𝜌(2)𝑐𝑐2

𝐴𝐴2
(2) �1 −

𝐴𝐴3
(2)

𝐴𝐴2
(2)�

�𝜌𝜌
(1)𝑐𝑐2

𝐴𝐴2
(1) �1 −

𝐴𝐴3
(1)

𝐴𝐴2
(1)� − 1

      

 
By substituting (17) in (19) we get 
 ω

2

k2 = 4B2ω2

ρj(ω2−ω∗2 )
 

 

where ω∗ = �4A5
ρj

    and    ω2 = c2k2 

 
where 𝜔𝜔∗ is the cut off frequency. 
 

By assuming  𝜑𝜑𝑘𝑘𝑘𝑘 = −𝜑𝜑𝑙𝑙𝑙𝑙  ,   𝐴𝐴2
(𝑖𝑖) = 𝜇𝜇 (𝑖𝑖)

2
 , 𝐴𝐴3

(𝑖𝑖) = κ(𝑖𝑖)

2
,   𝐵𝐵3 = 𝛾𝛾

2
 , 𝐵𝐵4 = 𝛽𝛽

2
,  𝐵𝐵5 = 𝛼𝛼

2
 for i=1, 2 the results of [7] and by taking 

0→κ  the result of [2] can be obtained as  particular cases. 
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