International Journal of Mathematical Archive-5(11), 2014, 58-63
@I MA Available online through www.ijma.info ISSN 2229 - 5046

A STUDY ON PROPAGATION OF LOVE WAVES
IN MICRO-ISOTROPIC, MICRO-ELASTIC LAYERED MEDIA

E. Rama*
Department of Mathematics,
University College of Science, Osmania University, Hyderabad, (T.G.), India.

(Received On: 01-11-14; Revised & Accepted On: 27-11-14)

ABSTRACT

In this article the Love wave propagation in a micro-isotropic, micro-elastic solid lying under another micro-isotropic,
micro-elastic layer is studied. We found some additional waves which are not found in the classical theory of elasticity.
The classical and micropolar results corresponding to this problem are obtained as particular cases.
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INTRODUCTION

The theory of micro-isotropic, micro-elastic materials is the simplified theory of micromorphic materials [1]. Koh[3]
developed this theory by extending the concept of coincidence of principal directions of stress and strain in classical
elasticity to the micro-elastic materials and assuming micro-isotropy. Assuming the micro-isotropy the frequency
equations of the waves simplified considerably, but still it retains the characteristic features of the micromorphic model.

When surface waves are studied in layered medium these waves exhibit new features. They were shown to have the
particle motion parallel to the surface and perpendicular to direction of propagation. A.E.H.Love [6] studied these
waves comprehensively in the case of an elastic solid half space covered by a single solid layer. Since then these waves
are known as Love waves. These waves found immediate applications in view of the large transverse displacements
found in earth tremors. The existence of large transverse displacements was explained by Love and showed that these
waves consisted of horizontally polarized shear waves trapped in superficial layer and propagated by multiple total
reflections. A number of authors [5, 9, 10] studied the Love wave propagation assuming the velocity, rigidity and
density to be functions of depth only.

Press et al[2] studied the propagation of Love waves in classical layered media. Mrithyunjaya Rao, Parameswara Rao
and Kesava Rao [7] studied the propagation of Love waves in Micropolar layered media. Poonam Khurana and Anil
K.Vashisth [8] studied the propagation of Love wave in a prestressed medium. S.Kundu, S.Gupta, A.Chattopadhyay
and D.K.Majhi [4] studied the propagation of these waves in porous rigid layer lying over an initially stressed half-
space. In this article the propagation of Love waves in a micro-isotropic, micro-elastic solid lying under another micro-
isotropic, micro-elastic layer is studied. We found some additional waves which are not found in the classical theory of
elasticity. The classical [2] and micropolar [7] results corresponding to this problem are obtained as particular cases of
it.

NOTATION AND FORMULAE
Using the notation of Eringen the necessary equations for the formulation of this problem are listed below:

The strain measure ey, is given by
1
€ =3 (ul,k + uk,l) 1)
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The equations of motion for the micro-isotropic, micro-elastic solid are given by

Bzum

(Al +4; - A3)up,pm + (AZ + A3)um,pp + 245 Epkm ¢p,k +pfm =p 9t 2 (2)
929,
233¢p,mm + 2(B3 + BS)¢m,mp - 4A3(rp + ¢p) - plp =p] otz (3)
_1 _.0%a)
B1®pp ki 61y + 2B2b iy — Aapp 8y — 2AsPy*tofy = I — (4)
The constitutive equations for this material are
t(km) = Alepp 6km + 2Azekm (5)
tikm] = Ofkm] = 243 €pim (1, + @p) (6)
O(km) = —AsPpp Skm — 245P (kam) (7
My = —2(Bs¢ix + Babis + BsPmn) kOt ) (8)
tk(mn) = Bl¢pp,k5mn + 232¢(mn),k (9)
1
where ¢, = 7 Epkem bim (10)
1
T'p = E Epkm Um i (11)

FORMULATION OF THE PROBLEM

We consider the waves which are propagating in the plane x=0 with an amplitude decay in the z-direction taking the
origin at the free surface. The geometry of it is shown in fig.1.

¥

Micmo-isotropic, micro-elastic
. Z=0
solid layer
Micro-isotropic, micro-elastic 7o
solid half-space i
L}
Fig.1
Now the displacement and micro-rotation components are given by
u=w=0, v=v(xzt);
$1=091(x,2,0), $,=0, P3=¢3(x,21)
Now the equations of motion (2) and (3) become
%v  9%v a1 03 0%y
(4 +45) (55 +53) + 243 (- 52+ 52) =057 =0
32¢p1 | %94 2p1 | %93 aw 9%y
2B; (ax2 t o ) +2(Bs + Bs) ( PR azax) + 2455 — 4430 —pj 57 =0 (12)
¢ | 0°¢3 ’¢1 | %93 v 0293 _
2B; (axz T ) +2(By + Bs) (axaz to0 ) 2435 433 —pj 57 =0

Since the propagation is in the xz-plane having amplitude decay in z-direction, we seek the solutions of (12) in the form
v =Aexp(—mz + ik(x — ct))

¢, = B exp(—mz + ik(x — ct)) (13)
¢3 = iC exp (—mz + ik(x — ct))

where A,B and C are constants.
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Substituting (13) in (12) we obtain
(Ay + A3)(—k?A + m?A) + 245(mB — kC) + pk*c*A =0

2B;(—k?B + m?B) + 2(B, + Bs)(—k?B + mkC) — 2A;mA — 4A3B + pjk*c’B =0 (14)
2B;(—k?C + m?C) + 2(B, + Bs)(—mkB + m?C) — 24;mA — 4A;C + pjk?*c?C = 0

A non-trivial solution for A,B,C exists if and only if the determinant of the coefficients is zero. Eliminating A, B and C
we have
2B;(m? — k?)

Ay + A3)(m? — k?) + pk?c?
[(4; 3)(m ) + pk=c*] —445 + pjk2ctlt =0

[2(B; + By + Bs)(m? — k%) — 4A5 + pjk®c?]
+4A3(m? + k?)

A set of approximate roots is obtained by neglecting A3 term, since A% is negligibly small when compared with 45, and
they are

i ®
mg)— pm.cz l—ﬂ -1
A;l) A;l)

o_ [ oo0e 22
my” = @ L g L pl~ D, g0, gy
2(B,” +B,” + B;”) k%*(B,” + B,” + B")

O _ [p00c2 _ 247 -
ms;° = \] 233(1.) — k2333(i) -1 for i=1,2 (15)
@® (1) 2 (2) —9 Q.=
where A7, B, (p=2,3;0=3,4,5) denotes the elastic constants pertaining to solid layer and A,, B,” (p=2,3;d=3,4,5)

denotes elastic constants pertaining to half space. We seek the solutions of v, ¢, ¢ in the form
v = {Aexp (ikmgl)z) + Bexp(—ikmgl)z)} exp[—ik(x — ct)]

qb(l) {Cexp(tkm z) + Dexp(—ikmgl)z)} exp[—ik(x — ct)]
(1) {Eexp(lkm z) + Fexp(—ikmgl)z)} exp[—ik(x — ct)]
v® = Gexp(—ikm®z) exp[—ik(x — ct)]
(2) = Jexp(— lkm z) exp[—ik(x — ct)]
;P = Iexp(—ikmgz)z) exp[—ik(x — ct)] (16)
O = kP exp(~iksDz) exp[—ik(x — ct)]
O = kP exp(—iksDz) exp[—ik(x — ct)]

(l) K3(l)exp( iksWz) exp[—ik(x — ct)] 17)

(i) iV (i

. P ®;©)¢2 .
where s® = =554 (1 — 2L5)k? fori=1,2
By 4BJ

The boundary conditions for the problem under consideration will be

(i). at free surface i.e., at z=0
o _ @ _ 1) _
ty =My, =my, =0

(ii). at the interface of two layers, i.e., at z=H

P =@, gD = g@ D 4@
(D =@, m® = mg)’ md — m(Z) (18)
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(iii). at the free surface z=0
@ _ .M D
tz(zy) - tz(zz) Z(zx) 0
@ _ 4@ @ _ 2@ 1 _ 4@
¢(12) - ¢(12)’ ¢(22) - ¢(22)’ ¢(23) - ¢(23) (19)
By substituting (16) in (18) we obtain the nine equations as follows
1
5 (A + AP)ikemM (4 - B) — 45 (C+D) =0
E - FPmP (B + BY + BP) + B (C+ D) =0
BPm®P(Cc —p)-BPE+F) =0
Aexp(tkm1 )H) + Bexp(— lkmll)H) Gexp(— lkmlz)H) =0
Cexp(ikmgl)H) + Dexp(—ikmgl)H) —]exp(—ikm(Z)H) =0
Eexp(tkm31)H) + Fexp(—Lkm31)H) - Iexp(—Lkm32)H) =0
ikm{!
— (A(l) + A(l)) (Aexp(lkmll)H) Bexp(— lkmll)H)) - Agl) (Cexp(tkmzl)H) + Dexp(—lkmzl)H))

ik
! ml (A(Z) + A(Z))Gexp( lkmlz)H) + A(Z)]exp( lkm(Z)H) =0

(BS” + B + B )mS® (Eexp(ikmS”H) - Fexp(—ikm$VH) ) + m$? (B + BP + B®)lexp(—ikm P H)
- Bs(l) (Cexp(ikmgl)H) + Dexp(—ikmgl)H)) + Bs(z)feXP(_ikmEZ)H) =0

B3(1)m§1) (Cexp(lkm2 )H) Dexp(— lkm(l)H)) - B(l) (Eexp(tkm3 )H) + Fexp(— lkm31)H))
B3(2)m2 )]exp( lkmzz)H) + B(Z)Iexp( Lkm32)H) =0 (20)

A non-zero solution for these equations exist if the determinant of these nine equations is zero.
ie,|P;|=0 for ij=1,2....9

where
" L ik (1 1
Py = l?mgl)(A; Y+ a8) P = —l?mg (45" +45)
1
P13=P14=—A§) Pi5s = Pjg =P =Pig=Pg=0
1
P21:P22:0 P23:P24=BS()
Ps =m” (B + BV + B{V) Prs = —m$P(BSV + B{" + BM)
P27=P28=P129=0 P31=P32=01
1 1
P33 = B{'m{” Psy = —B{"'m{’
1
P35:P36:—B4F) P37:P38:P39=0
Py = iexp(ikmgl)H) Py = iexp(—ikmgl)H)
@
Py3 =Py =Py =Py =0 Py; = —iexp(— Lkm1 )H)
Pig =P =0 Psy =P5; =0
P53 = exp(ikmgl)H) Ps, = exp(— lkmzl)H)
@
Pss = Psg = Ps; = 0 Psg = —exp(—lkmz )H)
Py =0 Pgy = Psp = Pg3 = P4 = 0
Pgs = exp(tkm31)H) Pgo = exp(— lkm31)H)
P67 = P68 = 0 P69 = —exp(—lkm(Z)H)
_ ik ()41 (€] : (€] _ k(1)) (€] : @
Py =—my (477 + 437 )exp(ikm; ' H) Prp = =5 my (43" + 43" exp(—ikmy H)
P;; = —Agl)exp(ikmgl)H) Py = —Agl)exp(—ikmgl)H)
Pys = Py = 0 P, = %mF)(AEZ) +A§2))exp(—ikm§2)H)
Prg = AP exp(—ikm$PH) P79 =0
Py =Pg =0 Pg3 = —Bs(l)exp(lkmzl)H)
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Pgy = —B(l)exp(—ikmgl)H) = (B3(1) + Bf) + Bs(l)) mgl)exp(ikmgl)H)
Pgg = (B(l) (1) + Bs(l)) mél)exp( lkm3 )H) P87 =0
Pgg = Bs( )exp(—zkmgz)H) (B(Z) + Biz) + BS(Z)) mgz)exp(—ikméz)H)
Poy =Py, =0 P93 BPmPexp(ikmPH)
Py, = —Bél) mexp( lkmzl)H) Pys = (1)exp(1km31)H)
Pyg = —Bil)exp( lkm(l)H) Py; =0
Pyg = BSSZ) (Z)exp( lkm(Z)H) Pyg = Biz)exp(—ikmgz)H) (21)
By simplifying this periodic function we get two equations as f0||0WS'
km(l)
L (49 + 4 exp(~ikmVH) [ mD (4P + 4P) += m<2>(A(2) +47)|
fem {V .
+ 2 (48 + A exp(ikm{VH) [5 mf)(Agl) +40) +5mP (4P + 4P)| =0 (22)
and
2 2 2 2
—4s,53mPmY — 5,52[R; + Ls(—Ry + R3)] + 2s155m$ m{MY 1,13 — 5,53(L1Ly — LeR,) — 2s2s3m$ m$Y L, 13
+exp(ik(—m (1) + m31)) H){2s;5,5% mgl)m31)L2L3 + sls3L3mg1)m§1)[R1 — Lg(—R;, + R3)]
+Sls3 L3mgl)m31) (LlLZ - L6R4)}+exp(lk(m(1) :(,’1)) H){ZS S3m§1)m31)L3 [Rl + LS (RZ - R3)]
—S1S3 m m31)L3[R1 + Ls(—R, + R3)] + 2515,55 L2L3mgl)m31)}
+exp(1k(m(1) + m(l)) H){—2s,5s% m2 (L5R4 —LiLy) — sls3m2 m3 )L3 [Ry — Ls (R, + R3]}
+(expil-ikm; )X {s,53 [Ry — Ls (—Ry + Rs)]} +(expilikm; )2 (Ry — Ls (R, + R3)} = 0 (23)
— — €Y)

Where R1 = L1L2$3 Rz = L3S3m

Ry = L,m$? Ry = Lym{Y + L,m$P

Ly = -B{" + B L, = -B" + B

Ly = B" + B{" + B{" Ly =B + B + B

Ls = BOm$ + BOm® Ly = -BOm® + BOm®

S1 = B3(1) Sy = Bil) S3 = Bs(l)
By simplifying equation (22) we get

@) -2 A(Z)
@, 4@ Jl B pA(ZC) (1 B ﬁ
W, _ A2 t4; 2 2
tankm; 'H = ) )
AZ + A3 p(l)cz Agl)
o (1-7m) 1
AZ AZ
By substituting (17) in (19) we get
o 4Bpo?
K7 pje?-0?)
where o* = |25 and  @? = c2k?
where w™ is the cut off frequency.
. i ® «@ . .

By assuming ¢y, = —¢y, , Ag) ” A(l) X B; = % B, = g, By = %for i=1, 2 the results of [7] and by taking
&k — 0 the result of [2] can be obtalned as particular cases.
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