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ABSTRACT
This paper is concerned with the exponential stability of second order neutral stochastic evolution equation with
infinite delays. By applying fixed point principle authors present sufficient conditions to ensure that, the mild solutions
are exponentially stable in p-th moment. An example is provided to illustrate the effectiveness of the proposed result.
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1. INTRODUCTION

Neutral stochastic partial differential equations with delay are well known to describe many sophisticated dynamical
systems in physical, biological, medical, chemical engineering, aero-elasticity and social sciences. The existence,
unigueness and asymptotic behavior of mild solutions for first order non linear stochastic evolution equations have
recently received a lot of attentions [1, 3, 14] and the references therein. However as for neutral SPDEs with infinite
delay, as far as we know, there exist only a few results about the existence and asymptotic behavior of mild solutions.
Ren and Sun [13], Li and Liu [10] considering the existence of solutions of second order stochastic evolution equations
and neutral stochastic differential inclusions with infinite delay respectively. Cui and Yan [5] investigated that
existence and long time behavior of mild solutions for a class of neutral stochastic partial differential equations with
infinite delay in distribution. A difficulty is that mild solution does not have stochastic differentials. In [11] Luo and
Taniguchi have analyzed the asymptotical stability for mild solution to neutral stochastic partial differential equations
with infinite delay by using the fixed point theorem. Inspired by the idea proposed in Luo and Taniguchi in [11], Cui et
al [6] have discussed the exponential stability for mild solution of neutral stochastic partial differential equations with
delays and poisson jumps and Sakthivel and Ren [15] has studied the exponential stability for mild solution of second
order stochastic evolution equations with poisson jumps respectively. By employing the integral inequality established
in Chen [4], Boufoussi and Hajji [2] have obtained some sufficient conditions ensuring the exponential stability for
neutral stochastic partial delayed differential equations driven by a fractional Brownian motion. Ren and Sakthivel [12]
have considered the existence, uniqueness and stability of mild solution for second order neutral stochastic evolution
equations with infinite delay and poisson jumps by employing the generalized Bihari’s inequality. In [9] the authors
studied the Stability behavior of second order neutral impulsive stochastic differential equations with delay. In this
work the exponential stability of non linear second order stochastic evolution equations with infinite delay are studied
by using fixed point theorem.

2. PRELIMINARIES

Let X and E be two real separable Hibert spaces with the norms ||-||x and ||-||g respectively. Let (Q, T, {I':}i=0, P) be a
complete probability space equipped with a normal filtration {I".}> satisfying the usual conditions, that is filtration is
right continuous and T, contains all P null sets. Let L(E, X) denotes the space of bounded linear operators from E in to
X. Let Q be a nuclear operator from E to E. LY = L, ( E; X) be the space of all Q—Hilbert—Schmidt operators from E to
X with the norm ||¢||Lg = tr(YQU*) < oo, € L(E, X).
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Let B, () (n=1,2,3,..) be a sequence of real value one dimensional standard Brownian motions mutually
independent on (Q, T, {T'.};>0, P). Now we define a Q - Wiener process w(t) by w(t) = X, \/Kﬁn Me,,t=0,e€
E, Hered, =0 (n=1,2,3,..) are non negative real numbers and {e,} (n = 1,2,3,...) is a complete orthonormal
basis in E such that Qe, = A,e,,n=1,2,3,....

The main purpose of this paper is to establish the exponential stability of mild solutions for a class of second order
neutral stochastic differential equations with infinite delays of the form

d[x'(t) —f, (t,x(t— p(t)))]: [Ax(t) + f (t, 12 g6, x(t+ e))de)] dt + h(t, 12 o(6, x(t+ e))de)dw(t) (1)
x(s) = ¢(s),—0 < s <0,x(0) =x; (2

where A:D(A) c X - X is the infinitesimal generator of a strongly continuous cosine family on X. The
mappings f;,f,:[0,00) x X > X, h:[0,00) x X > L)(E,X), g,0:(—,0] x X > X are measurable functions.
¢: (—0,0] — X is a cadlag stochastic process with E(Sup_w<550 ||(p(s)||§) < oo and x; is a I measurable X valued
random variable independent of w with finite second moment.

In this section, let us recall some basic concepts about cosine families of operators [8, 16]. The one parameter family
{C(t):t € R} c BL(X,X) satisfying that

(i) C(0) =1,

(i) C(t)x is continuous in ton R, for all x € X,

(i) C(t +s) + C(t — s) = 2C(H)C(s) for all t,s € Ris called a strongly continuous cosine family.

The corresponding strongly continuous sine family {S(t):t € R} ¢ BL(X,X) is defined by (t)x = fOtC(s)de, te
2
R,x € X. The generator A : X - X of {C(t):t € R} is given by Ax = Gi—ZC(t)x 0for allx eD(A) = {xeX:C(-)x €
t=
C2R;X.

It is well known that the infinitesimal generator A is a closed, densely defined operator on X. Such cosine and
corresponding sine families and their generators satisfy the following properties.

Lemma 2.1: [8] Suppose that A is the infinitesimal generator of a cosine family of operators {C(t): t € R}.Then the
following properties hold.
(i) There exists N* > 1 and w > 0 such that ||C(t)|| < N*e"!*l and hence [|S(t)]| < N*e%!t,

(i) AL SWxdu= [CEH) - C()Ixforall 0 < s < F< oo
(iii) There exists N* > 1 such that [|S(s) — S(®)I| < N* | el ds|for al0<S< f<om

In order to state our main results we impose the following assumptions on the functions f;, g, h, o(i = 1,2).
(H;) The cosine family of operators{C(t): t = 0} on X and the corresponding sine family {S(t): t = 0} satisfy the
conditions [|[C(D)[lx < Me™P, |IS(D)|lx < Me™, t > 0 for some constants M > 1 and B,y > 0.
(Hy) Forany x,y € X, [|fy(t, 0) Iy = 0; [If2(t,0)|lx = 0; and
lIfi(tx1) — it x)I} < Killxg — %015, k; > 0,i=1,2.
Ih(t, %) —h(t, Yl < ksllx; — xzllg, ks > 0.
(H3) The function g, o satisfies that ||g(t,0)|lx = 0 and ||o(t, 0)||x = 0 and
llg(t x1) — g(t. x2)lIx <, Ollx — x2llx
llo(t, x1) — ot x2)llx <, ©lIx; — x2[lx,

where 0 <n, () < d;e Il d; >0,6>0and 0 <n,(t) < dyeltl d, > 0,&> 0.

(Hy) k = 3771 [MPK, B + MPK, v/ 7Pd, "€ P¥C,MPK; d] &P (2y) /2| be such that (0 < k < 1).
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Definition 2.2: A stochastic process {x(t), —c0 < t < b}(0 < b < ) is called a mild solution of Equations (1) and
2)if

(i) x(t) is measurable and I, - adapted cadlag process with E fobllx(t)||§ dt < oo,

(ii) x(t) satisfies the following integral equation

x(t) = COP(0) + S (x; — £,(0,9)) + 5 Ct—s) fy (5,x(s = p(s)))ds
+ [, S(t=9)f, (s, 12 g(8,x(s + e))de) ds+ [, S(t—s)h (s, [° o (6,x(s+ e))de) dw(s). 3)

Definition 2.3: The equation (3) is said to be exponentially stable in p-th moment if there exist some constants
M* > 1, n > 0such that E[lx(t)[l} < M*E||x(0) [Ize™",t > 0.

3. EXPONENTIAL STABILITY RESULT

In this section, we establish existence of mild solutions to equations (1) and (2) and prove the exponential stability
result.

Let the space H denote Banach space of all I; adapted cadlag process x(t) such that there exist two constants M* > 1
and 1 > 0 satisfying the inequality E[lx(t)ll; < M*E[|x(0) [[ge™,t=>0 with the norm [IX|ly = 73 Ellx(®) [} -
Further let the delay p(t) be finite, that is there exist a constant r > 0 and 0 < p(t) < r. Now let us prove the required

result by using a fixed point argument.

Lemma 3.1:[7] For any r >1 and for arbitrary LY valued predictable process ¢(-),

s 2r t 1
[[owave|| = -0y ([ (Blon) )

r
sup

seot] E

X

Theorem 3.2: Let p > 2 be an integer. Suppose that (H;) - (H,) are satisfied the initial condition ¢(s) satisfies the
condition E[l@(s) |l < ME[l@(0) [[ye™,s < 0,0 < p <n, here M* > 1, then the mild solution to the second order
stochastic evolution equations (1) and (2) exists and it is exponentially stable in p-th moment.

Proof: Define a nonlinear operator F: H - H by
FEI(®) = CO@O) + SO(x; —F,0,0)) + [y Ct—3) f; (s,x(s — p(s)))ds
+ fot S(t—s)f, (s, f_Ooo g (G,X(s + 6))d6) ds
+[;S(t—s)h (s, [° o (6,x(s+ e))de) dw(s) )
In order to prove the exponential stability, it is enough to show that the operator F has a fixed point in H.
EIFG®I < 5P7LE [CO@O)II} + 5P7E[|S® (x1 — £,(0, @),
p-1 Yot — - P
+5P71E ”fo C(t—s) f (s,x(s p(s))) ds”X p
4+5p-1E ”fot S(t—s)f, (s, f_ooo g (G,X(s + 6))d6) ds”X
+5771E || fyst=s)h(s, [°, o (6,x(s +6))d6) dw(s) ||i
= 5p—1(11 + IZ + 13 + 14 + 15) (5)

First verify the continuity of F(x)(t) ont = 0. Letx € X, t > 0 and |r| > 0 be sufficiently small then
I(Fx)(t; +1) — (FX)(t1)||§ <SPLY Lt 4+ 1) — Ii(t1)||§-

Moreover, by using the lemma 3.1, we obtain
2 P/
p -1 t 0 p\7/p
Ellls(t, + 1) — L5t} < 2°71C, fo (E ”(S(t1 +r—s)—S(t; — s))h (s, f_w o (O,X(s + 9))d9)||L0) ds
2

p 2/p p/z

+ 2p—1Cp [fttll“ (E “S(t1 +r—s)h (s, f_Ooo o (G,X(s + 9))d6) ||L0) ds]
2

-0 asr—0.

Similarly we can verify that
Ellli(ty + 1) = L(t)Ik > 0 as— 0,i = 1,2,3,4.
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First we show that F(H) < H. Let x(t) € H, without loss of generality, we assume that0 <mn < ¢. From the
condition(H,), we obtain

t p—1 ¢
I; <MPK; U e—B(t—s)] fe—B(t—s) E||x(s— p(s))”ds
0 0

< MPK1 Bl—p ft e B(t=s) (M*Ellx(O)||§e_“(s_p(s))ds + eurMIE”(P(O)llXe_“Sds)
MPK, g17P MsElLX(O)”p entenr MpxlBl—PMﬂ@(O)niem—o o

<

0 p
I, <E [fot ”S(t —s)f, (s, J_., 8(6,x(s + 9))d6>||X ds]
el X=s) 4 p
e ¢ f_w g (e,x(s + 6))d6|| ]
X
< MPK, v d,” [ [(J5, e60dn)" T x [°, e T |x(v) 1§ de] ds
t 0 s
< MPK, y'~Pd, &P f [ f e V) S=IMIE|| @(0) |Re ™ dT + f e V(=) S=IME||x(0) ||} dt|ds
0

+ o= Ello(0) Ife ] )

< MPK, [f, e‘V“—S>]p_1 E

< MPK, ' P, 8P [ ———E[1x(0) [I§e ¥ +

G-
ls=E|fsc-s)n(s, [° o(6,x(s+86))do) dw(s)”i

P/
=% {fot [E ”S(t —s)h (S' 2,0 (8,x(s+ 9))d9) ”ig]z/p ds} ’ where ¢, = —(p(pz_l))

LN
< kBdezp {fot e 2v(t—s) [E(J‘_SOO e%(r—s)”X(T)”X)pdT]p ds}
2 P/
s - s /
< kyc,d,” {fot e [(° & 9d0)" x [° SEEx(Dhde| ds}

p
2 /2
< kyc,d, g1 { [Le D[ [* 9E|Ix(m)Rdt] ds}
p/Z

2
t 0 s /p
< ksc,d,PEP f e 2v(t=s) U et (=) Mi‘ElIcp(O)lIXe_“TdT+f eE(T_S)M*Ellx(O)||§e‘”rdr] ds
0 —o0 0

P/

2
‘ M E[[x(0) [Pe=®  MIE[l@(0) [I°.—u]?
< k3cpdzpzl—p f e—2v(t=s) [ l E(_)n” " 1 ”(g(_)unxe n ] ds

0
X P/ * P P/
Sk3cpdp[M El <o>||x( p Y2 g MO (b ) ze_&] ©

& 2py—2n §—p 2py—2§

From the above equations (5) — (8), one can see that there exist k = 1 and n = 0 such that
EIE)®Ily < FE[IF)(0) [Ilxe™".

Thus we obtainF(H) < H. Next, we prove that F is a contraction mapping. To see this, let x,y € H, we have
p
EIE© - BOIE < 37 [ o= 9) (6 (sx(5- o)) = (s¥(5- p()))) dsf|
+3P~1E ”fot S(t—>s) (fz (s, f_om g (0,x(s + 6))d6) ds—f, (s, f_ow g(0,y(s+ 6))d6) ds) ”i

+3P-1E ”fot S(t—5s) (h (s, f_ow o(6,x(s + 0)) dG) —h (s, f_om o(6,y(s +6)) de)) dw (s) ||p
X
©)]

Now we estimate for each term in equation(9) . We have

B[y ce=9) (6 (sx(s= o) =t (53— o)) es]|
<[l lec=9 (5 (6= p) =1 (36— o))l |
< MPK, E[f; e x(s — p(s)) — y(s — p(s)]l, ds|"
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< MPK, g'? fot e PESE ||x(s = p(s)) —y(s — p(s))”ids
< MPK; 7P 20 Ellx(s) — y(s)lly

s=>0
and

E ”fot S(t—s) (fz (S, f_Ooo g (0,x(s + 9))d9) —f, (s, f_ow g(0,y(s+ 6))d9) ds) ”i
< MPK; [ [ |17, 8 (6,x(s +©))d6 — [, g (8 y(s + ®)do|| ds|’

-1 =y (t=s)
< MPK, E [(fot e09ds) 1 (f_"w |

—y(t=s) p
e » (g(e,x(s + 9)) - g(B,x(s + 9)))||X do ) ds]

MPK, v Pd? [[(J°, 5 9dn)’ (J, eV e Ex(r) - y(o) [ d)ds]

<
< MPK, v Pdig™ 220 Ellx(s) — y(s)lly

Also
E ”fot S(t—-s) (h (s, f_om o(6,x(s + 0)) de) —h (s, f_om o(0,y(s +6)) de)) dw (s) ||p
X

P/Z

< C,MPK, { Jy e [E |12, (o(8,x(s + ) = o(6,y(s +6)) ) de”i]z/p ds}

p
2 /2
< C,MPK; d} {fot e 2 [B([°, &5 flx(v) - y(0)llydv)" o ds}

p
_ 2/ /2
< C,MPKj d} {fot e—2v(t=s) [(f_soo eE(t—s)dT)p ! fsw et C9E||x(t) — y(r)lldr] p}

_ —p
< C,MPKsdb EP(2y) /25 E[lx(s) — y(s)II3

]

Consequently we have
P EIEO® - FENOIL <k - Ellx(s) -yl
=0 X~ 7s>0 X

where k = 3P~ [MPK1 BLP + MPK, y'Pd,PEL P+, MPK; df E‘p(Zy)_p/Z]

Since 0 < k < 1, then Fis a contraction mapping.Thus by the contraction mapping the operator F has a unique fixed
point x(t) in H which is a solution of equations (1) and (2) with x(s) = @(s), x(0) = x; and x(t) is exponentially
stable in p -th moment.

Corollary 3.3: Under the conditions of theorem 3.2 with p = 2, the mild solution of (2.1) exists uniquely which is
exponentially stable in mean square.

4. EXAMPLE
In this section we present an example for illustrating the main theorem. Let X = E = L2(0, m) and e,, = \Esin(nx) .

Then {e,} be a complete orthonormal basis in X. Let w(t) = Z;"zl\/ﬂﬁn(t)en , Ay, >0, where B,(t) are one
dimensional Brownian motions mutually independent on a usual complete probability space. Define the operator

_ 52
Q:X - X by setting Qe, =A,e,,(n=1,2,3,...) and assume that trace(Q) = Yy 1A, <o . Let A= % with

domain  D(A) = H} (0,m) NH2(0, m) . Here Hi(0,m) = {weL?(0, m:5 € 12(0, m),w(0) = w(m) = 0}
2 _ 2 Low _W 2
and H2(0,m) = {w € 12(0, m):5~, 25 € 12(0, )},
Consider the following stochastic partial differential equation.
2
["X“ ‘9] =2 ag B ot + £, (t [0 ae"® x(t +6,8) de) dt+f, (t, [° bem® x(t +6,8) de) dw();t = 0 (10)

x(tg) =@t =0;E€[0,n];t<0
x(t,0) = x(t,m) = 0.

Zx(0,) =x,(§); 0 <E<; (12)
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where a,b > 0;n > 0 and assume that E[l@(s)||# < ME||@(0) ||ze™" for s < 0 where M > 1;u > 0.

Take M = 1,y = 1 and by theorem 3.2 we obtain the inequality 4a® + 2trace(Q)b? < &2.Therefore by theorem 3.2, the
mild solution to equations (10) and (11) exists and also it is exponentially stable in mean square.
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