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ABSTRACT

In this paper, we prove some common fixed point theorems for contractive condition on generalized cone metric
spaces (G-cone metric spaces). Our results are generalization of the results of I. Beg, M. Abbas and T. Nazir [14].
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1. INTRODUCTION

In 2005, Mustafa and Sims [6] introduced a new structure of generalized metric spaces which are called G- metric
spaces as a generalization of metric spaces. Afterwards Mustafa et.al. [(7), (a)]. Obtained several fixed point theorems
for mappings satisfying different contractive condition in G — metric spaces.

Later on, Huang and Zhang [10] generalized the concept of metric spaces, replacing the set of real numbers by an
ordered Banach space and obtained some fixed point theorems for mappings satisfying different contractive condition.
The normality property of cone was an important ingredient in their result (see also [11] and [12]. After wards
Rezapour and Hamlbarani [13] omitting the assumption of normality of cone generalized some result [10].

Recently, 1. Beg, M. Abbas and T. Nazir [14] introduced G-cone metric spaces which are generalization of G-metric
spaces and cone metric space. They proved some topological properties of these spaces such as convergence properties
of sequences and completeness. Some fixed point theorems satisfying certain contractive conditions have been also
obtained.

Some theorem which given with ¢- maps have been proved by Critina Di Bari and Pasquale Vetro [15] in cone metric
spaces and W. Shatanawi[16] also obtained some fixed point result in G- metric spaces. Ramakant Bhardwaj [17]
proved some common fixed point theorems for two mapping s satisfying the integral type contractive mapping in the
setting of generalized cone metric spacer. In the present paper, we study the existence of a unique common fixed point
theorem for contractive condition in generalized cone metric spaces. Our results have generalized of comparable results
in the literature given by [14].

2. PRELIMINARY NOTES

First we recall the definition of generalized cone metric spaces and some properties of theirs [14].

Definition: 2.1 [14] Let E be a real Banach space and P a subset of E. Then P is called a cone if and only if;

(i) P is closed, non-empty and P # {0};

(ia,beR,a,b>0,x,yeP = ax+by e P,

Given a cone P c E, we define a partial ordering< with respect to P by x <y if and only if y —x € P. A cone P is

called normal if there is a number K > 0 such that for all x,y € X,
0 < x < y Implies that ||x|| <K [|y]l.
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The least positive number satisfying the above inequality is called the normal constant of P,while x <« y stands for
y — x € intP. Rezapour and Hamlbarani [13] proved that there are no normal cones with normal constants K < 1 and
for each k > 1 there are cones with normal constants K > k.

Definition 2.2[14] Let X be a non empty set. Suppose a mapping G: X X X X X — E satisfies
(G) G(x,y,2)=0ifx =y =z,

(Gy) 0 < G(x,y,2): wheneverx # y, forall x,y € X,

(G3) G(x,x,y)< G(x,v,z): whenever y # z,

(G) G(x,y,2)=G(x,y,2) =(G(x, Y, Z) =eereennnnn (Symmetric in all three variables),

(Gs) G(x,y,2)<G(x,a,a) +G(a,y,z) forallx,y,z,a € X.

Then G is called a generalized cone metric on X, and X is called a generalized cone metric space or more specifically a
G —cone metric space.

The concept of a G — cone metric space or generalized cone metric space is more general than that of a G —metric
spaces and cone metric spaces. For the definition of G — metric, cone metric spaces and related concepts we refer the
reader to [7, 8, 10 and 13].

Definition 2.3[14] A generalized cone metric space X is symmetric if
G(x,y,2) =G(y,x,x) forall x,y € X.

Example 2.4[14] Let (X, d) be a cone metric space. Define G: X X X x X - E, by
G(x,y,2)= d(x,y) + d(y,z) + d(z,x).

Example 2.5[14] Let X = {a,b},= R3, P = {(x,y,2) € E:x,y,z = 0}. Define G: X x X x X - E, by
G(a,a,a) =(0,0.0) = G(b,b,b),
G(a,b,b) =(0,1,1)=G(b,b,a) = G(b,b a),

G(b,a,a) =(0,1,0)=G(a,b,a)=G(a,a,b)
Note that X is non symmetric G-cone metric spaces as G (a, a, b) # G(a, b, b).

Definition 2.6: [14] Let X be a generalized cone metric space and {x,, } be a sequence in X.Then,
(i) {xn}ns is said to be a Cauchy sequence if for every ¢ € E with 0 <« c, there is a natural number N such that
G(xn, xmx;) < cforalll n,m> N.
(i) {x.} =1 is convergent sequence if for every c in E with 0 « c,there is N such that for all
m,n > N, G(x,, x,,x) < c for some fixed x in X. Here x is called the limit of a sequence {x,,} and is denoted
by lim, ., x, = xorx, - xasn — oo,
(iii) (X, d) is called a complete generalized cone metric space if every Cauchy sequence in X is convergent in X.

Proposition 2.6: [14] Let X be a generalized cone metric space, define d;: X X X — E by

de(x,y) = G(x,y,y) + Gy, x,%).
Then (X, d) is a cone metric space.

Proposition 2.6: [14] Let X be a generalized cone metric space then the following are equivalent
(i) {x,}is converges to x.

(i) G(x,,x,,x) > 0,asn > 0.

(i) G(xp,x,x) > 0,asn — oo,

(iv) G(xp,x,,x) > 0,asm,n - oo,

Lemma 2.7: [14]
(i) Let X be a generalized cone metric space and let {x,, }, {y,} and {z;} be sequence in Xsuch that
Xm = X, Y, = yand z, - z, then
G(xm' yanl) - G(x; v, Z) asm,n,l —» oo,

(i) Let {x,,} be sequence in generalized cone metric space in Xand x € X, then if {x, } converges to x, and
{x,} convergestoy, then x = y.

(iii) Let {x,,} be sequence in generalized cone metric space in Xand if {x,} converges to x, for € X, then
a. G(xp,x,,x) > 0,asm,n — oo,

(iv) Let {x,} be sequence in generalized cone metric space in Xand x € X if {x,,} converges to x, for € X,
then. {x,,} is a Cauchy sequence.

v) Let {x,} be sequence in generalized cone metric space in Xand x € X if {x, } is a Cauchy sequence in X,

then G(x,,,¥,,2) - 0asm,n,l > oo,
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3. MAIN RESULT
The results which will give are generalization of theorem 3.1, 3.3 and 3.4 of [14].

Theorem 3.1: Let (X,d;) be a complete symmetric generalized cone metric space (G-cone metric space) and
Ty, T,: X — X be a mapping satisfying one of the following conditions

G(Tyx,T,y,T,2)< aG(x,y,z) + bG(x,Tyx, Tyx)+c G(y, T,y, T,¥)+dG (2, T, 2, T, 2) 1)
OR
G(Tyx,T,y,T,z) <aG(x,y,z) + bG(x, Ty x,T1x) +cG(y, Ty, T,y) + dG(z,T,, T,) 2

forallx,y,z€ X,where0 < a+b+c+d <1 ThenT; and T, have a unique common fixed point in X.

Proof: Suppose that T; and T, satisfies condition (1), then for all x,y € X

G(Tyx, Ty, Toy) <aG(x,y,z)+ bG(x,T1x,T1x) + (¢ + A)G(y, T,y, T,y) 3)
and
G(T,y, Tix,Tix) <aG(x,y,z) + bG(x,T,y,T,y) +(c + d)G(x, Ty x, T x) 4

Since X is a symmetric generalized cone metric space (G- Cone metric space), Therefore by adding (3) and (4), we
have

d¢(Ty1x, T,y) <adg(x,y) +

b+c+d
2

b+c+d
2

de(x, Tix) + de(y,T,) forall x,y € X.

b+c+d

fa=a B=y= > . Then
de(Tix, T,y) <adg(x,y) + Bdg(x,T1x) +y dg (v, T,) forall x,y € X,

wherea+ 8 +y < 1.

Let x, € X be an arbitrary point. We define a sequence
Xon41 = TiXon =T+ xo and

T2n+2

Xon42 = Tixgniq = Tf Xo-

Now we consider
dg (x2n+1,x2n) =dg(T1x2n41, T2X2n)

< adg(X2n 41, X20) + Bde (Xan+1, TiXan+1) + ¥dg (Xan, T2Xa2n)
< adg(X2n+1,X20) + Bd (Xan+1,X20) + ¥dg (X2n, X2n-1)
< (a+ B) dg(x2n+1, X20)+ Yde (Xon, X2n-1)

1-(a + B) dg (X2n+1, X20) <¥dg(X2n, X2n-1)

Y
dg (X241, X2n) < T@p) d (X2n, Xn—1)

dg (Xn41) X2) <K dg (Xon, X2n—1), Where 1—(Z+/3) = K < 1. It follows that

dg (X2n41, X20) SK?" dg (%1, X0).

For any m > n, we have

K2n
dg(Xon+1,X2n) <7 dg (X1, Xo).

Let 0 « c be given, following similar argument to those given in [13, theorem 2.3] we conclude that
KZn
s dg(x1,%) <c.
So we haved; (x5, X, ) < ¢, for allm > n. Therefore{x,,} is a Cauchy sequence and hence x,,, — x*. First prove
that x,,,1 = Tyx™. For this, Take x = T;2n and y = x™ in (5), we have
A (TiXn 41, T1x™) < adg (Tyx2n, X7) + Bdg (TyX2n, TiXopn41) + vde (Tix", x7)
< adg(Tixan, x°) + B (Tixon, TiXon 1) + [V dg(TiXn 41, T1X™) + dg(Tixop41,x7)]

<adg(Tyxgn, x%) + BK#dg (%1, %0) + [ ¥ dg (T X011, Tix™) + dg(Tix2n41, X))
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* 1 * *
Thus dg (T X2n41, Thix™) < 1 [adg(Tixan, x*) + BK*"dg (1, %0)+yd (T X541, x7)]]
KL c

For any ¢ € E, which show that T; x5, .1 = Tyx* asn — oco. Now
dg(x", T1x") < dg(Tixan41,x7) + dg(T1X2n41, T1X7)

Whenever n > N. Thus d; (x*, Ty x™) <L , forall m = 1. So, £_ d¢(Tyx*,x™) € P, for all
M M

m>1. Since % — 0 as m — o and P is closed, Therefore, - d;(T;x*,x*) € P gives d;(T;x*,x*) = 0 and hence,

T;x* = x* is afixed point of T;. If y* is another fixed point of T;. Then we have
de(x",y") <adg (x7,y") +Bde(x", T1x") + ydg(x™ T1y")

Thusdg (x*,y*) <adg; (x*,v*) +Bds (x*, x*) + yds(x*x*)
<0.

Implies that x* = y™* is a unique fixed point of T;. Similarly, we can prove that T,x* = x*. Thus Tyx* = x* = T,x".
Hence x* is the common Fixed point of pair maps of T; and T,.

Remark 3.2: If X is not a Symmetric G- Cone Metric Space, then as in above theorem, adding (3) and (4) we obtain
the following

dg(Tyx, Ty) < adg (x,y) + 2552 g

(x,Tyx) + @ de(y,T,), forall x,y € X.

Here 0 < a +

2(b+3€+d) + 2(b+;+d) which may not be less than 1. So above theorem gives no information.

Theorem 3.3: Let (X, d) be a complete G- cone metric space and T;, T,: X — X be a mapping satisfying one of (1) or
(2). ThenT; and T, have a unique common fixed point in X.

Proof: Let x, € X be an arbitrary point. We define a sequence
Xan+1 = TiXgn = T xo and

T2n+2

Xony2 = T1Xonq1 =TT,

From (1) we have
G(xZn,x2n+1, x2n+1) < aG( x2n—1,x2n,x2n)+b6(x2n—1, xZn'xZn)+ (¢ + d)G(x2n,X2n+1%2n41)

It implies that
G(xZn,x2n+1, x2n+1) <rG ( xZn—l,xZn,xZn)’

Where = Lbd . Obviously 0 < r < 1. Continue this process to obtain

1—c—

G (X2n X2n+1, X2n41) < 727G (x0,%1,x, ), Moreover for all n,m € N with m > n, we have

G(xZn,me, me) < G(xZn,x2n+1, x2n+1)+ G(xZn,x2n+2, x2n+3) T + G(XZm—l Xom, me)
S @E+rT e 42 G (x %, X))

< g G (x0,%1, x1).

Let 0«< ¢ be given. Choose § > 0 such that ¢ + Ny ) S P, where Ngy = {y € E: ||yl < &}. Also, choose a natural
2n 2n

number N; such that :Tr G(xox1, x1) € Ns(p, for allm > N;. TheanG(xO,xll x;) <, for allm = N, . So we

haveG (xox;, 1) < c, for all m > n.Thus {x,,} is a Cauchy sequence, so there exist u € X such that {x,,} converges

*

tox”.

Now from (1), we get
G(xpn Ty X", Ty x7) < aG(X2n_1, X" %™) + bG(Xgn_1.X2n, X2 ) + (¢ + A)G(x", Ty x*, Ty x7)
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Taking limitn — oo, we get
GOx*\ Ty x*, Ty x*) <(c+d)G(x* Ty x*, Ty x¥),

This implies that T; x* = x*. To prove uniqueness, suppose that x* = y* = T;y*. Then
G(x*, ¥,y") < aG(x"y ¥y )+ bG(x" Ty x" Ty x*) + (c + DG Ty Ty y*)

=aG(x"y"y")

Implies that x* = y* is a unique fixed point of T;. Similarly, we can prove that T,x* = x*. HenceT;x" = x* =
T,x*.Thus x™ is the common Fixed point of pair maps of T; and T,.

Theorem 3.4: Let (X,d;) be a complete symmetric generalized cone metric space (G-cone metric space) and
Ty, T,: X — X be a mapping satisfying one of the following conditions

G(Tyx, Ty, Toy) < a{G(x Ty, T,y)+G(y, Ty x, T1x) } (6)
OR
G(Tyx, Ty, T,y) <a{G(x,x,T,y) +G(y,y,T1x) } (7

forall x,y,€ X, where 0 € [O,% ], Then T; and T, have a unique common fixed point in X.

Proof: Suppose that T; and T, satisfies condition (6), then for all x,y € X
G(Tlxl TZY: TZZ) =< a{G(YI Tlxl Tlx)+G(xl sz! TZY) }

and

G(Toy, Tix, Tix) <a{G(x,T,y, To,y) + G(y, T1x, Ty x) }

Now if X is a symmetric G-cone metric space, then above two inequalities give
de(T1x,T,y) < a{d;(x, T,y) +d;(y, T1x)}, forall x,y € X . Since0 < a < %,

Therefore result follows from [13, theorem 2.3]. Now, if X is not a symmetric G-cone metric space. Then adding (6)
and (7) we obtain
d¢(Tyx, Toy) = G(T1ix, Ty, T2y) +G(Toy, Tyx, Tix)

< 2a{ Gy, Tix, T1x) +G(x,T,y, T,y)}
<% {de(y, T +dg (x, T2y)

For all x,y € X. here, contractively factor 4?“ may not be less than 1. Therefore cone metric gives no information. In this

case, let x, € X be an arbitrary point. We define a sequence

- — m2n+1
Xons1 = T1Xon =T "%

- — 72n+2
and  xpp42 = TiXon41 = T4 0.

From (6) we have
G(x2n,x2n+1, x2n+1) < a{G( x2n—1,x2n,x2n)+G(x2n, Xon, xZn)}

= aG(xZn—l,x2n+1, x2n+1)'

But G(xz2n—1,%2n+1, X2n+1) < G( X2n—1,X20 X2n )+ G (X2n, X2n, X20)

Thus we have
G(x2n,x2n+1, x2n+1) < k G( x2n—1,x2n,x2n)’

Where k = ﬁ ,and 0 < k < 1. Continuing above process, we obtain

G (Xon Xon 41, Xon41) < k" G( %021 X7).

Now following similar arguments as those given in theorem 3.3.Thus {x,, } is a Cauchy sequence, so there exist u € X
such that {x,,, } converges tox*. Now we show that T;x* = x*. From (6) we have

G(xZn,Tlx*,Tlx*) < a{G( xZn_llTlx*,Tlx*)+G(x*,x2n,x2n).
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Which on taking limitn — oo, implies that G(x* Tyx*, T1x*) <aG(x*,Tyx* Tix*), ThusT;x* = x*. To prove
uniqueness, suppose that x* # y* = T;y*. Then
GOx*, yhy) <afG(x" Yy, y") + bG(y", x",x7)

<kG(x%y%y")

Again we have G(x*, y*,y*) <k?G(x*,y*,y"), which implies that x* = y* is a unique fixed point of T;.

Similarly, we can prove that T,x* = x*. Hence T;x* = x* = T,x".Thus x* is the common Fixed point of pair maps of
T, and T,. This completes the proof of the theorem.
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