
International Journal of Mathematical Archive-5(2), 2014, 302-306 
 Available online through www.ijma.info ISSN 2229 – 5046 

International Journal of Mathematical Archive- 5(2), Feb. – 2014                                                                                                               302 

 
E.A IN MENGER FOR COMMON FIXED POINT THEOREM 

 
M RAMANA REDDY 

Assistant Professor of Mathematics,  
Sree Nidhi Institute of Science and Technology, Hyderabad-501 301, India. 

 
(Received on: 29-01-14; Revised & Accepted on: 11-02-14) 

 
ABSTRACT 

In this paper, first we introduce the notion of common fixed point theorems using the E.A. in Menger Spaces with         
t-norm of Hadzix Type.  We provide an application of our main theorem for finite families of mappings.  
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1. INTRODUCTION 
 
Sehgal and Bharucha-Reid was introduced the theory of probabilistic metric spaces is an important part of stochastic 
analysis, and so it is of interest to develop the fixed point theory in such spaces. The first result from the fixed point 
theory in probabilistic metric spaces. Since then many fixed points theorems for single valued and multivalued 
mappings in probabilistic metric spaces have been proved in [2–8].  The study of metric spaces was initiated by Gahler 
[9] and some fixed point theorems in metric spaces were proved in [2, 8, 10–13]. In 1987, Zeng [14] gave the 
generalization of metric to probabilistic metric as follows. 
 
In 2002, Aamri and Moutawakil [17] generalized the notion of noncompatible mapping to the E.A. property. It was 
pointed out in [17] that the property E.A. buys containment of ranges without any continuity requirements besides 
minimizing the commutativity conditions of the maps to the commutativity at their points of coincidence. Moreover, 
the E.A. property allows replacing the completeness requirement of the space with a more natural condition of 
closeness of the range.  Recently, some common fixed point theorems in probabilistic metric spaces with fuzzy metric 
spaces by the E.A. property under weak compatibility have been obtained in [18–20]. 
 
2. PRELIMINARIES 
 
A probabilistic 2-metric space is an ordered pair(𝑋𝑋, 𝐹𝐹), where 𝑋𝑋is an arbitrary set and𝐹𝐹is a mapping from 𝑋𝑋3 into the set 
of distribution functions. The distribution function 𝐹𝐹𝑥𝑥,y,z, (𝑡𝑡) will denote the value of 𝐹𝐹𝑥𝑥,𝑦𝑦,𝑧𝑧 at the positive real number 𝑡𝑡.  
The function 𝐹𝐹𝑥𝑥,, is assumed to satisfy the following conditions:  
(i) 𝐹𝐹𝑥𝑥,y,z(0) = 0 for all 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 ∈ 𝑋𝑋; 
(ii) 𝐹𝐹𝑥𝑥,y,z(𝑡𝑡) = 1for all 𝑡𝑡 > 0 if and only if atleast two of the three points 𝑥𝑥, 𝑦𝑦, 𝑧𝑧are equal; 
(iii)  for distinct points 𝑥𝑥, 𝑦𝑦 ∈ 𝑋𝑋, there exists a point 𝑧𝑧 ∈ 𝑋𝑋 such that𝐹𝐹𝑥𝑥,𝑦𝑦,𝑧𝑧(𝑡𝑡) ≠ 1 for  𝑡𝑡 > 0 
(iv) 𝐹𝐹𝑥𝑥,𝑦𝑦,𝑧𝑧(𝑡𝑡) = 𝐹𝐹𝑦𝑦,𝑧𝑧,𝑥𝑥(𝑡𝑡) = 𝐹𝐹𝑧𝑧,𝑥𝑥,𝑦𝑦(𝑡𝑡) = ⋅⋅⋅ for all 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 ∈ 𝑋𝑋 and 𝑡𝑡 > 0; 
(v)  if 𝐹𝐹𝑥𝑥,𝑦𝑦,𝑤𝑤(𝑡𝑡1) = 1, 𝐹𝐹𝑥𝑥,𝑤𝑤,𝑧𝑧(𝑡𝑡2) = 1, and 𝐹𝐹𝑤𝑤,𝑦𝑦,𝑧𝑧(𝑡𝑡3)=1, then 𝐹𝐹𝑥𝑥,𝑦𝑦,𝑧𝑧(𝑡𝑡1+𝑡𝑡2+𝑡𝑡3) = 1 for  all 𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑤𝑤 ∈ 𝑋𝑋 and 𝑡𝑡1, 𝑡𝑡2, 𝑡𝑡3 > 0. 
 
Shi et al. [15] gave the notion of𝑛𝑛th order 𝑡𝑡-norm as follows. 
 
Definition: [1] A mapping Δ: [ ] [ ]1,01,01 →Π =

n
i  is called an 𝑛𝑛th order 𝑡𝑡-norm if the following conditions are 

satisfied: 
(i) Δ(0,0,...,0) = 0, Δ(𝑎𝑎,1,1,...,1) = 𝑎𝑎for all 𝑎𝑎 ∈ [0, 1]; 
(ii) Δ(𝑎𝑎1,𝑎𝑎2, 𝑎𝑎3,...,𝑎𝑎𝑛𝑛) = Δ(𝑎𝑎2,𝑎𝑎1,𝑎𝑎3,...,𝑎𝑎𝑛𝑛) = Δ(𝑎𝑎2,𝑎𝑎3,𝑎𝑎1,...,𝑎𝑎𝑛𝑛)  ⋅⋅⋅ = Δ(𝑎𝑎2,𝑎𝑎3,𝑎𝑎4,...,𝑎𝑎𝑛𝑛,𝑎𝑎1); 
(iii) 𝑎𝑎𝑖𝑖 ≥ 𝑏𝑏𝑖𝑖, 𝑖𝑖 = 1, 2, 3..., 𝑛𝑛, implies Δ(𝑎𝑎1,𝑎𝑎2,𝑎𝑎3,...,𝑎𝑎𝑛𝑛) ≥ Δ(𝑏𝑏1,𝑏𝑏2,𝑏𝑏3,...,𝑏𝑏𝑛𝑛); 
(iv) Δ(Δ(𝑎𝑎1,𝑎𝑎2,𝑎𝑎3,...,𝑎𝑎𝑛𝑛), 𝑏𝑏2,𝑏𝑏3,...,𝑏𝑏𝑛𝑛)  = Δ(𝑎𝑎1, Δ(𝑎𝑎2, 𝑎𝑎3,...,𝑎𝑎𝑛𝑛, 𝑏𝑏2), 𝑏𝑏3,...𝑏𝑏𝑛𝑛) 
                                                             = Δ(𝑎𝑎1, 𝑎𝑎2, Δ(𝑎𝑎3,𝑎𝑎4,....,𝑎𝑎𝑛𝑛,𝑏𝑏2,𝑏𝑏3), 𝑏𝑏4,...,𝑏𝑏𝑛𝑛)  
                                                             = ⋅⋅⋅ = Δ(𝑎𝑎1,𝑎𝑎2,𝑎𝑎3,...,𝑎𝑎𝑛𝑛−1, Δ(𝑎𝑎𝑛𝑛,𝑏𝑏2,𝑏𝑏3,...,𝑏𝑏𝑛𝑛)). 
For 𝑛𝑛 = 2, we have a binary 𝑡𝑡-norm, which is commonly known a space 𝑡𝑡-norm. 
 
Basic examples of 𝑡𝑡-norm are the Lukasiewicz 𝑡𝑡-norm Δ𝐿𝐿, Δ𝐿𝐿(𝑎𝑎, 𝑏𝑏) = max(𝑎𝑎+𝑏𝑏−1, 0), 𝑡𝑡-norm Δ𝑃𝑃,Δ𝑃𝑃(𝑎𝑎, 𝑏𝑏) = 𝑎𝑎𝑏𝑏, and     
𝑡𝑡-norm Δ𝑀𝑀,Δ𝑀𝑀(𝑎𝑎, 𝑏𝑏) =min{𝑎𝑎, 𝑏𝑏} 
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Definition: [2] A special class of t-norms (called a Hadzic-type𝑡𝑡-norm) is introduced as follows. 
 
Let Δ be a𝑡𝑡-norm and let Δ𝑛𝑛: [0, 1] → [0, 1] (𝑛𝑛 ∈ 𝑁𝑁) be defined in the following way: 
 
Δ1(𝑥𝑥) = Δ(𝑥𝑥, 𝑥𝑥), Δ𝑛𝑛+1(𝑥𝑥) = Δ(Δ𝑛𝑛 (𝑥𝑥), 𝑥𝑥) (𝑛𝑛 ∈ 𝑁𝑁, 𝑥𝑥 ∈ [0, 1]).                                                            (1) 
 
We say that the 𝑡𝑡-norm Δ is of 𝐻𝐻 type if Δ is continuous and the family {Δn (𝑥𝑥), 𝑛𝑛∈𝑁𝑁} is equicontinuous at 𝑥𝑥=1. 
 
The family {Δ𝑛𝑛(𝑥𝑥), 𝑛𝑛 ∈ 𝑁𝑁}is equicontinuous at 𝑥𝑥=1 if for every 𝜆𝜆 ∈ (0, 1) there exists 𝛿𝛿(𝜆𝜆) ∈ (0, 1)such that the 
following implication holds: 
 

𝑥𝑥 > 1 − (𝜆𝜆) implies Δ(𝑥𝑥) > 1 − 𝜆𝜆  ∀𝑛𝑛 ∈ 𝑁𝑁.                                                                            (2) 
 
A trivial example of t-norm of 𝐻𝐻 type is Δ = Δ𝑀𝑀. 
 
Remark: [3] Every 𝑡𝑡-norm Δ𝑀𝑀is of Hadzic type but the converse need not be true; There is a nice characterization of 
continuous 𝑡𝑡-norm. 
(i)  If there exists a strictly increasing sequence{𝑏𝑏𝑛𝑛}𝑛𝑛∈𝑁𝑁 ∈ [0,1] such that lim𝑛𝑛→∞𝑏𝑏𝑛𝑛 = 1 and Δ(𝑏𝑏𝑛𝑛,𝑏𝑏𝑛𝑛) = 𝑏𝑏𝑛𝑛 for all 𝑛𝑛 ∈ 𝑁𝑁,           
          then Δ is of Hadzic type. 
(ii)  If Δ is continuous and Δ is of Hadzic type, then there exists a sequence {𝑏𝑏𝑛𝑛}∈𝑁𝑁 as in (i). 
 
Definition: [4] If Δ is a 𝑡𝑡-norm and (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,...,) ∈ [0,1]𝑛𝑛 (𝑛𝑛 ∈ 𝑁𝑁), then Δ𝑛𝑛𝑖𝑖=1𝑥𝑥𝑖𝑖 is defined recurrely by 1, if 𝑛𝑛 = 1 and 
Δ𝑛𝑛𝑖𝑖=1𝑥𝑥𝑖𝑖 = Δ(Δ𝑛𝑛−1

𝑖𝑖=1𝑥𝑥𝑖𝑖, 𝑥𝑥𝑛𝑛) for all 𝑛𝑛 ≥ 2.  If {𝑏𝑏𝑛𝑛}∈𝑁𝑁 is a sequence of numbers from [0,1], then Δ∞
𝑖𝑖=1𝑥𝑥𝑖𝑖 is defined as 

lim𝑛𝑛→∞Δ𝑛𝑛𝑖𝑖=1𝑥𝑥𝑖𝑖 (this limit always exists and Δ∞
𝑖𝑖=1𝑥𝑥𝑖𝑖 as Δ∞

𝑖𝑖=1𝑥𝑥𝑛𝑛+𝑖𝑖. 
 
Definition: [5] Let 𝑋𝑋 be any nonempty set and 𝐷𝐷 the set of all left-continuous distribution functions. A triplet (𝑋𝑋, 𝐹𝐹, Δ) 
is said to be a 2-Menger space if the probabilistic 2-metric space (𝑋𝑋, 𝐹𝐹) satisfies the following condition: 
 
Definition: 6 A sequence {𝑥𝑥𝑛𝑛} in a 2-Menger space (𝑋𝑋, 𝐹𝐹, Δ) is said to be 
(i)  converge with limit 𝑥𝑥 if lim𝑛𝑛→∞𝐹𝐹𝑥𝑥𝑛𝑛,𝑥𝑥,𝑎𝑎(𝑡𝑡) = 1 for all 𝑡𝑡 > 0 and for every 𝑎𝑎 ∈ 𝑋𝑋, 
(ii)  Cauchy sequence in 𝑋𝑋, if given 𝜖𝜖 > 0, 𝜆𝜆 > 0, there exists a positive integer 𝑁𝑁𝜖𝜖,𝜆𝜆 such that 
          𝐹𝐹𝑥𝑥𝑛𝑛,,(𝜖𝜖) > 1 − 𝜆𝜆 ∀𝑚𝑚, 𝑛𝑛 > 𝑁𝑁𝜖𝜖,𝜆𝜆, for every  𝑎𝑎 ∈ 𝑋𝑋,                                                              (3) 
(iii)  complete if every Cauchy sequence in 𝑋𝑋 is convergent in 𝑋𝑋. 
 
In 1996, Jungck’s [16] introduced the notion of weakly compatible as follows. 
 
Definition: [7] Two maps 𝑓𝑓 and 𝑔𝑔 are said to be weakly compatible if they commute at their coincidence points. 
 
Definition: [8] (see [17]). Let 𝑓𝑓 and 𝑔𝑔 be two self-maps of a metric (𝑋𝑋, 𝑑𝑑). The maps 𝑓𝑓 and 𝑔𝑔 are said to satisfy the 
E.A. property if there exists a sequence{𝑥𝑥𝑛𝑛}in𝑋𝑋such that 
 

lim𝑛𝑛→∞𝑓𝑓𝑥𝑥𝑛𝑛= lim𝑛𝑛→∞𝑔𝑔𝑥𝑥𝑛𝑛 = 𝑢𝑢 for some 𝑢𝑢 ∈ 𝑋𝑋.                                                 (4) 
 
Now in a similar mode, we can state the E.A. property in 2-Menger space as follows. 
 
Definition: [9] A pair of self-mappings(𝑓𝑓,𝑔𝑔) of 2-Menger spaces(𝑋𝑋, 𝐹𝐹, Δ) is said to old the E.A. property if there exists 
a sequence{𝑥𝑥𝑛𝑛} in 𝑋𝑋 such that  
             ( ), ,lim 1

n nfx gx pn
F t

→∞
=  ∀𝑡𝑡 > 0, 𝑝𝑝 ∈ 𝑋𝑋.                                                 (5) 

 
Example: [10] Let 𝑋𝑋 = [0,∞) be the usual metric space. Define 𝑓𝑓, 𝑔𝑔: 𝑋𝑋 → 𝑋𝑋 by 𝑓𝑓𝑥𝑥 = 𝑥𝑥/4 and 𝑔𝑔𝑥𝑥 = 3𝑥𝑥/4 for all 𝑥𝑥 ∈ 𝑋𝑋. 
Consider the sequence {𝑥𝑥𝑛𝑛} = 1/𝑛𝑛. Since lim𝑛𝑛→∞𝑓𝑓𝑥𝑥𝑛𝑛 = lim𝑛𝑛→∞𝑔𝑔𝑥𝑥𝑛𝑛 = 0, then 𝑓𝑓 and 𝑔𝑔 satisfy the E.A. property. 
 
Although E.A property is generalization of the concept of noncompatible maps, yet it requires either completeness of 
the whole space or any of the range spaces or continuity of maps. But on the contrary, the new notion of the CLR 
property (common limit range property) recently given by Sintunavarat and Kumam [21]does not impose such 
conditions.  The importance of the CLR property ensures that one does not require the closeness of range subspaces. 
 
Definition: [11] (see [21]) Two maps 𝑓𝑓 and 𝑔𝑔 on 2-Menger spaces 𝑋𝑋 satisfy the common limit in the range of 𝑔𝑔 (CLRg) 
property if lim𝑛𝑛→∞𝑓𝑓𝑥𝑥𝑛𝑛 = lim𝑛𝑛→∞𝑔𝑔𝑥𝑥𝑛𝑛 = 𝑔𝑔𝑥𝑥 for some 𝑥𝑥 ∈ 𝑋𝑋. 
 
Example: [12.] Let 𝑋𝑋 = [0, ∞) be the usual metric space. Define 𝑓𝑓, 𝑔𝑔: 𝑋𝑋 → 𝑋𝑋 by 𝑓𝑓𝑥𝑥=𝑥𝑥+1 and 𝑔𝑔𝑥𝑥 = 2𝑥𝑥 for all 𝑥𝑥∈𝑋𝑋.  
Consider the sequence {𝑥𝑥𝑛𝑛} = 1 + (1/𝑛𝑛). Since lim𝑛𝑛→∞𝑓𝑓𝑥𝑥𝑛𝑛 = lim𝑛𝑛→∞𝑔𝑔𝑥𝑥𝑛𝑛 = 2 = 𝑔𝑔1, 𝑓𝑓 and 𝑔𝑔 satisfy the CLRg property. 
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Now we state a lemma which is useful in our study. 
 
Lemma: 13 (see [22]) Let (𝑋𝑋, 𝐹𝐹, Δ) be a 2-Menger space. If there exists 𝑞𝑞 ∈ (0,1) such that 𝐹𝐹(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑞𝑞𝑡𝑡) ≥ 𝐹𝐹(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) 
for all 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 ∈ 𝑋𝑋 with 𝑧𝑧 ≠ 𝑥𝑥, 𝑧𝑧 ≠ 𝑦𝑦, and 𝑡𝑡 > 0, then 𝑥𝑥 = 𝑦𝑦. 
 
3. MAIN RESULT  
 
Theorem: 3.1 Le (X, F, ∆) be a complete 2-Menger space with continuous t-norm ∆ of Hype Type.  Let T and A be 
self mappings on x.  Then T and A have a unique common fixed point in X if and only if there exist two self-mapping 
P, Q of x satisfying the following.  
(3.1)   P(X)⊂T(X) and Q(X)⊆A(X) 
(3.2)  The pairs {P.A} and {Q.T} are weakly compatible 
(3.3)  There exists K∈(0,1) such that for every x, y, s∈X and t > 0.  
          F[Pu, Qv, s, kt]2 ≥ min{F(Au, Tv, s, (x))2. F(Au, Pu, s, (x). F (Tv, Qv, s,(x)). F(Au, Tv, s, (x)). F(Au, Qv, s (2x)}.  
(3.4)  One of the subset A(x).T(x).P(x).Q(x) is a closed subset of x. Indeed A.T.P.Q have a unique common fixed point      
          in X.  
 
Proof: For any point x0 in X, there exists a point x1 ∈ X, such that Px0 = STx1.  For this point x1, we can choose a point 
x2 in X, such that Qx1 = ABx2 and so on, in this manner we can define a sequence {yn} in X such that  
 
y2n = Px2n = Tx2n+1 and y2n+1 = Qx2n+1 = Ax2n+2, for n = 0, 1, 2,…… 
 
Now we shall prove Fy2n, y2n+1,, s,(kx) ≥ Fy2n-1, y2n,s, (x) for all x > 0, where k∈(0,1).   
 
Suppose that Fy2n, y2n+1,s,(kx) < Fy2n-1, y2n,s(x). Then by using (4.3) and Fy2n, y2n+1,s, (kx) ≤ Fy2n, y2n+1,s,(x), we have 
 
[F(y2n, y2n+1, s,(kx)]2 = [F(Px2n, Qx2n+1s,(kx)]2¸  
                                 ≥ min{[F(y2n-1, y2ns,(x)]2, F(y2n-1, y2n,s,(x)).F(y2n, y2n+1,s,(x)),F(y2n-1, y2n,s,(x)).F(y2n-1, y2n+1,s,(2x)} 
                                 ≥ min{[Fy2n-1, y2n, s,(x)]2, Fy2n-1, y2n,s,(x).Fy2n, y2n+1s,(x), [Fy2n-1, y2n,s,(x)]2 Fy2n, y2n+1,s,(x))} 
                                 ≥ min{[Fy2n, y2n+1,s,(kx)]2, [Fy2n, y2n+1s,(kx)], [Fy2n, y2n+1,s,kx)] [Fy2n, y2n+1,s,kx)],  
                                           [Fy2n, y2n+1,s,kx)]} 
                                 = {[Fy2n, y2n+1,s,(kx)]2} 
 
which is a contradiction. Thus we have  
 
Fy2n, y2n+1, s, (kx) ≥ Fy2n-1, y2n,s,(x) 
 
Similarly we can have Fy2n+1, y2n+2, s, (kx) ≥ Fy2n, y2n+1(x).  
 
Therefore, for every n ∈ N, Fyn, yn+1, s, (kx) ≥ Fyn-1, yn, s(x). 
 
{yn} is a Cauchy sequence in X. let 𝜀𝜀 ∈ (0,1)𝑏𝑏𝑏𝑏 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡ℎ𝑒𝑒 𝑡𝑡 − 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛∆ is of H type there exists 𝜆𝜆 ∈(0,1) such 
that for all m,n ∈ 𝑁𝑁 with m>n ∆2𝑚𝑚 −𝑛𝑛 (1- 𝜆𝜆) > 1-∈. 
 
Since lim𝑛𝑛→∞ 𝐹𝐹(𝑦𝑦0,𝑦𝑦1

𝑡𝑡
𝑠𝑠𝑛𝑛  ) =1there exists 𝑛𝑛0, ∈ 𝑁𝑁such that is complete, {yn} converges to a point z in X, and the 

subsequences {Px2n}, {Qx2n+1}, {Ax2n} and {Tx2n+1} of {y2n} also converges to z with t-norm ∆ is H type.  
 
Now suppose that P is continuous, since P and A are weak compatible it follows from (AB)Px2n → Pz and PPx2n → Pz 
as n → ∞. 
 
Now putting u = Px2n and v = x2n+1 in the equation (4.5), we have 
 
[FPPx2n, Qx2n+1, s, kx)]2 ≥ min∆{[F(A)Px2n, S,Tx2n+1(x)]2, N  F(A)P x2n, PPx2n, s, x). FTx2n+1, Qx2n+1, s, x),  
                                                     F(A)Px2n, Tx2n+1,s,(x)}. 
 
Taking the limit n → ∞, we have 
 
[FPz, z, s, kx)]2 ≥ min∆{[FPz, z, s, x)]2, FPz, Pz, s, x)]2. Fz, z, s, (x), FP z, z, s, (x)} 
 
which is a contradiction. Thus we have Pz = z. Since P(X)⊂ ST (X), there exists a point u ∈ X such that z = Pz = Tp.  
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Again putting u = Px2n and v = p in (4.3), we have 
 
[FPPx2n, Qp, s, (kx)]2 ≥ min∆[F(A)Px2n, Tp, s, (x)]2, F(A)Px2n, PPx2n,s,x). FTp, Qp, s, (x),  
                                                F(A)Px2n, Tp, s, (x). F(A)Px2n, F(A)Px2n, Qp, s, (2x), 
 
Taking the limit n → ∞, we have 
 
[Fz, Qp, s, (kx)]2 ≥ ∆[Fz, Qp, s, (x)]2 
 
which is a contradiction, therefore z = Qp. Since Q and T are weak compatible of type (α) and  
Tp = Qp = z, (T)Qp = Q(T)p and hence STz = (T)Qp = Q(T)p = Qz.   
 
Again by putting u = x2n and v = z in (4.3), we have 
 
[FPx2n, Qz,s,(kx)]2 ≥ min∆{[FAx2n, Tz,s,(x)]2, FAx2n, Px2n,s,(x). FTz, Qz, s,(x), FAx2n, Tz, s, (x).  
 
Letting n → ∞, we have 
 
[Fz, Qz, s, (kx)]2 ≥ [Fz, Qz, s, (x)]2 
 
which is a contradiction, therefore we have Qz = z. Thus Qz = STz = z.  Similarly since P and AB are weak compatible 
of type (α) we have ABz = Pz = z. Now we prove Az = z. Suppose that Az ≠ z then by putting u = Az and v = z in (3.3), 
we have 
 
[FPAz, Qz, s, (kx)]2 ≥ min{[F(A)Az, Tz, s, (x)]2, F(A)Az, PAz, s, (x). FTz, Qz(x), F(A)Az, Tz, s, (x). 
 
which yields 
 
[FAz, z(kx)]2 ≥ [FAz, z(x)]2 
 
which is a contradiction, there fore we have Az = z. Similarly if we put u= Bz and y=z in (3.4), we have 
 
[FPz, Qz(kx)]2 ≥ min{[F(A)z, Tz(x)]2, F(A)z, Pz(x). FTz, Qz(x), F(A)z, Tz(x). 
 
which gives 
 
[FBz, z(kx)]2 ≥ [FBz, z(x)]2 
 
which is a cotradication, therefore we have z = z. So Az = z = z.  Finally we show that Tz = z. By using (3.3), we have 
 
[Fz, Qz, s, (kx)]2 ≥ min{[Fz, (T)Sz, s, (x)]2, Fz, z, s, (x). F(T)Sz, Qz, s, (x), Fz, (T)z, s, (x). Fz, Qz, s, (2x), 
 
which gives 
 
[Fz, z, s, (kx)]2 ≥ [Fz, z, s, (x)]2 
 
which is a contradiction, therefore we have Tz = z. So Az = Tz = z. Thus combining the results, we have  
Pz = Qz = Az = Tz = z. Thus z is a common fixed point of A, T, P and Q. 
 
For uniqueness let w (z ≠ w) be another common fixed point of A, T , P and Q, then by (3.3), we have 
 
[Fz, w, s, (kx)]2 = [FPz, Qw, s, (kx)]2   
                          ≥ min{[Fz, w, s, (x)]2, Fz, z, s, (x). Fw, w, s, (x), Fz, w, s, (x). Fz, w, s, (2x), [Fz, w, s, (x)]2 
 
which is a contradiction, therefore z = w. Hence z is a unique common fixed point of A, T, P and Q. 
 
If we put T = I (I is identity mapping on X) in Theorem 3.1., we obtain the following result due to Pathak et al. [17]. 
 
Corollary: 4.1 Let (X, F, t) be a complete Menger space with t(x; y) = min{x, y} for all x, y ∈ [0, 1] and P, Q, A and T 
be mappings from X into itself such that 
(3.5)  P (X)⊂T(X) and Q(X)⊂A(X), 
(3.6)  the pairs {P, A} and {Q, S} are weak compatible of type (α) 
(3.7)  P is continuous, 
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(3.8)  [FPu, Qv, s, (kx)]2 ≥ min{FAu, Tv, s, (x)]2, FAu, Pu, s, (x). FTv, Qv, s, (x), FAu, Qv, s,(2x), FAu, Tv, s, (x).  
 
for all u, v ∈ X and x ≥ 0, where k ∈ (0, 1). Then P, Q, A and T have a unique common fixed point. 
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