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ABSTRACT
In this paper, we study the weakly radical of modules over commutative ring with identity. Furthermore we prove that
it N; is a weakly prime submodule of M ;, then N is to satisfy the weakly radical formulain M ; if and only if

M, x sz...xMj_lx ijMHx...x M,
is to satisfy the weakly radical formulain M.
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1. INTRODUCTION

Throughout this paper all rings are commutative with identity and all modules are unitary. A submodule N of an R -
module M is a weakly prime submodule of M if for each submodule K of M and a,beR such that

abK = N, then aK = N or bK = N.

Recently, this notion of weakly prime submodule has been extensively studied by Behboodi and Koohi in (2004). An
R -module M is a weakly prime module if every proper submodule N of M is a weakly prime submodule of M.
It is easy to show that if N. is a prime submodule of M, then N is a weakly prime submodule of M.

Let N be a proper submodule R -module M. The weakly prime radical of N in M, denoted by w.rad,, (N), is

defined to be the intersection of all weakly prime submodules containing N. If there is no weakly prime submodule
containing N, then w.rad,, (N ) =M (see, for example,[5, 14]).

In this note, we shall need the notion of the envelope of a submodule introduced by R. L. McCasland and M. E. Moore
in [11]. For a submodule N of an R -module M, the envelope of N in M, denoted by E,, (N ) is defined to be

the subset {rm : reR and MeM such that r*me N for some k €Z'} of M. Note that, in general,
Ey (N) is not an R -module. With the help of envelopes, the notion of the radical formula is defined as follows: A
submodule N of an R-module M is said to satisfy the radical formula in M, if <EM (N)> = rad,, (N).

Also, an R -module M is said to satisfy the radical formula, if every submodule of M satisfies the radical formula in
M. The radical formula has been studied extensively by various authors (see [7], [12] and [13]).

Corresponding author: Pairote Yiarayong*
*Faculty of Science and Technology, Pibulsongkram Rajabhat University,
Phitsanuloke -65000, Thailand.

International Journal of Mathematical Archive- 5(7), July — 2014 255



http://www.ijma.info/�

Pairote Yiarayong* and Phakakorn Panpho/Weakly Radical Formula and weakly Primary Submodules/IIMA-5(7), July-2014.
In this paper is to introduce the notion of a weakly radical formula, we study the weakly prime radical of modules over
commutative ring with identity. Furthermore we prove that if Nj is a weakly prime submodule of M i then Nj is to
satisfy the weak radical formulain M ; if and only if M;x M, x...xM; ; xN;xM; x...x M, is to satisfy the

weakly radical formula in M.

2. PRELIMINARIES

n n
Let R = H R, where each R, is a commutative ring with identity. Then an ideal | = H I, of P is prime if and
i=1 i=1

only if I, is equal to the corresponding ring R, and the other is prime. Moreover, any R -module M can be uniquely

n
decomposed into a direct product of modules, i.e. M = H M., where
i=1

M; = (0,0,0,...,0,1,0,...0)M
isan R;-module with action

(o G0 ) (M m,,cmy ) = (Kmy, ,m,,...,r.m

n-"n

), where I, € R; and m, € M, [7].

Lemma 2.1: [7] Let N = N, x N, be a submodule of M. Then

(Ey (N)) :<EM1(N1)> X <EM2(N2)>.

Corollary 2.2: [7] Let N =IL[Ni be a submodule of M. Then <EM (N)> = 1_[<EMi (Ni)>.

i=1 i=1

Lemma 2.3: [14] If N is a weakly prime submodule, then <EM (N )> = N.

Lemma 2.4: [14] Let N be a semiprime submodule of an R -module M. Then <EM (N )> = N.

3. WEAKLY PRIME SUBMODULES
In this section, we give some characterizations for weakly prime submodule of R -module M.

Lemma3.1: Let M =M, xM,, where M, isan R, -module. A submodule N; x M, is a weakly prime submodule

of M ifand only if N, isaweakly prime submodule of M.

Proof: Suppose that N, x M, is a weakly prime submodule of R -module M. We will show that N, is a weakly
prime submodule of M. Clearly, N, is a proper submodule of R, -module M,. To show that weakly prime

submodule properties of N, hold, let K be a submodule of R -module M, and a,b € R, such that abK < N,.

Then
(a,O)(b,O)(K x{0}) = abK x{0} = N, xM,,.

Since N, x M, is a weakly prime submodule of R -module M, it follows that
(aK x{0}) = (a,O)(K x{0}) = N, xM,

or

(bK >{0}) = (b,0) (K <{0}) < N, xM,;

thatis, aK = N, or bK < N,. Therefore N, is a weakly prime submodule of R -module M.
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Conversely, suppose that N, is a weakly prime submodule of R;-module M,. We will show that N; xM, is a
weakly prime submodule of R -module M. Clearly, N,xM, is a proper submodule of R -module M. To show

that weakly prime submodule properties of N, x M, hold, let KxL be a submodule of R-module M and

(a,,a,),(b,b,) e R such that
abKxa,b,L=(a,a,)(b,b,)(KxL) = N,xM,.

Since N, is a weakly prime submodule of R -module M, and ab,K = N,, we have a K = N, or bK = N,.

Therefore
(ai’az)(K xL)=aKxa,Lc N, xM,
or

(b.b,)(KxL)=bKxb,Lc N;xM,

and hence N, x M, is a weakly prime submodule of R -module M.

Corollary 3.2: Let M =M, xM,, where M, is an R,-module. A submodule M, xN, is a weakly prime

submodule of R -module M if and only if N, is a weakly prime submodule of R, -module M,.

Proof: This follows from Lemma 3.1.

n
Corollary 3.3: Let M :HMi, where M, isan R, -module. A submodule
i1

M, x sz...xMj_lx ijMHx...x M,

is a weakly prime submodule of R -module M if and only if NJ- is a weakly prime submodule of Rj -module M i
Proof: This follows from Lemma 3.1 and Corollary 3.2.

Lemma 3.4: Let M =M, xM,, where M, isan R, -module. If N,x{0} is a weakly prime submodule of M,

then N, is a weakly prime submodule of M.

Proof: Suppose that N, x{O} is a weakly prime submodule of R -module M. We will show that N, is a weakly
prime submodule of M. Clearly, N, is a proper submodule of R,-module M,. To show that weakly prime

submodule properties of N, hold, let K be a submodule of R, -module M, and a,b € R, such that abK < N,.

Then
(a,O)(b,O)(K x{0}) =abK x{0} = N, x{O}.

Since N, x M, is a weakly prime submodule of R -module M, it follows that

(aK x{0}) = (a,0) (K x{0}) = N, x {0}
or

(bK x{0}) = (b,0) (K x{0}) = N, x {0} ;
thatis, aK = N, or bK < N,. Therefore N, is a weakly prime submodule of R;-module M,.

Corollary 35: Let M =M, xM,, where M, is an R;-module. If {0} x N, is a weakly prime submodule of R -

module M, then N, isaweakly prime submodule of R,-module M.

Proof: This follows from Lemma 3.1.
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n

Corollary 3.6: Let M = HMi, where M, is an R;-module. If {0} x{0}x...x N;x...x{0} is a weakly prime
i1

submodule of R -module M, then N is a weakly prime submodule of R;-module M ;.

Proof: This follows from Lemma 3.4 and Corollary 3.5.

4. RADICAL OF WEAKLY PRIME SUBMODULES

A submodule N of an R-module M is said to satisfy the weakly radical formula in M, if

(Ey (N)) = wrad,, (N).

Lemma 4.1: Let M =M, xM,, where M, is an R,-module. If W is a weakly prime submodule of R -module
M and P={xe M, :(x,0) eW}, then P =M, or P isaweakly prime submodule of R,-module M.

Proof: Suppose that P # M,. We will show that P is a weakly prime submodule of R,-module M,. Itis clear that,
P is a proper submodule of R -module M. To show that weakly prime submodule properties of P, let a,be R,
and K be submodule of M, such that abK cP. Let keK. Then abkeP so that
(a,0)(b,0)(k,0)=(abk,0)eW. Thus (a,0)(b,0)(K x{0}) cW. Since W is a weakly prime submodule of
M, we have

(a,0)(Kx{0}) cW

or

(b,0)(K x{0}) cW.
Thus
(ak,0)=(a,0)(k,0)eW

(bk,0)=(b,0)(k,0)eW.

It follows that ak € P or bk € P. Therefore aK < P or bK < P and hence P is a weakly prime submodule of
M.,

Corollary 4.2: Let M =M, xM,, where M, isan R,-module. If W is a weakly prime submodule of R -module
M and P={xeM, :(0,x) eW}, then P=M, or P isaweakly prime submodule of R, -module M.

Proof: This follows from Lemma 4.1.

n

Corollary 4.3: Let M = HMi, where M, isan R;-module. If W is a weakly prime submodule of R -module M
i=1

and P={xe M; :(0,0,...,%,0...,0)eW}, then P= M; or P is a weakly prime submodule of R;-module

M..

j
Proof: This follows from Lemma 4.1 and Corollary 4.2.

Lemma 4.4: Let M =M, xM,, where M, isan R,-module and let N be a submodule of R,-module M,. Then
m e w.rad,, (N) ifand only if (m,0) € w.rad,, (N x{0}).

Proof: Suppose that M =M, xM,, where M, isan R.-module. Let N be a submodule of R,-module M, and
let mew.rad,, (N).
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If there is no weakly prime submodule of M containing N x{O}, then w.rad,, (N X{O}): M. Therefore
(m,0)ew.rad,, (Nx{0}).

If there is weakly prime submodule of M containing N X {0} , then there exists a weakly prime submodule W with
N x{O}gW. By Lemma 4.1 and P={xe M, :(x,0)eW}, we have P=M, or P is a weakly prime
submodule of R, -module M.

Case - 1: P=M,. Since me W.radMl (N ), we have m e P. Then (m,O) €W. Therefore if W is a weakly
prime submodule of M containing N X{O}, then (m,O)eW.

Case-2: P #M,. Since P # M,, we have P is a weakly prime submodule of R;-module M,. Let X € N. Then
(X,O) eN x{O} so that X € P. It follows that N < P. We have
w.rad,, (N) c w.rad,, (P)

=P

so that m € P. Therefore if W is a weakly prime submodule of M containing N X{O}, then (m,O) eW and
hence (m, 0) e W.I‘ad,v11 (N X {O})

Corollary 45: Let M =M;xM,, where M, is an R;-module and let N be a submodule of R,-module M,.
Then mew.rad, (N) ifand only if (0,m) e w.rad,, ({0}xN).

Proof: This follows from Lemma 4.4.

n

Corollary 4.6: Let M :HMi’ where M; isan R;-module and let N be a submodule of R;-module M ;. Then
i-1

me w.rad,, (N) ifand only if

©,...,m,0,...,0) e w.rad,, ({O}X{O}x...x N x{O}x...x{O}).
Proof: This follows from Lemma 4.4 and Corollary 4.5.

Lemma 4.7: Let M =M, xM,, where M, is an R,-module. If N, be a submodule of R;-module M,, then
w.rady, (N,)xw.rad, (N,)cw.rad, (N,xN,).

Proof: Suppose that M =M, xM,, where M, is an R,-module. Let N, be a submodule of R;-module M;. We
will show that w.rad,, (N,)xw.rady, (N,)<w.rad, (N;xN,). Let
(x,y) e wrad,, (N;)xw.rady, (N,).

Then X e wrad,, (N;) and y e wrad,, (N,). By Lemma 4.1 and Lemma 4.4, we have

(x,0 ewyad,, (N, x{0}) c w.rad,, (N, xN,)
and

0,y) ew.rad,, ({0}xN,) cw.rad,, (N, xN,).

Then(X,y) =(x,0 }(0,y) e w.rad,, (N, x N,) and hence
w.rady (N,)xw.rad, (N,)<w.rad, (N,;xN,).
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n
Corollary 4.8:. Let M =HMi, where M, is an R;-module. If N, be a submodule of R, -module M;, then
i-1

l_lIW'radMi (N;) cw.rad,, (ll[ N.).

Proof: This follows from Lemma 4.7.

Theorem 4.9: Let M =M, xM,, where M, is an R;-module. If N is a submodule of R -module M, then
w.rad, (N,)xw.rad,, (M,)=w.rad, (N, xM,).

Proof: Suppose that M = M, xM,, where M, is an R;-module. Let N be a submodule of R;-module M,. By
Lemma 47, we hae wrady (N)xwrad, (M,)cwrady,(NxM,). we show that
w.rady (N, xM,) c w.rad,, (N,)xw.rad, (M,). If there is no weakly prime submodule of M containing
N, then w.rad,, (N)=M,. Then

w.rady (N;xM,) c w.rady (N,)xw.rad, (M,).

If there is weakly prime submodule of M containing N, then there exists W is a weakly prime submodule of M,
containing N. Then W x M, is a weakly prime submodule of M containing N xM,. Let P be a weakly prime
submodule of M containing N x M. Then
NxM, cwrad,, (N)xM,

=w.rad,, (N)xw.rad, (M,).

Therefore w.rady, (N, xM,) c w.rad,, (N;)xw.rad,, (M,)and hence
w.rady (N, xM,) =w.rad,, (N;)xw.rad, (M,).

Corollary 4.10: Let M =M, xM,, where M, is an R, -module. If N is a submodule of R,-module M,, then
w.rad,, (M, xN)=w.rad, (M,)xw.rad, (N).

Proof: This follows from Lemma 4.9.

n
Corollary 4.11: Let M =HMi, where M, is an R;-module. If N, be a submodule of R;-module M, then
i=1

f[w.radMi (N,)=w.rad,, (f[ N,).

Proof: This follows from Lemma 4.9 and Corollary 4.10.

Theorem 4.12: Let M =M, xM,, where M, is an R, -module. If N, is a weakly prime submodule of M, then

N, is to satisfy the weakly radical formula in M, if and only if N, x M, is to satisfy the weakly radical formula in

M.

Proof: Suppose that N, is a weakly prime submodule of M, and N, is to satisfy the weakly radical formulain M.
We will show that N, x M, is to satisfy the weakly radical formulain M. Since N, is a weakly prime submodule of
M,, it follows that

© 2014, IIMA. All Rights Reserved 260



Pairote Yiarayong* and Phakakorn Panpho/Weakly Radical Formula and weakly Primary Submodules/IIMA-5(7), July-2014.

w.rad,, (N, xM,) =w.rad,, (N,)xw.rady, (M,)
=(Ey, (N))x M,
:<EM (le M2)>-

Therefore N, xM, is to satisfy the weakly radical formula in M. Conversely, suppose that N, is a weakly
submodule of M, and N, xM, is to satisfy the weakly radical formula in M. We will show that N, is to satisfy
the weakly radical formula in M,. Since N, x M, is a weakly prime submodule of M, it follows that
<EM1(N1)>X M, = <EM (N, x M2)>

=w.rad,, (N,)xw.rady, (M,).

Then w.rad,, (N,) = <EM1(N1)> and hence N, is to satisfy the weakly radical formula in M.

n
Corollary 4.13: Let M :HMi, where M, is an R;-module. If N; is a weakly prime submodule of M, then
i-1
N, is to satisfy the weakly radical formulain M ; if and only if
M xM,x..xM; xN;xM,; x...xM

is to satisfy the weakly radical formulain M.

n

Proof: This follows from Theorem 4.12.
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