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ABSTRACT 
Let 𝑔𝑔𝑔𝑔(𝑅𝑅) be the Lie ring of generalized derivations of a ring 𝑅𝑅. In this article we show that the ring 𝑔𝑔𝑔𝑔(𝑅𝑅) is a 
prime (semiprime) Lie ring if the ring 𝑅𝑅 is a prime (semiprime) of characteristic not equal to 2. Also we show that the 
Lie ring of generalized inner derivation 𝑔𝑔𝑖𝑖𝐷𝐷(𝑅𝑅) is not a prime Lie ring for any ring 𝑅𝑅. Further, examples are given to 
show that the conditions “characteristic not equal to 2" and “primeness" of the ring 𝑅𝑅 are not superfluous. 
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1. INTRODUCTION 
 
Throughout this article 𝑅𝑅 will denote an associative ring with center 𝑍𝑍(𝑅𝑅). An additive mapping 𝑑𝑑 ∶  𝑅𝑅 → 𝑅𝑅 is said to 
be a derivation of 𝑅𝑅 if it satisfies 𝑑𝑑(𝑥𝑥𝑥𝑥)  = (𝑑𝑑𝑑𝑑)𝑦𝑦 +  𝑥𝑥𝑥𝑥𝑥𝑥, for all 𝑥𝑥,𝑦𝑦 ∈ 𝑅𝑅. We denote by 𝐷𝐷(𝑅𝑅), the set of all 
derivations on 𝑅𝑅. Note that if   𝑑𝑑1,𝑑𝑑2 ∈ 𝐷𝐷(𝑅𝑅) and their composition 𝑑𝑑1𝑑𝑑2 ∈ 𝑅𝑅, where 𝑅𝑅 is a prime ring of characteristic 
not equal to 2, then either 𝑑𝑑1 = 0 or 𝑑𝑑2 = 0, Posner, E. C. [8]. But for any ring 𝑅𝑅, the Lie product of 𝑑𝑑1 and 𝑑𝑑2, 
[𝑑𝑑1;𝑑𝑑2] = 𝑑𝑑1𝑑𝑑2 − 𝑑𝑑2𝑑𝑑1 is a derivation of 𝑅𝑅. Thus (𝐷𝐷(𝑅𝑅), +, [ ;  ]) form a ring and it is said to be the Lie ring of 
derivations. In [5, 6, 7], Jordan, C. R. and Jordan, D. A. have given the structure of 𝐷𝐷(𝑅𝑅) by assuming different 
condition on 𝑅𝑅. In particular, they proved that if ring 𝑅𝑅 is prime (semiprime) of characteristic not equal to 2 then 𝐷𝐷(𝑅𝑅) 
is a prime (semiprime) Lie ring. Recall that an additive subgroup 𝐼𝐼 of a Lie ring 𝐿𝐿 is called an Lie ideal of 𝐿𝐿 if [𝐼𝐼; 𝐿𝐿] ⊆
𝐼𝐼. An ideal 𝐼𝐼 of a Lie ring 𝐿𝐿 is said to prime Lie ideal if 𝐴𝐴 and 𝐵𝐵 are two Lie ideals of 𝐿𝐿 such that [𝐴𝐴;𝐵𝐵] ⊆ 𝐼𝐼 then either 
𝐴𝐴 ⊆ 𝐼𝐼 or 𝐵𝐵 ⊆ 𝐼𝐼 and 𝐼𝐼 is said to be semiprime Lie ideal of 𝐿𝐿 if [𝐴𝐴;𝐴𝐴] ⊆ 𝐼𝐼 then 𝐴𝐴 ⊆ 𝐼𝐼. The Lie ring 𝐿𝐿 is said to be prime 
(semiprime) Lie ring if {0} is the prime (semiprime) Lie ideal of 𝐿𝐿. An additive mapping 𝑔𝑔𝑑𝑑 : 𝑅𝑅 → 𝑅𝑅 is said to be a 
generalized derivation on 𝑅𝑅, associated with a derivation 𝑑𝑑, if 𝑔𝑔𝑑𝑑(𝑥𝑥𝑥𝑥)  =  𝑔𝑔𝑑𝑑(𝑥𝑥)𝑦𝑦 + 𝑥𝑥𝑥𝑥𝑥𝑥, for all 𝑥𝑥,𝑦𝑦 ∈ 𝑅𝑅. As in the 
case of derivations, the product of two nonzero generalized derivations is not a generalized derivation, but the Lie 
product of any two generalized derivations is a generalized derivation. The collection of all generalized derivations, 
denoted by 𝑔𝑔𝑔𝑔(𝑅𝑅), form a Lie ring. If 𝑔𝑔𝑑𝑑1  and 𝑔𝑔𝑑𝑑2  are two generalized derivations associated with derivations 𝑑𝑑1 and 
𝑑𝑑2, then [𝑔𝑔𝑑𝑑1 ;𝑔𝑔𝑑𝑑2  ] is a generalized derivation associated with the derivation [𝑑𝑑1;𝑑𝑑2]. An additive mapping 𝑇𝑇:𝑅𝑅 →  𝑅𝑅 
is said to be a left multiplier if it satisfies 𝑇𝑇(𝑥𝑥𝑥𝑥)  =  𝑇𝑇(𝑥𝑥)𝑦𝑦, for all 𝑥𝑥,𝑦𝑦 ∈ 𝑅𝑅. Generalized derivations associated with the 
derivation 0 are given by 𝑔𝑔0(𝑥𝑥𝑥𝑥)  = 𝑔𝑔0(𝑥𝑥)𝑦𝑦, for all 𝑥𝑥,𝑦𝑦 ∈  𝑅𝑅. Obviously these are left multipliers of 𝑅𝑅. Note that if a 
ring 𝑅𝑅 has the unity then 𝑇𝑇 ∶  𝑅𝑅 →  𝑅𝑅 is a left multiplier if and only if 𝑇𝑇(𝑥𝑥)  =  𝑎𝑎𝑎𝑎, for all 𝑥𝑥 ∈ 𝑅𝑅, where 𝑎𝑎 is a fixed 
element of R, see [11].  
 
Let 𝑎𝑎, 𝑏𝑏 ∈  𝑅𝑅. Define 𝑔𝑔𝑎𝑎 ,𝑏𝑏 :𝑅𝑅 → 𝑅𝑅 by 𝑔𝑔𝑎𝑎 ,𝑏𝑏(𝑥𝑥)  =  𝑎𝑎𝑎𝑎 +  𝑥𝑥𝑥𝑥, for all 𝑥𝑥 ∈  𝑅𝑅. Then 𝑔𝑔𝑎𝑎 ,𝑏𝑏  satisfies 𝑔𝑔𝑎𝑎 ,𝑏𝑏(𝑥𝑥𝑥𝑥)  =  𝑔𝑔𝑎𝑎 ,𝑏𝑏(𝑥𝑥)𝑦𝑦 +
𝑥𝑥𝐼𝐼−𝑏𝑏(𝑦𝑦), for all 𝑥𝑥,𝑦𝑦 ∈  𝑅𝑅. Thus 𝑔𝑔𝑎𝑎 ,𝑏𝑏  is a generalized derivation of R associated with an inner derivation 𝐼𝐼−𝑏𝑏 ∈ 𝐼𝐼(𝑅𝑅) ⊆
 𝐷𝐷(𝑅𝑅), induced by – 𝑏𝑏 ∈  𝑅𝑅, where 𝐼𝐼−𝑏𝑏(𝑦𝑦) =  −𝑏𝑏𝑏𝑏 + 𝑦𝑦𝑦𝑦 and 𝐼𝐼(𝑅𝑅) is the collection of all inner derivations of 𝑅𝑅. The 
map 𝑔𝑔𝑎𝑎 ,𝑏𝑏  is called the generalized inner derivation of 𝑅𝑅 induced by 𝑎𝑎 and 𝑏𝑏. We denote by 𝑔𝑔𝑖𝑖𝐷𝐷(𝑅𝑅), the collection of all 
generalized inner derivations of R. 
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2. PRELIMINARY RESULTS 

 
The following results are used to prove our main results and to give examples.  
 
Lemma 2.1: Let 𝑃𝑃 be a Lie ideal of 𝐷𝐷(𝑅𝑅). Suppose 𝑔𝑔𝑔𝑔 = {𝑔𝑔𝑑𝑑 ∈ 𝑔𝑔𝑔𝑔(𝑅𝑅) |𝑑𝑑 ∈ 𝑃𝑃}. Then 𝑔𝑔𝑔𝑔 is a Lie ideal of 𝑔𝑔𝑔𝑔(𝑅𝑅). 
Further, 𝑔𝑔𝑔𝑔 contains all left multipliers of 𝑅𝑅. 
 
Proof: Since 0 = 𝑑𝑑 ∈ 𝑃𝑃. All generalized derivations corresponding to the derivation 0 are the left multipliers of 𝑅𝑅 
which are in 𝑔𝑔𝑔𝑔. Now, let 𝑃𝑃 be a Lie ideal of 𝐷𝐷(𝑅𝑅) and 𝑔𝑔𝑑𝑑 ∈ 𝑔𝑔𝑔𝑔 and let 𝑔𝑔𝛿𝛿 ∈ 𝑔𝑔𝑔𝑔(𝑅𝑅), then for all 𝑥𝑥,𝑦𝑦 ∈ 𝑅𝑅, 
[𝑔𝑔𝑑𝑑 ;𝑔𝑔𝛿𝛿 ](𝑥𝑥𝑥𝑥) = [𝑔𝑔𝑑𝑑 ;𝑔𝑔𝛿𝛿 ](𝑥𝑥)𝑦𝑦 + 𝑥𝑥[𝑑𝑑; 𝛿𝛿](𝑦𝑦) but [𝑑𝑑; 𝛿𝛿] ∈ 𝑃𝑃 ⇒ [𝑔𝑔𝑑𝑑 ;  𝑔𝑔𝛿𝛿 ] ∈ 𝑔𝑔𝑔𝑔 which implies [𝑔𝑔𝑔𝑔;  𝑔𝑔𝑔𝑔(𝑅𝑅)] ⊆ 𝑔𝑔𝑔𝑔. Thus 
𝑔𝑔𝑔𝑔 is a Lie ideal of 𝑔𝑔𝑔𝑔(𝑅𝑅). 
 
Lemma 2.2: Let 𝑅𝑅 be a ring with unity 1 so that every derivation on 𝑅𝑅 is inner. Then every generalized derivation on 𝑅𝑅 
is generalized inner derivation. 
 
Proof: Let 𝐼𝐼𝑎𝑎  be an inner derivation on 𝑅𝑅 induced by 𝑎𝑎 ∈  𝑅𝑅. Suppose 𝑥𝑥,𝑦𝑦 ∈ 𝑅𝑅 and 𝑔𝑔 be a generalized derivation on 𝑅𝑅 
associated with 𝐼𝐼𝑎𝑎  then 𝑔𝑔(𝑥𝑥𝑥𝑥) = 𝑔𝑔(𝑥𝑥)𝑦𝑦 +  𝑥𝑥𝐼𝐼𝑎𝑎(𝑦𝑦). 
 
Replace 𝑥𝑥 by 1 we have 𝑔𝑔(𝑦𝑦) = 𝑔𝑔(1)𝑦𝑦 +  𝐼𝐼𝑎𝑎(𝑦𝑦). Let 𝑏𝑏 be the image of 1 under 𝑔𝑔 then we have  
𝑔𝑔(𝑦𝑦) = 𝑏𝑏𝑏𝑏 + 𝑎𝑎𝑎𝑎 − 𝑦𝑦𝑦𝑦 =  (𝑎𝑎 + 𝑏𝑏)𝑦𝑦 + (−𝑎𝑎)𝑦𝑦, for all 𝑦𝑦 ∈  𝑅𝑅. Thus 𝑔𝑔 is a generalized inner derivation induced by 
(𝑎𝑎 +  𝑏𝑏) and (−𝑎𝑎). 
 
Lemma 2.3: [[5], Lemma 7] Let 𝑅𝑅 be a 2-torsion free semiprime ring and 𝑑𝑑 ∈ 𝐷𝐷(𝑅𝑅). If 𝑑𝑑(𝑅𝑅) ⊆ 𝑍𝑍 and 𝑑𝑑2  = 0, then 
𝑑𝑑 = 0. 
 
Lemma 2.4: [[9], Theorem 1] Let ℤ𝐺𝐺 be the integral group ring of finite group 𝐺𝐺, then any derivation of ℤ𝐺𝐺 is inner. 
 
Lemma 2.5: [[3], Proposition Page 100] Let 𝑅𝑅 be a simple algebra finite dimensional over its center. Then any 
derivation of 𝑅𝑅 is inner. 

 
3. MAIN RESULTS 

 
The following result gives the relation between 𝐷𝐷(𝑅𝑅) and 𝑔𝑔𝑔𝑔(𝑅𝑅). 
 
Theorem 3.1: Let 𝑅𝑅 be a prime ring and 𝐷𝐷(𝑅𝑅) and 𝑔𝑔𝑔𝑔(𝑅𝑅) be the set of all derivations and the set of all generalized 
derivations of 𝑅𝑅, respectively. The mapping 𝜙𝜙 ∶  𝑔𝑔𝑔𝑔(𝑅𝑅) →  𝐷𝐷(𝑅𝑅) given by 𝜙𝜙(𝑔𝑔𝑑𝑑) = 𝑑𝑑 for all 𝑔𝑔𝑑𝑑 ∈ 𝑔𝑔𝑔𝑔(𝑅𝑅) is a Lie 
epimorphism with kernel, where 𝒯𝒯 is the set of all left multipliers of R. Consequently, 𝒯𝒯 is an Lie ideal of 𝑔𝑔𝑔𝑔(𝑅𝑅) and 
𝑔𝑔𝑔𝑔(𝑅𝑅)/𝒯𝒯 ≅ 𝐷𝐷(𝑅𝑅). 
 
Proof: The mapping 𝜙𝜙 is well defined. For, let 𝑔𝑔𝑑𝑑 ∈ 𝑔𝑔𝑔𝑔(𝑅𝑅) such that 𝜙𝜙(𝑔𝑔𝑑𝑑) = 𝑑𝑑1 and 𝜙𝜙(𝑔𝑔𝑑𝑑) = 𝑑𝑑2. Then for all 
𝑥𝑥,𝑦𝑦 ∈ 𝑅𝑅, we have 
𝑔𝑔𝑑𝑑(𝑥𝑥𝑥𝑥) = 𝑔𝑔𝑑𝑑(𝑥𝑥)𝑦𝑦 + 𝑥𝑥𝑑𝑑1(𝑦𝑦) 
𝑔𝑔𝑑𝑑(𝑥𝑥𝑥𝑥) = 𝑔𝑔𝑑𝑑(𝑥𝑥)𝑦𝑦 + 𝑥𝑥𝑑𝑑2(𝑦𝑦) 
 
Subtracting these two we get 𝑥𝑥(𝑑𝑑1 − 𝑑𝑑2)𝑦𝑦 = 0. Now replace 𝑦𝑦 by 𝑤𝑤𝑤𝑤 we have 
     𝑥𝑥(𝑑𝑑1 − 𝑑𝑑2)𝑤𝑤𝑤𝑤 = 0 
or, 𝑥𝑥(𝑤𝑤(𝑑𝑑1 −  𝑑𝑑2)𝑧𝑧 + (𝑑𝑑1 −  𝑑𝑑2)(𝑤𝑤)𝑧𝑧) = 0 
or, 𝑥𝑥𝑥𝑥(𝑑𝑑1 − 𝑑𝑑2)𝑧𝑧 = 0 
or, 𝑥𝑥𝑥𝑥(𝑑𝑑1 − 𝑑𝑑2)𝑧𝑧 = 0; for all 𝑥𝑥, 𝑧𝑧 ∈ 𝑅𝑅. 
 
Since 𝑅𝑅 is a prime ring we have (𝑑𝑑1 − 𝑑𝑑2)𝑧𝑧 = 0, for all 𝑧𝑧 ∈ 𝑅𝑅. Thus 𝑑𝑑1 = 𝑑𝑑2. It is clear that for every 𝑑𝑑 ∈ 𝐷𝐷(𝑅𝑅), we 
can get a 𝑔𝑔𝑑𝑑 ∈ 𝑔𝑔𝑔𝑔(𝑅𝑅). Thus 𝜙𝜙 is onto. Now if 𝑔𝑔𝑑𝑑1 ,𝑔𝑔𝑑𝑑2 ∈ 𝑔𝑔𝑔𝑔(𝑅𝑅), then [𝑔𝑔𝑑𝑑1  ;𝑔𝑔𝑑𝑑2 ] is a generalized derivation associated 
with the derivation [𝑑𝑑1;𝑑𝑑2] ∈ 𝐷𝐷(𝑅𝑅). So 𝜙𝜙[𝑔𝑔𝑑𝑑1  ;𝑔𝑔𝑑𝑑2  ] = [𝑑𝑑1;𝑑𝑑2] = [𝜙𝜙(𝑔𝑔𝑑𝑑1 );𝜙𝜙(𝑔𝑔𝑑𝑑2  )]. Hence 𝜙𝜙 is a Lie 
homomorphism with kernel K𝑒𝑒𝑒𝑒𝑒𝑒 = {𝑔𝑔𝑑𝑑 |𝜙𝜙(𝑔𝑔𝑑𝑑) = 0} = {𝑔𝑔𝑑𝑑 | 𝑑𝑑 =  0} = 𝒯𝒯, the set of all left multipliers of 𝑅𝑅. 
 
Theorem 3.2: Let 𝐷𝐷(𝑅𝑅) and 𝑔𝑔𝑔𝑔(𝑅𝑅) be the Lie ring of derivations and the Lie ring of generalized derivations, 
respectively, of a ring 𝑅𝑅. Then any Lie ideal 𝑃𝑃 of 𝐷𝐷(𝑅𝑅) is a prime Lie ideal if and only if 𝑔𝑔𝑔𝑔 = {𝑔𝑔𝑑𝑑 ∈ 𝑔𝑔𝑔𝑔(𝑅𝑅)|𝑑𝑑 ∈ 𝑃𝑃} is 
a prime Lie ideal of 𝑔𝑔𝑔𝑔(𝑅𝑅). 
 
Proof: Let 𝑃𝑃 be a prime Lie ideal of 𝐷𝐷(𝑅𝑅). That is, 𝐴𝐴,𝐵𝐵 are two Lie ideals of 𝐷𝐷(𝑅𝑅) such that [𝐴𝐴;𝐵𝐵] ⊆ 𝑃𝑃 ⇒ 𝐴𝐴 ⊆ 𝑃𝑃 or 
𝐵𝐵 ⊆ 𝑃𝑃. Let 𝑔𝑔𝑔𝑔 = {𝑔𝑔𝑑𝑑 ∈ 𝑔𝑔𝑔𝑔(𝑅𝑅)|𝑑𝑑 ∈ 𝑃𝑃} ⊆ 𝑔𝑔𝑔𝑔(𝑅𝑅). By Lemma 2.1, 𝑔𝑔𝑔𝑔 is a Lie ideal of 𝑔𝑔𝑔𝑔(𝑅𝑅). Next we show that 𝑔𝑔𝑔𝑔 
is a prime Lie ideal in 𝑔𝑔𝑔𝑔(𝑅𝑅). Let 𝑔𝑔𝑔𝑔 and 𝑔𝑔𝑔𝑔 are two Lie ideals of 𝑔𝑔𝑔𝑔(𝑅𝑅) such that [𝑔𝑔𝑔𝑔;  𝑔𝑔𝑔𝑔] ⊆ 𝑔𝑔𝑔𝑔. Suppose  
 



Balchand Prajapati*1 and Rajendra K. Sharma / On Lie Ring of Generalized Derivations / IJMA- 5(10), Oct.-2014. 

© 2014, IJMA. All Rights Reserved                                                                                                                                                                     123   

 
𝑔𝑔𝑔𝑔 ⊈  𝑔𝑔𝑔𝑔. [Note that 𝑔𝑔𝑔𝑔 and 𝑔𝑔𝑔𝑔 both should contain a generalized derivation other than left multipliers, otherwise 
𝑔𝑔𝑔𝑔 ⊆ 𝑔𝑔𝑔𝑔 or 𝑔𝑔𝑔𝑔 ⊆ 𝑔𝑔𝑔𝑔 is trivially true by Lemma 2.1]. Let 𝐷𝐷 = {𝑑𝑑|𝑔𝑔𝑑𝑑 ∈ 𝑔𝑔𝑔𝑔} ≠ {0}. Since 𝑔𝑔𝑔𝑔 ⊈ 𝑔𝑔𝑔𝑔, there exists 
𝑑𝑑 ∈ 𝐷𝐷 such that 𝑑𝑑 ∉ 𝑃𝑃. Let 𝑔𝑔𝛿𝛿 ∈ 𝑔𝑔𝑔𝑔 and 𝑔𝑔𝑑𝑑 ∈ 𝑔𝑔𝑔𝑔 then [𝑔𝑔𝛿𝛿 ;𝑔𝑔𝑑𝑑 ] ∈ 𝑔𝑔𝑔𝑔 where 𝑑𝑑 ∈ 𝐷𝐷. Since 𝑑𝑑 ∉ 𝑃𝑃 we get for all 𝑥𝑥 𝑦𝑦 ∈
𝑅𝑅, [𝑔𝑔𝛿𝛿 ;𝑔𝑔𝑑𝑑 ](𝑥𝑥𝑥𝑥) = [𝑔𝑔𝛿𝛿 ;𝑔𝑔𝑑𝑑](𝑥𝑥)𝑦𝑦 + 𝑥𝑥[𝛿𝛿;𝑑𝑑](𝑦𝑦). Since [𝛿𝛿;𝑑𝑑] ⊆ 𝑃𝑃 and 𝑑𝑑 ∉ 𝑃𝑃 this implies that 𝛿𝛿 ∈ 𝑃𝑃. Thus for every 
𝛿𝛿 ∈ 𝐶𝐶, we have 𝛿𝛿 ∈ 𝑃𝑃 ⇒ 𝐶𝐶 ⊆ 𝑃𝑃 ⇒ 𝑔𝑔𝑔𝑔 ⊆ 𝑔𝑔𝑔𝑔. Hence 𝑔𝑔𝑔𝑔 is a prime Lie ideal of 𝑔𝑔𝑔𝑔(𝑅𝑅). 
 
Conversely, Let 𝑔𝑔𝑔𝑔 be a prime Lie ideal of 𝑔𝑔𝑔𝑔(𝑅𝑅). Two cases arises: 
 
Case-1: Suppose 𝑔𝑔𝑔𝑔 contains atleast one generalized derivation other than left multipliers. Then 𝑃𝑃 = {𝑑𝑑|𝑔𝑔𝑑𝑑 ∈ 𝑔𝑔𝑔𝑔} ≠
{0}. Since 𝑔𝑔𝑔𝑔 is Lie ideal of 𝑔𝑔𝑔𝑔(𝑅𝑅) we have [𝑔𝑔𝑔𝑔;  𝑔𝑔𝑔𝑔(𝑅𝑅)] ⊆ 𝑔𝑔𝑔𝑔. Let 𝑔𝑔𝑑𝑑 ∈ 𝑔𝑔𝑔𝑔 and  𝑔𝑔𝛿𝛿 ∈ 𝑔𝑔𝑔𝑔(𝑅𝑅), then for all 𝑥𝑥,𝑦𝑦 ∈ 𝑅𝑅 
we have [𝑔𝑔𝑑𝑑 ;𝑔𝑔𝛿𝛿 ](𝑥𝑥𝑦𝑦) = [𝑔𝑔𝑑𝑑 ;𝑔𝑔𝛿𝛿 ](𝑥𝑥)𝑦𝑦 + 𝑥𝑥[𝑑𝑑; 𝛿𝛿](𝑦𝑦). Thus [𝑔𝑔𝑑𝑑 ;𝑔𝑔𝛿𝛿 ] ⊆ 𝑔𝑔𝑔𝑔  ⇒ [𝑑𝑑;𝛿𝛿] ⊆ 𝑃𝑃 and so [𝑃𝑃;𝐷𝐷(𝑅𝑅)] ⊆ 𝑃𝑃. Hence 
𝑃𝑃 is a Lie ideal of 𝐷𝐷(𝑅𝑅). Now it remains to show that 𝑃𝑃 is a prime Lie ideal. Let 𝐴𝐴 and 𝐵𝐵 are two Lie ideals of 𝐷𝐷(𝑅𝑅) 
such that [𝐴𝐴;𝐵𝐵] ⊆ 𝑃𝑃 and let 𝐵𝐵 ⊈ 𝑃𝑃. This implies that there exists 𝑑𝑑 ∈ 𝐵𝐵 such that 𝑑𝑑 ∉ 𝑃𝑃 ⇒  𝑔𝑔𝑑𝑑 ∈ 𝑔𝑔𝑔𝑔 but 𝑔𝑔𝑑𝑑 ∉ 𝑔𝑔𝑔𝑔 ⇒
𝑔𝑔𝑔𝑔 ⊈ 𝑔𝑔𝑔𝑔 where 𝑔𝑔𝑔𝑔 = {𝑔𝑔𝑑𝑑 |𝑑𝑑 ∈ 𝐵𝐵}. Let 𝑔𝑔𝑔𝑔 = {𝑔𝑔𝛿𝛿 |𝛿𝛿 ∈ 𝐴𝐴}. Let 𝛿𝛿 ∈ 𝐴𝐴 and 𝑑𝑑 ∈ 𝐵𝐵 then 𝑔𝑔𝛿𝛿 ∈  𝑔𝑔𝑔𝑔 and 𝑔𝑔𝑑𝑑 ∈ 𝑔𝑔𝑔𝑔. Now for 
all 𝑥𝑥,𝑦𝑦 ∈ 𝑅𝑅, we have [𝑔𝑔𝛿𝛿 ;𝑔𝑔𝑑𝑑 ](𝑥𝑥𝑥𝑥) = [𝑔𝑔𝛿𝛿 ;𝑔𝑔𝑑𝑑 ](𝑥𝑥)𝑦𝑦 + 𝑥𝑥[𝛿𝛿;  𝑑𝑑](𝑦𝑦). Since [𝛿𝛿;  𝑑𝑑] ∈ [𝐴𝐴;𝐵𝐵] ⊆ 𝑃𝑃 ⇒ [𝑔𝑔𝛿𝛿 ;𝑔𝑔𝑑𝑑] ∈ 𝑔𝑔𝑔𝑔 ⇒ 
𝑔𝑔𝑔𝑔 ⊆ 𝑔𝑔𝑔𝑔 or 𝑔𝑔𝑔𝑔 ⊆ 𝑔𝑔𝑔𝑔, but 𝑔𝑔𝑔𝑔 ⊈ 𝑔𝑔𝑔𝑔 ⇒ 𝑔𝑔𝑔𝑔 ⊆ 𝑔𝑔𝑔𝑔. Thus 𝐴𝐴 ⊆ 𝑃𝑃. Hence 𝑃𝑃 is a prime Lie ideal of 𝐷𝐷(𝑅𝑅). 
 
Case-2: Suppose 𝑔𝑔𝑔𝑔 contains only left multipliers of 𝑅𝑅. Then 𝑃𝑃 = {0}. Let 𝐴𝐴 and 𝐵𝐵 are two Lie ideals of 𝐷𝐷(𝑅𝑅) such 
that [𝐴𝐴;𝐵𝐵] ⊆ 𝑃𝑃 = {0} and let 𝐵𝐵 ≠ {0}, then there exists 0 ≠ 𝑑𝑑 ∈ 𝐵𝐵. Let 𝑔𝑔𝑔𝑔 = {𝑔𝑔𝑑𝑑 |𝑑𝑑 ∈ 𝐵𝐵} and 𝑔𝑔𝑔𝑔 = {𝑔𝑔𝛿𝛿 |𝛿𝛿 ∈ 𝐴𝐴}. Then 
for all 𝑥𝑥,𝑦𝑦 ∈ 𝑅𝑅, we have [𝑔𝑔𝛿𝛿 ;𝑔𝑔𝑑𝑑 ](𝑥𝑥𝑥𝑥) = [𝑔𝑔𝛿𝛿 ;𝑔𝑔𝑑𝑑 ](𝑥𝑥)𝑦𝑦 +  𝑥𝑥[𝛿𝛿;𝑑𝑑](𝑦𝑦), where 𝛿𝛿 ∈ 𝐴𝐴 and 𝑑𝑑 ∈ 𝐵𝐵. Thus [𝛿𝛿;𝑑𝑑] ∈ [𝐴𝐴;𝐵𝐵] ⊆
𝑃𝑃 = {0}. This implies [𝑔𝑔𝛿𝛿 ;𝑔𝑔𝑑𝑑] ∈ 𝑔𝑔𝑔𝑔. Hence [𝑔𝑔𝑔𝑔;𝑔𝑔𝑔𝑔] ⊆ 𝑔𝑔𝑔𝑔, which implies 𝑔𝑔𝑔𝑔 ⊆ 𝑔𝑔𝑔𝑔 or 𝑔𝑔𝑔𝑔 ⊆ 𝑔𝑔𝑔𝑔 but 𝑔𝑔𝑔𝑔 ⊈ 𝑔𝑔𝑔𝑔 
because 𝑔𝑔𝑔𝑔 contains generalized derivation other than left centralizer so 𝑔𝑔𝑔𝑔 ⊆  𝑔𝑔𝑔𝑔 and hence 𝐴𝐴 ⊆ 𝑃𝑃 = {0}. Thus 
𝐴𝐴 = {0}. 
 
Corollary 3.3:  𝐷𝐷(𝑅𝑅) is a prime (semiprime) Lie ring if and only if 𝑔𝑔𝑔𝑔(𝑅𝑅) is prime (semiprime) Lie ring 
 
For any noncommutative ring 𝑅𝑅, the set of all left multipliers form a Lie ring. We can use this ring to prove the 
following result. 
 
Theorem 3.4: If 𝑅𝑅 is a noncommutative ring with unity then the Lie ring of 𝑅𝑅 denoted by (𝐿𝐿(𝑅𝑅), +, [ ;  ]) can not be a 
prime Lie ring. 
 
Proof: Since 𝑅𝑅 has the unity, 𝒯𝒯 = {𝑇𝑇𝑎𝑎 |𝑎𝑎 ∈ 𝑅𝑅,𝑇𝑇𝑎𝑎𝑥𝑥 = 𝑎𝑎𝑎𝑎,∀𝑥𝑥 ∈ 𝑅𝑅}. Define 𝜙𝜙 ∶ 𝐿𝐿(𝑅𝑅) → 𝒯𝒯 by 𝜙𝜙(𝑎𝑎) = 𝑇𝑇𝑎𝑎 , for all 𝑎𝑎 ∈ 𝑅𝑅. 
Then 𝜙𝜙 is a Lie isomorphism. Let 𝐴𝐴 = {𝑇𝑇𝑎𝑎  |𝑎𝑎 ∈ 𝑍𝑍(𝑅𝑅), the center of 𝑅𝑅}, then [𝐴𝐴;𝒯𝒯] = {0} ⊆ 𝐴𝐴, i.e. 𝐴𝐴 is a nonzero Lie 
ideal of 𝒯𝒯. Let 𝐵𝐵 be any other non zero Lie ideal of 𝒯𝒯. Then [𝐴𝐴;𝐵𝐵]  =  0. Thus 𝒯𝒯 is not a prime Lie ring and hence 
𝐿𝐿(𝑅𝑅) is not a prime Lie ring. 
 
Lemma 3.5: [[5], Theorem 2] Let 𝑅𝑅 be a noncommutative prime ring of characteristic not equal to 2. Then 𝐷𝐷(𝑅𝑅) is a 
prime Lie ring. 
 
Theorem 3.6: Let 𝑅𝑅 be a noncommutative prime (semiprime) ring of characteristic not equal to 2. Then 𝑔𝑔𝑔𝑔(𝑅𝑅) is a 
prime (semiprime) Lie ring. 
 
Proof: It follows from Corollary 3.3 and Lemma 3.5. 
 
In [5], it is proved that if the ring 𝑅𝑅 is prime (semiprime) of characteristic not equal to 2, then 𝐼𝐼(𝑅𝑅), the collection of all 
inner derivations, is a prime (semiprime) Lie ring. Here we show that 𝑔𝑔𝑖𝑖𝐷𝐷(𝑅𝑅), the collection of all generalized inner 
derivations is not a prime Lie ring. 
 
Theorem 3.7: For any ring 𝑅𝑅, the following hold: 

1. If 𝑔𝑔𝑎𝑎 ,𝑏𝑏 ,𝑔𝑔𝑐𝑐 ,𝑑𝑑 ∈ 𝑔𝑔𝑖𝑖𝐷𝐷(𝑅𝑅), for 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 ∈ 𝑅𝑅 then [𝑔𝑔𝑎𝑎 ,𝑏𝑏 ;𝑔𝑔𝑐𝑐 ,𝑑𝑑 ] = 𝑔𝑔[𝑎𝑎 ,𝑐𝑐],[𝑑𝑑 ,𝑏𝑏] which implies that 𝑔𝑔𝑖𝑖𝐷𝐷(𝑅𝑅) is Lie subring of     
𝑔𝑔𝑔𝑔(𝑅𝑅). 

2. 𝑔𝑔𝑖𝑖𝐷𝐷(𝑅𝑅) is not a prime Lie ring. 
 
Proof: First is easy to compute. For second, let 𝐴𝐴 = {𝑔𝑔𝑎𝑎 ,𝑏𝑏 |𝑎𝑎 ∈ 𝑍𝑍(𝑅𝑅)} and 𝐵𝐵 = �𝑔𝑔𝑐𝑐 ,𝑑𝑑�𝑑𝑑 ∈ 𝑍𝑍(𝑅𝑅)}, then 𝐴𝐴 and 𝐵𝐵 are non 
zero Lie ideals of 𝑔𝑔𝑖𝑖𝐷𝐷(𝑅𝑅), but [𝐴𝐴;𝐵𝐵] = 0 by 1. 
 
For a commutative ring 𝑅𝑅 we have the following: 
 
Lemma 3.8: Let 𝑅𝑅 be a commutative ring. Let 𝑔𝑔𝛿𝛿 ∈ 𝑔𝑔𝑔𝑔(𝑅𝑅) and 𝑟𝑟𝑔𝑔𝛿𝛿 :𝑅𝑅 →  𝑅𝑅 given by (𝑟𝑟𝑔𝑔𝛿𝛿)(𝑠𝑠) = 𝑟𝑟𝑔𝑔𝛿𝛿(𝑠𝑠) then 
𝑟𝑟𝑔𝑔𝛿𝛿 ∈ 𝑔𝑔𝑔𝑔(𝑅𝑅) and hence 𝑅𝑅𝑔𝑔𝛿𝛿  is a subring of 𝑔𝑔𝑔𝑔(𝑅𝑅). 
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Theorem 3.9: Let 𝑅𝑅 be a commutative ring and 0 ≠ 𝛿𝛿 ∈ 𝐷𝐷(𝑅𝑅), then 𝑅𝑅𝑅𝑅 and 𝑅𝑅𝑔𝑔𝛿𝛿  are Lie isomorphic. 
 
Proof: Define 𝜙𝜙: 𝑅𝑅𝑔𝑔𝛿𝛿 →  𝑅𝑅𝑅𝑅 by 𝜙𝜙(𝑟𝑟𝑔𝑔𝛿𝛿) = 𝑟𝑟𝑟𝑟. Let 𝑥𝑥,𝑦𝑦 ∈ 𝑅𝑅 then (𝑟𝑟𝑔𝑔𝛿𝛿)(𝑥𝑥𝑥𝑥) = (𝑟𝑟𝑔𝑔𝛿𝛿)(𝑥𝑥)𝑦𝑦 + 𝑥𝑥(𝑟𝑟𝑟𝑟)(𝑦𝑦), means that 
(𝑟𝑟𝑔𝑔𝛿𝛿) is a generalized derivation associated with the derivation (𝑟𝑟𝑟𝑟). The function 𝜙𝜙 is a well defined, one-one and 
onto. Let 𝑟𝑟𝑔𝑔𝛿𝛿 , 𝑠𝑠𝑔𝑔𝛿𝛿 ∈ 𝑅𝑅𝑅𝑅  then [𝑟𝑟𝑔𝑔𝛿𝛿 ;  𝑠𝑠𝑔𝑔𝛿𝛿 ] is a generalized derivation associated with the derivation [𝑟𝑟𝑟𝑟;  𝑠𝑠𝑠𝑠]. So, 
𝜙𝜙[𝑟𝑟𝑔𝑔𝛿𝛿 ; 𝑠𝑠𝑔𝑔𝛿𝛿 ] = [𝑟𝑟𝑟𝑟; 𝑠𝑠𝑠𝑠] = [𝜙𝜙(𝑟𝑟𝑔𝑔𝛿𝛿);𝜙𝜙(𝑠𝑠𝑔𝑔𝛿𝛿)]. Hence 𝑅𝑅𝑔𝑔𝛿𝛿  and 𝑅𝑅𝑅𝑅 are Lie isomorphic. 
 
Lemma 3.10: [[5], Theorem 6] Let 𝑅𝑅 be a commutative domain with unity and characteristic not equal to 2. If 0 ≠ 𝛿𝛿 ∈
𝐷𝐷(𝑅𝑅), then 𝑅𝑅𝑅𝑅 is a prime Lie ring. 
 
Theorem 3.11: Let 𝑅𝑅 be a commutative domain with unity and characteristic not equal to 2. If 0 ≠ 𝑔𝑔𝛿𝛿 ∈ 𝑔𝑔𝑔𝑔(𝑅𝑅), then 
𝑅𝑅𝑔𝑔𝛿𝛿  is a prime Lie ring. 
 
Proof: It follows from Theorem 3.9 and Lemma 3.10. 
 
Lemma 3.12: [[5], Theorem 11] Let 𝑅𝑅 be a 2 −torsion free commutative semiprime ring. Then 𝑅𝑅𝑅𝑅 is a semiprime Lie 
ring, for all 𝛿𝛿 ∈ 𝐷𝐷(𝑅𝑅). 
 
Theorem 3.13: Let 𝑅𝑅 be a 2 −torsion free commutative semiprime ring. Then 𝑅𝑅𝑔𝑔𝛿𝛿  is a semiprime Lie ring, for all 
𝑔𝑔𝛿𝛿 ∈ 𝑔𝑔𝑔𝑔(𝑅𝑅). 
 
Proof: It follows from Theorem 3.9 and Lemma 3.12. 
 
Theorem 3.14: Let 𝑅𝑅 be a 2 −torsion free commutative semiprime ring. Then 𝑔𝑔𝑔𝑔(𝑅𝑅) is a semiprime Lie ring. 
 
Proof: We prove the result for a ring 𝑅𝑅1 with unity 1. If ring 𝑅𝑅 does not have unity, then we can associate it with unity 
in a natural way and since 𝑔𝑔𝑔𝑔(𝑅𝑅1) ≅ 𝑔𝑔𝑔𝑔(𝑅𝑅), we can assume all ring with unity. Now every element of 𝑔𝑔𝑔𝑔(𝑅𝑅) is in the 
form 𝑟𝑟𝑔𝑔𝑑𝑑 , possibly the value of 𝑟𝑟 is 1. 
 
Let 𝑔𝑔𝑔𝑔 be an Lie ideal of 𝑔𝑔𝑔𝑔(𝑅𝑅), such that [𝑔𝑔𝑔𝑔;  𝑔𝑔𝑔𝑔] = 0. We note that the kernel of the epimorphism in Theorem 3.1 
has no Lie structure in this case and 𝒯𝒯 ⊆ 𝑔𝑔𝑔𝑔 for any Lie ideal of 𝑔𝑔𝑔𝑔(𝑅𝑅). Consider 𝒯𝒯 ⊊ 𝑔𝑔𝑔𝑔. Let 𝑔𝑔𝑑𝑑 ∈ 𝑔𝑔𝑔𝑔\𝒯𝒯  and 
𝑟𝑟 ∈ 𝑅𝑅 then[𝑔𝑔𝑑𝑑 ;  𝑟𝑟𝑔𝑔𝑑𝑑] ∈ 𝑔𝑔𝑔𝑔. If 𝑃𝑃 = {𝑑𝑑 ∈ 𝐷𝐷(𝑅𝑅)|𝑔𝑔𝑑𝑑 ∈ 𝑔𝑔𝑔𝑔} then[𝑑𝑑;  𝑟𝑟𝑟𝑟] ∈ 𝑃𝑃, which gives 𝑑𝑑(𝑟𝑟)𝑑𝑑 ∈ 𝑃𝑃, so [𝑑𝑑;  𝑑𝑑(𝑟𝑟)𝑑𝑑] ⊆
[𝑃𝑃;  𝑃𝑃]. Let 𝜙𝜙 be a Lie epimorphism as in Theorem 3.1 then we have 0 = 𝜙𝜙(0) = 𝜙𝜙[𝑔𝑔𝑔𝑔;  𝑔𝑔𝑔𝑔] = [𝑃𝑃;  𝑃𝑃]. Thus we have 
[𝑑𝑑;  𝑑𝑑(𝑟𝑟)𝑑𝑑] ⊆ [𝑃𝑃;  𝑃𝑃] = 0 or 𝑑𝑑2(𝑟𝑟)𝑑𝑑(𝑥𝑥) = 0, for all 𝑥𝑥 ∈ 𝑅𝑅. In particular for 𝑥𝑥 = 𝑑𝑑(𝑟𝑟), we have 𝑑𝑑2(𝑟𝑟)𝑑𝑑2(𝑟𝑟) = 0. Since 
𝑅𝑅 is commutative semiprime ring we have 𝑑𝑑2(𝑟𝑟) = 0. So by Lemma 2.3 we get 𝑑𝑑 = 0. Since 𝜙𝜙 is a Lie epimorphism 
then our choice of 𝑔𝑔𝑑𝑑  shows that 𝑔𝑔𝑑𝑑 = 0. Hence 𝑔𝑔𝑔𝑔(𝑅𝑅) is a semiprime Lie ring. 
 
4. EXAMPLE 

 
The following examples show that the primeness and characteristic of ring are crucial in our results. 
 
Example 4.1: Consider Heisenberg group over ℤ3, 

i.e. 𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻(ℤ3) = ��
1 𝑎𝑎 𝑏𝑏
0 1 𝑐𝑐
0 0 1

�  |𝑎𝑎, 𝑏𝑏, 𝑐𝑐 ∈  ℤ3�. Then 𝑂𝑂�𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻(ℤ3)� = 33 and 𝑂𝑂(𝑍𝑍(𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻(ℤ3))) = 3. Center of this group 

is generated by an element 𝑥𝑥 = �
1 0 1
0 1 0
0 0 1

� of order 3. Now consider the group ring 𝑅𝑅 = ℤ𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻(ℤ3), then by Lemma 

2.4, every derivation on 𝑅𝑅 is inner. Since this ring has the unity, so every generalized derivation is a generalized inner 
derivation by Lemma 2.2. Thus 𝑔𝑔𝑔𝑔(𝑅𝑅) = 𝑔𝑔𝑖𝑖𝐷𝐷(𝑅𝑅). Hence 𝑔𝑔𝑔𝑔(𝑅𝑅) is not a prime Lie ring by Theorem 3.7. Note that the 
ring 𝑅𝑅 is not a prime ring. Since (𝐼𝐼 − 𝑥𝑥)𝑅𝑅(𝐼𝐼 + 𝑥𝑥 + 𝑥𝑥2) = (𝐼𝐼 − 𝑥𝑥)(𝐼𝐼 + 𝑥𝑥 + 𝑥𝑥2)𝑅𝑅 = (𝐼𝐼 − 𝑥𝑥3)𝑅𝑅 = 0, but neither 
𝐼𝐼 − 𝑥𝑥 = 0 nor 𝐼𝐼 +  𝑥𝑥 +  𝑥𝑥2 = 0. 
 
Example 4.2: Let 𝔽𝔽 be a field of 2 elements. Let 𝑅𝑅 = 𝔽𝔽2, the matrix ring over 𝔽𝔽. Then every derivation on 𝑅𝑅 is an 
inner derivation by Lemma 2.5. So 𝑔𝑔𝑔𝑔(𝑅𝑅) = 𝑔𝑔𝑖𝑖𝐷𝐷(𝑅𝑅) by Lemma 2.2, and hence 𝑔𝑔𝑔𝑔(𝑅𝑅) is not a prime Lie ring by 
Theorem 3.7. 
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