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ABSTRACT

The aim of this paper is to study the approximation of unbounded function by g-Bernistein-Kantorovich operator in
locally-global weighted-space Lp ,, (X) (1< P < o) using the weighted Ditzain-Totik modulus of smoothness.

INTRODUCTION

In the two decades interesting generalization of Bernisteinpolymails were proposed by Lupas [1] and by Phillips [2].
Generalizations of the Bernistein polynomials based on the g-integers was attracted alot of interest and was studied
widely by a number of authors [3].

Recentely, some new generalizations of well-known positive linear operators, based on g-integers were introduced and
studied by several authors [4, 5]. The purpose of this paper is to study approximation of unbounded functions by g-
Bernstein-Kantorovich operators.

Before proceding to the study of second order of approximation by g-Bernistein-Kantorovich operators, it is necessary
to know some definitions.

Definition: 1 Let X= [0, 1], Lp,, (X) be the space of all unbounded continuous functions f(1< P < oo), which are
equipped with the following norm.
1

17l = [[fy W)

Pk
dx]P where (fw) is continuous on [0, 1] and w is a positive weighted function, 0<w(x)<1.

Definition: 2 For f € Lp,,(X),X =[0,1],1 < P < oo let

T

1fllp s = [( [, Supllf@w@)l:u € NGz, 5)}))P dx] is the locally global norms of f

whereN(x,8) ={y € X:|[x —y| < 6},6 ERt,x€X

Then we denote

Lp s X) = {f: Ifllps. < )

Definition: 3 [8] For g>0 and n € N let [n] = [n], = q° + q" + ¢ + -+ + g™~ with [0] = 0 be the g-integer [n]. And
the g-fractional [n]! is defined by [n]! = [n],! = [1] + [2]. ... .[n] with [0]!=1 and for integers 0 < k < n then

[l =

Definition: 4 [6] For f € [0, 1] let fOAf (O)dgt = A1 = q) =0 fuqm - q" (0<q<1) be the g-analouge of integration

+qkt

. . . 1 k
in the interval [0, A] and B, (f, %) = Xk—o Puk (¢, %) J, f(([[iﬂ]
Bernisteinpolynimail,

q*
n|!

! Be the g-binomial coefficient
k]! [n—k]!

)d,t be the modificatedKantrorovich type g-

where P, . (q,x) = [Z] (= 0r ™k, (1 =0 = [Teg(1— ¢ %), 0<Sx < 1,n €N,
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Definition: 5 For f € Lp,, (X), X = [0, 1],0<g<1 let
1 . n
fo (fw)(t) dqt = (1 - q) Zn:O(fW)(q") q

[k] +q t

be the g-analogue of integration in the interval [0, 1] and B, ,(f,x) = Xk—o Pn (q,x)f (fw )( )d t be the
modificated Kantorovich type g-Bernstein polynomial,

where P, ,(q,x) = [Z] A -0, -0 =11 —¢°x),neN

Remark: 1 For g — 1 then

By (f,x) = By (f,x) = Xk ( )x (1—-x)"" "f (f )(ﬁ) dt, which is say the classical Kantorovich operator

n=1,2 ...
Proof: For g —» 1 we have
[nlg=Ml=¢"+q' ++q" " =141y time +~1=n,

Thus
[n]=nand we get [n]! =[1] - [2] - ... - [n] =1-2- ... -n=n],

Thus
[k] N ‘[n T k!(:ik)! - (Z) and P, (g, x) = [Z] XA =-x)ph = (Z) xk (1 —x)nk

Then
Brk(f2) = Bhco Pux (4, Jy (w) (B2L0) d ¢
= oo () ¥4 = 20" [1(fw) (555 dt = Bi (£, %)
Thus

By o (f, %) = By (f, %)

Definition: 6 For f € Ly, (X), X = [0,1], let A7 (f,x) = %2, (f) (=1),; f(x —h +ih),x £ h € X be the difference
of second order of f

Definition: 7 For f € Ly, 5,, (X) let wy(f,8)p, = Supo<p<s1A2(f, x)|Ip,y, 8 = 0 is called the second usual weighted
modulus of smoothness of f and w, (f, 8)p.s. = SupllAz (fw, x)p 5., is the locally second usual weighted modulus of
smoothness of f.

Definition: 8 For f € Lp s, (X),X = [0,1],6 = 0 then K,(f,6%)ps5.w = infyerp,, collf = gllpsmw + 6219" lp 5w} is
the locally K-functional of second order of f, where g € Lp ,, (X) such that

(gw) € €?[0,1] = {(gw), (gw) ', (gw)" € C[0,1]}

1
Remark: 2 [11] For f € Ly (X) = {f: Iflle = [f, 1f@)IPdx]” < oo} then I£llp < lIfllps
Remark: 3For f € Lp5,,(X),X =[0,1],8 = 0 then K,(f, 6%)p 5. < Cwy(f,8)p s, Where C is a constant.

Proof: For f,g € C?[0,1] we get

Ko (f,6%)p = inf gec2i01)Ulf = gllp + 821lg" Ip} < Cwy (f, 8)p by [7] For f,g € Lps,, (X) and by definition(1) we
have (fw), (gw) € C?[0,1] thus

Ky (fw, 8%)p = inf guyec? o) lfw — gwllp + 821(gw) " lIp} < Cwy (fw,8)p

Then by remark (2) we have

K;(fw, 52)P,6 = inf(gw)ECz[O,l]{”fW —gwllps + 52||(9W)” ”P,(S} < w(fw, 6)p s
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We get Ky (f, 6)psw = infyerp s, colllf = gllpsw + 829" lpsw} < Cwr(f,8)p s

then K, (f, 6% psw < Cwz(f,8)p 5

Remark: 4 For f € Lp,, (X).X =[0,1],1 £ P < oo then
If e w < 1 Nlp5mw

Proof: By remark (2) and since (fw) € C?[0,1] by definition (1) then |||, < |If|l» 5 We get
Wflpw < If1lp5m

Definition: 9 For f € Lp,, (X),X = [0,1],8 > 0 then ) (f, 8)p,, = Supopss||Ad4 (fw, x)||PW be the Ditzian-Totik
modulus of smoothness of second order of f,

where p(x) = (x(1 — x))2 and wf (f, 8)p 5. = = Supo<p<s || Bhp FW, x)|| 5 is the locally Ditzian-Totik modulus
of smoothness of second order of f.

Definition: 10 Let f € Lp,, (X),X = [0,1],6 > 0 then . (f,8)p, = Supo<pss |7 A2, (f, x)||P’Wis called the r-th-
weighted Ditzian-Totik modulus of second order of smoothness of f, where r is a non negative integer. And
0l (f, 8)psw = Supo<pzs ||7 Ak g (FW, x)||P,5'W is the r-th locally weighted Ditzian-Totik modulus of smoothness of
second order of f.

AUXILLARY RESULLTS
To prove the main results, we shall need the following lemmas.

Lemma: 1 [8] Foralln € N,x € [0,1],0 < g < 1 then

m —ym (My_IV m—j (M =] _ j+i
(t X) T A= O(j)[n+1]m[m_j+1]zi=0 ( )(q 1) B (t )
k
where B, ,(¢/*,x) = ¥R OEH}’H P (q,x)

Lemma: 2 Lete;(t) = t',i = 0,1,2 forevery t € [0,1],n € N,0 < q < 1 we have:
a) Byg(ep,x) = 1

. _ 2qn] 1
b)  Brq(er,x) = [2][n+1] [2][n+1]

. a@+2) glnlin+1] 5 | 49+7¢*+¢> _[n] 1
©) BagleaX) ==~ Ty 23] a2t Bl

Proof:
A) By using lemma (1) we have

. rom m [n} m=j (M =]\ n _ v j+i -
Biy (") = X% () s oo (5 1) (@" = 1By g (81*1,x) then for m =0 we get

0 ) 0—j ) .
* 0 — R* — n __ i Jj+i
B (€0 = Big (o) = Xoo () i 202 (° 7)) @ = 0B (0,

0y__ [l 0 : :
= (0) e 20 (l) (q" = 1)'B, g (%%, 2)

= () @ = 1B, "0 = 51 TP, (g, 0)

= $Ro Par(@ ) = Thoo[ ] ¥¥ (1 = 137

n —k—
=Yoo [y M- 0 =1
Then By ,(eg,x) =1

Proof:
B) By using lemma (1) for m=1 we have
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B0 = Big () = Shoo () e 2 (M 77) (00 - DB, (070

J [1-j+1]

- () () o - 05,000

(Ot () @ - ayen)

1 1 1
= w1 (0) (@7 = D Bug (%0 + (1) (@" = DBy g (¢, 3)]
n_ (0 130 140

(5) (@ = DBy g (t1*,2)

[n+1]

[Bn,q (t0+01 x) + (qn - 1)Bn'q (t0+1, x)] + [n] Bn'q (t1+0,x)

1
T [n+1] [2] [n+1]

i | B P (@) (@ = D) Do 1P (€] + o Mg 1 Pai(@,%)

[n+1

=@ men T

1 q"-1 [n] _ 2q[n] 1
[[2][n+1] + [n+1]] x= [2][n+1] X+ [2][n+1]

Proof:
C) Also by using lemma (1) for m=2 we get

2 [y 25 (2—] : .
* 2 — * —_ 2 _ ]
By (1200 = Big(e0) = Boo () i 2 (O 7)) @ = DB (0

_ (2 [n]° =0\, n_ 1y 0+

- (02) T =l i (@" = 1B, 4 (£°*, %)
[n] _ 1+1

+ (%) [n+1]2[22—1+1] Z (2 ) (q 1) By (t x)
[n] 2-2 _ 2+4i

+ (2) [n+1]2[2-2+1] 2i=o ( i ) (q" = 1)'By ¢ (¢*7", %)

- Q) @ - 1008000 + () - 178,00 0)

+ (g) (@" — 1)?B,,(t°*%,x)
2[n] [(1) (q" — 1)° nq(t1+0 x) + (1) (q" - 1)1Bn,q (t1+1,x)]

[n+1]2[2
[n]? 0p 240,
oz l(0) @ =008, 2]
1
= m[ nq(t0+0 x) + Z(Cln - 1) Bnq(t0+1 x) + (qn - 1)an,q (t0+2: X)]
2[n]
e Bra (E00) (" = DB, (1, (6270, %)

T 3]In+1]2

1 [[n]z 2[n](@"-1) (q"—l)z](l_ 1) 2
[

n+112 | [2][n+112 | [3]n+1]2 /)

+ [ [n]? 2[n](q"-1) (q"-1)? 2] 2("-D) ]
nn+112 * [2][n][n+112 © [8l[n][n+1]2 © [2]ln+1]2 T [3][n+1]2
— @®42¢ aln] [n-1] o\ (494797 +4%)In] 1
[3] [n+1]2 [2]1(3][n+1]? [3]n+1]?

Then

. q*+2q qnlln—-1] , (49 +7q*+q*)[n] 1
By q(e5,x) = . x x+

’ (3] [n+1]2 [2][3][n + 1]2 [3][n + 1]2

Lemma: 4 For f € Lps,, (X) - X = [0,1],0 < q < 1 we have |[B; ; ()|, = < ClIfllps, where Cisa constant.

p /P
Proof:||B,’{_q(f)||P'5_W = {fX |Br o (f, )] dx}
[k]+q*t e

z{fx |50 Pug (g ) f (Fw W) Gl ) t| dx}
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And by using Jenson inquality we have

1/P
180N, = {52 Jrw) (S0 aye] ™ - {5, %00 P 0] )

< Wfllpw - Zitzo fy [Poi (@, )| dx < ClIfllp

Then
[1Brq (Ol,.,, < ClIfllp and by remark (4) we get

Lemma: 5For f,g € Lp,, (X),X =[0,1],0 < g < 1 we have
a) By,(f+49.%)=B,,(f,x)+B;,(g,%)
b) B;,(x f,x) =x B, ,(f,x) where « isa constant

Biall, 5, < ClFlos

Proof:
(A) Since B; o (f,) = o Py (0,5 [, (W) (”‘[ ++"1 *)d, t then
Big(f +9.%) = T oPnk(q.x)f ((f + 9wy (B4 4
= S0 Pus 0§y [orw) (UE50) + Com) (B,
= S0 Pasc (@) fy () (& ++"ut) dyt + Sieo Py (%) [ (gw) ([[’;]i;t) d,t
= B;{,q (f: x) + Brt,q (g,x)
Proof:

(B) Big(o< £1%) = Thtog Pae (4, fy (o yw (F22 t>

= %o Pa (@) f; o (fw) (B e

[n+1]

= 5o o0, 0) Jy Ow) (20 d,t = aBy ()
ThenB, , (e f,x) =x B, . (f, x)

Thus B, , be linear operator

Remark: 5 Foreveryn € N,0 < g < 1 then
[n]g =[nl<n

Proof: by induction for n we have
[n] =q°+q' + -+ q" ! then

Forn=1,[1] =q' ' =q° =1thus[1]=1
Forn=2,[2] =q°+q* 1 =q°+ q* =1+ q' < 2 (0<q<1) then [2]<2

Suppose it is true for n thus
] =q°+q+ -+ q" ! <nthen

[Tl‘l' 1] =q0+q1+.__+q(n+1)—2+q(n+1)—1 =q0+q1+.__+qn—1+qn
Then[n+1]=q¢°+q'++qg" 1 +q"<n+q"<n+1
Thus[n+ 1] <n+1

© 2014, IIMA. All Rights Reserved

202



Sahib Al-Saidy* and Ali Hussein / Approximation of Unbounded Function by q-Bernstein-Kantorovich Operator in
Locally-Global Weighted Lp ,,(X)-Space / IIMA- 5(4), April-2014.

Then [n] < n foreveryn € N

Lemma: 6 Let f € Lps,,(X) and g, be a polynomial such that g, € [T, NLp, (X) where [[,, set of all algebraic
polynomials, then

3 1
If = gullpsw < Cn” (‘);r (f'm)

P,6,w

Proof: by using remark (5) we have for all n € N, [n] < nthen % < we get

1 1 o
o (13,0, = 9 (i)
,0,W

1
. 7 1
Since If = gallpsw < €0 wf, (£,7), by (9]

P,6,w

1
w - Po® (F L
egetllf = gulloow < Cn” ol (f, [n])P,(S,w

Lemma: 7 For f,g € Lp,,(X),X =[0,1] -n € N,0 < q <1 we have
a. f=0then B, ,(f,x) =0

b. f<gthen B;,(f,x) < B;,(g,x)
Proof: A) f > 0 then f( +q]t) > 0 for k € N we have
J3(fw )([’”q ‘)d t > 0 thus

n+1]

[k]+q*t
[n+1]

Yh=0Pui(q@,) (fW)( )d t = 0 we get

By,(f,x) =0

IA

Proof: B) Since f < g thus f( Itg t)

[n+1] g([k]+q t) then

[n+1]

f (fw) ( ey ) t< fol(gW) ([]Ei:ﬁt) d,t we get

= k=0 Pk (q, x)f(fW)( g t) t

[n+1]

< oo Posc (@2 fy Ggw) (B20) o

[n+1]

We have By ,(f,x) < B; ;(g,x)
Now we need the following theorem:

Theorem: 1 [Korevkin Theorem] [10] Let L,, be a linear positive monotone operator such that
1. L,(1, x)=1
2. L,(t, x) =x+x (x)
3. L,(t? x)=x*+B()

Then for any f € Cla, b]

Lo (£ = FOl, < 3W < (f,4/BG) — 2x (x))P

Lemma: 8 Let L, be a linear positive monotone operator, which satisfies the above conditions then for any f €
Lps,, (X),X =[0,1] we have

ILa(F,) = FOllega < 302 (fVBG) — 2« ()
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Proof: for f € C[0, 1], by using theorm (1) we get

ILa(f,) = FOllp <30 (£,/B@ ~2xx @), <30, (f,VBG) —2x x ()
Thus
1o (f,2) = FOllp < 30, (f,/BCO =22 % (),

1
For f € Lp,, (X) and from definition (1) we get(fw) € C[0,1] and ||f|lp,, = {|(fw)(x)|de}P <

Then
L, (fw,.) = Fw) () llp < 3wy (fw,/B(x) — 2x o (x)),, and by remark (2) We have

Ly (Fw) = (Fw)llp s < 3w, (fw,/BG) — 2x & (1)),

Thus

I (F) = FOllps < 3w (fVBG) —2xx @)

MAIN RESULTS

Theorem: 2 For f € Lps,,(X),X =[0,1,n € N,0 < q < 1 we have
1
* ¢
18:4 0 = FO, ,, <€ 0, (Fe)

Proof: Let g,, be any polynomial we have

B;{,q (f' x) - f(x)||P,6,w = | B;lﬂ,q (f) - f - B;lﬂ,q (gn) + Brt,q (gn) — In + gn”P,E,w

<|

B;{,q (f) - Brt,q (gn)”P’(le + ”Brt,q (gn) - ‘gn”P,(S,w + ”f - gn"P,(S,w

<|

B;{,q (f - gn)”P,E,w + ”B;{,q (gn) - gn||P,6,w + ”f - gn”P,&,w
By linearly of B, ,

Then by using lemma (4) we have
| B;{,q (f) - f)”P,E,w < Cl“f - gn”P,&,w + ”Br):,q (gn) - gn||P,5,w + “f - gn”P,E,w

and since lim,, o, || B; 4 (9) — ‘gn”P(Sw = 0 we have
|

B o (f) = fll, 5., = Callf = gullp,5, and by using lemma (6) we have

1
B~ fllp 5, S CallF = Gallos < Cof (£.75)

P,Sw
Theorem: 3For f € Lps,,(X),X =[0,1,1 <P < o0,0 < g <1,n € N we have
lim [|B5o (F) = £, =©

Proof: by using theorem (2) we have

1
B;{rq (f) - f”P,(S,W =< Cw;r (f' ?)

[ ] P,5w

Then limy || By o (F) = £, < limyoseo C 0, (F, [711_1)135
e ,0,W

and since lim [1—] = 0 we have

n—oo

1
; * ; ¢ _ ¢ —
tim 18, ~ £l 5, < Jim € af, (£, [n])w = Cet, 1 Oraw =0

© 2014, IIMA. All Rights Reserved

204



Sahib Al-Saidy* and Ali Hussein / Approximation of Unbounded Function by q-Bernstein-Kantorovich Operator in
Locally-Global Weighted Lp ,,(X)-Space / IIMA- 5(4), April-2014.

Then lim,,_,|

Bia(H = fll,,,, =0

Theorem: 4 For f € Lp,,(X),X =[0,1],0<qg < 1,0 <6 < 1then
| B;{,q (f) _f”P,(S,w <3 W) (f; 8)P,6,w

Proof: by using lemma (5) and lemma (7) we get B, , (f, x) be a linear positive monotone operator and by using lemma
(3) we get

B;,(1,x) =1and

2q[nlx ! x—x+ 2q[nlx + = x4+« (x)

Bra &) = s T R+ 1] 2]+ 1]

2q[n]x 1
[2][n+1] * [2][n+1]

Where « (x) = —x +

2q[n]

And since lim,,_,,, D]

= 1 we get

1

X @) = X ] T i 4

Also, by using lemma (3) we get

B0 = WP R+ +[27]C§]+ = R B
- +[32]ﬁ)[+n]1[]2 e (472;[2161 [2n++qf])2[n] BT
=x2+ B(x)

where

70 ==+ L +[32]€l)in]152 e ME[;Z [Zniqf])z[n] ¥ [n1+ 12

And since

Jim S = 1 i LR = 0 we g

B(x) = —x?> + x? — (0)x + thus

Blln+117 [Bln+ 12
B = B+ 12

Then by using lemma (8) we get

1Big () = FOl, 5, < 302 (/B —2x & (x))

P,6,w

=3 1 2x
=391 B+ 12 2+ 1]

P,6w

and since ! = < !
Blln+12  [2ln+1] — A/ Bln+112 ~ VBln+1]

Then |

% 1 2x 1
Bia () = O, 5, < 30, (f’\/[31[n+1]2 " R2ln+] ) < 3w (f’ [3][n+1])”w
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_ 1
Letd = T we have
* < 1 —
[1Brg (F-) = FOl, 5, < 302 f:m ; = 3wy (f,8)p 5w
,0,W
Thus [|Bo (f,) = FOl, 5, < 3020, 8p s
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