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ABSTRACT
In this paper, we made an attempt to study the algebraic nature of anti Q-fuzzy normal subsemiring of a semiring.
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INTRODUCTION

There are many concepts of universal algebras generalizing an associative ring (R; +;. ). Some of them in particular,
nearrings and several kinds of semirings have been proven very useful. An algebra (R ; +, .) is said to be a semiring if
(R; +) and (R ;.) are semigroups satisfying a. ( b+c ) = a. b+a. c and (b+c) .a=b. a+c. aforalla, band cin R. A
semiring R is said to be additively commutative if a+b = b+a for all a, b in R. A semiring R may have an identity 1,
defined by 1. a = a = a. 1 and a zero 0, defined by O+a = a = a+0 and a.0 = 0 = O.a for all a in R. After the
introduction of fuzzy sets by L.A.Zadeh [11], several researchers explored on the generalization of the concept of fuzzy
sets. Vanathi.K, Subramanian.V.S.A, Arjunan.K [9] defined as anti Q-fuzzy subsemiring of a semiring. In this paper,
we introduce the some theorems in anti Q-fuzzy normal subsemiring of a semiring.

1. PRELIMINARIES

Definition: 1.1 Let X be a non empty set and Q be a non empty set. A Q-fuzzy subset A of X is a function
A: XxQ — [0, 1].

Definition: 1.2 Let R be a semiring and Q be a non empty set. A Q-fuzzy subset A of R is said to be a Q-fuzzy
subsemiring (QFSSR) of R if it satisfies the following conditions:

(i) palxty, q) = min{ua(x, @), paly, )},

(i1) pa(xy, 0) = min{pa(x, q), pa(y, a)}, forall xand y in R and g in Q.

Definition: 1.3 Let R be a semiring and Q be a non empty set. A Q-fuzzy subset A of R is said to be an anti Q-fuzzy
subsemiring (AQFSSR) of R if it satisfies the following conditions:

(i) palxty, q) < max{ pa(x, a), ua(y: )},

(i1) pa(xy, 0) < max{pa(x, q), ua(y, @)}, forall xand y in R and g in Q.
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Definition: 1.4 Let R be a semiring and Q be a non empty set. An anti Q-fuzzy subsemiring A of R is said to be an anti
Q-fuzzy normal subsemiring (AQFNSSR) of R if it satisfies the following conditions:

(I) HA(X+y! q) = HA(y+X1 q)v

(i) pa(xy, 9) = pa(yx, q), forall xand y in Rand g in Q.

Definition: 1.5 Let A and B be Q-fuzzy subsets of sets G and H, respectively. The anti-product of A and B, denoted by
AxB, is defined as AxB = {{((X, ¥), q), pae( (X,y), q)) forall xin Gand y in Hand q in Q},
where pag((X, y), @) = max{pa(x, d), us(y, a)}-

Definition: 1.6 Let A be a Q-fuzzy subset in a set S, the anti-strongest Q-fuzzy relation on S, that is a Q-fuzzy relation
on Ais V given by py( (x,y), @)= max{ua(x, q), nay, @)}, forall xandyin Sand g in Q.

Definition: 1.7 Let (R, +,- ) and (R, +,-) be any two semirings. Let f: R — R' be any function and A be an anti Q-
fuzzy subsemiring in R, V be an anti Q-fuzzy subsemiring in f(R) = R', defined by uy(y, q) = |nf ua(x, g), for all x

xef(y)
inRandyinR'and qin Q. Then A is called a preimage of V under f and is denoted by (V).

Definition: 1.8 Let A be a Q-fuzzy subset of X. For a in [0, 1], the Q-lower level subset of A is the set
Aa = {xeX:pa(x, ) < o}

2. PROPERTIES

Theorem]: 2.1 Let (R, +,. ) be a semiring and Q be a non empty set. If A and B are two anti Q-fuzzy normal
subsemirings of R, then their union AUB is an anti Q-fuzzy normal subsemiring of R.

Proof: Let xand y in R and g in Q. Let A = {{(x, 9), pa(X, q)) / xeR and qeQ} and B = {{(x, q), us(X, q) }/xeR and

qeQ} be anti Q-fuzzy normal subsemirings of a semiring R. Let C = AuB and C = { {( (X, q), uc(x, q) ) / xeR and

geQ}. Then, clearly C is an anti Q-fuzzy subsemiring of a semiring R, since A and B are two anti Q-fuzzy

subsemirings of a semiring R. And,

() pelxty, q) = max {pa(xty, ), pe(x+y, )}, = max {pa(y+x, 6), pe(y+x, 4)}= pc(y+x, q), for all xand y in R and
g in Q. Therefore, pc(x+y, q) = uc(y+x, q), forall xand y in Rand q in Q.

(i) pc(xy, @) = max {ua(xy, ), ps(xy, 0)}= max{ pa(yx, q), us(yX, @)} = pc(yx, q), forall xand y in R and q in Q.
Therefore, uc(xy, ) = pc(yx, q), for all x and y in R and g in Q. Hence AUB is an anti Q-fuzzy normal
subsemiring of a semiring R.

Theorem: 2.2 Let R be a semiring and Q be a non empty set. The union of a family of anti Q-fuzzy normal
subsemirings of R is an anti Q-fuzzy normal subsemiring of R.

Proof: Let {Ai}ic, be a family of anti Q-fuzzy normal subsemirings of a semiring R and let A ={_) Ai. Then for x and
iel

y in R and q in Q. Clearly the union of a family of anti Q-fuzzy subsemirings of a semiring R is an anti Q-fuzzy

subsemiring of a semiring R.

() na(xty, @) = SUP w4 (X+Y,0) = SUP 4 (Y +X,0) = pay+x, a), for all x and y in R and q in Q.
iel iel

Therefore, pa(x+y, q) = pa(y+x, q), forall xand y in R and g in Q.

(i) na(xy, @) =SUP #4 (Xy,4) =SUP £, (¥X, ) = palyx, q), for all xand y in R and q in Q.
iel iel

Therefore, pa(xy, q) = pa(yx, g), for all x and y in R and g in Q. Hence the union of a family of anti Q-fuzzy normal
subsemirings of a semiring R is an anti Q-fuzzy normal subsemiring of a semiring R.

Theorem: 2.3 Let A and B be anti Q-fuzzy subsemiring of the semirings G and H, respectively. If A and B are anti Q-
fuzzy normal subsemirings, then AxB is an anti Q-fuzzy normal subsemiring of GxH.

Proof: Let A and B be anti Q-fuzzy normal subsemirings of the semirings G and H respectively. Clearly AxB is an
anti Q-fuzzy subsemiring of GxH. Let x; and x, be in G, y; and y, be in H. Then ( X1, y; ) and ( X, ¥, ) are in GxH and
qinQ.

Now, pa.s [(X1, Y1) + (X2, ¥2), d] = pace ((Xa+ X2, Yi+Y2), Q) = max{ua(Xi+Xz, Q), pa(yityz 0)}= max{pa(Xz+xs, q),
He(Y2 Y1, 4)3= tase ( (Xo+X1, Y2+Y1), 4) = pace [(X2r ¥2) + (X1, Y4), d].
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Therefore, pa.s [(X1, Y1) + (X2, Y2), 0] = pace [(X2, Y2)+(X1, Y1), 9. And, pae[(X1, Y1) (X2, Y2), A] = pase( (XiXz, Y1Y2), Q) =
max {ua( XiXz, 9), ua( Yiyz, 9)} = max {pa(X2X1, ), ua(Yay1 )3= tae ((X2X1, Y2Y1), ) = pass [(X2, Y2) (X1, Y1), 4.

Therefore, pas[(X1, Y1)(X2: Y2), Al = paxe [(X2, Y2)(X1, Y1), q]. Hence AxB is an anti Q-fuzzy normal subsemiring of
GxH.

Theorem: 2.4 Let A be a Q-fuzzy subset in a semiring R and V be the strongest anti Q-fuzzy relation on R. Then A is
an anti Q-fuzzy normal subsemiring of R if and only if V is an anti Q-fuzzy normal subsemiring of RxR.

Proof: Suppose that A is an anti Q-fuzzy normal subsemiring of R. Then for any x = (x4, X,) and y = (y1, ¥») are in RxR
and g in Q. Clearly V is a anti Q-fuzzy subsemiring of RxR. We have, uy(x+y, q) = pv[(X1, X2)+(Y1, ¥2), q] = pv(
(Xetyn XatY2), ) = pa((Xa+Ya), ) A pa((Xety2), 4) = pal (Yo+Xa), d) A pa( (Y2+X2), @) = pv((Yi+Xe, Ya+X2), 0) = pv[(Yi,
Vo) +(X1, Xo), q] = wv(y+X, q) Therefore, u(x+y, q) = uw(y+X, q), for all x and y in RxR and g in Q. We have, uy(xy, q)
= (X, X2) (Y ¥2)s d] = pv( (Xays, XoY2 ), @) = pa( (Xay), @) A pal (X2Y2), @) = pa( (YiXa), @) A pa( (Y2X2), @) =
pv (((YiXe, YoX2), 0) = pvl(Ya, Y2) (X1, X2), A = py (Y, q). Therefore, py(xy, 0) = pv(yx, g), for all x and y in RxR and q
in Q. This proves that V is a anti Q-fuzzy normal subsemiring of RxR. Conversely, assume that V is a anti Q-fuzzy
normal subsemiring of RxR, then for any x = (X, X,) and y = (y1, Y») are in RxR, we have pa( X1+y1, ) A pa(Xa+ys, Q)
= pv( (XY, XotYo), 0) = pvl(X1, X2)+(Y1, Y2), Al = pv(X+y, ) = pv(y+X, q) =pv[( Y1, Y2 )+( X1, X2 ), d] = py( (Yit+xy,
Y2+X2), 0) = pa(y1tXs, ) A pa(yz+Xz, ). We get, ua(Xa+yi, 0) = pa(ya+xi, g), for all x; and y; in R and g in Q. And
Ba(Xay1, ) A pa(X2Y2, 0) = pv( (XaY1, XaY2), ) = v [ (X1, X2) (Y1, ¥Y2), 9 1= mv(Xy, @) = p(yX, 4) = pvl(ya, Y2) (X1, X2), d]

= pv( (VX Y2X2), 0) = pa(yiXs, @) A pa(y2Xe, 0). We get, pa(Xiys, 0) = pa(yixs, g), for all x;and y; in R and g in Q.
Hence A is an anti Q-fuzzy normal subsemiring of R.

Theorem: 2.5 Let (R, +, .) and (R', +, .) be any two semirings and Q be a non empty set. The homomorphic image of
an anti Q-fuzzy normal subsemiring of R is an anti Q-fuzzy normal subsemiring of R'.

Proof: Let (R, +, .) and (R, +, .) be any two semirings and f: R — R' be a homomorphism. Then, f(x+y) = f(x) + f(y)
and f(xy) = f(x) f(y), for all x and y in R. Let V = f(A), where A is an anti Q-fuzzy normal subsemiring of a semiring R.
We have to prove that V is an anti Q-fuzzy normal subsemiring of a semiring R'. Now, for f(x), f(y) in R', clearly V is
an anti Q-fuzzy subsemiring of a semiring R', since A is an anti Q-fuzzy subsemiring of a semiring R. Now,

il FO)+H(Y), @) = w(f(x +y), A) < pa(x+y, Q) = paly+x, @) = pu(f(y+x), q) = w( f(y)+f(x), q), which implies that
w(FO)+(y), 6) = pu(f(y)+f(x), ), for all f(x) and f(y) in R'and g in Q.

Again, p(fO)f(y), ) = pu(f(xy), @) <pa(xy, @) = pa(yx, @) = p( fyx), ) = w( f(Y)f(x), ), which implies that
w(FOOT(Y), q) = nu(fy)f(x), q), for all f(x) and f(y) in R' and q in Q. Hence V is an anti Q-fuzzy normal subsemiring of
a semiring R'.

Theorem: 2.6 Let (R, +, .) and (R, +, .) be any two semirings and Q be a non empty set. The homomorphic preimage
of an anti Q-fuzzy normal subsemiring of R' is an anti Q-fuzzy normal subsemiring of R.

Proof: Let (R, +,.) and ( R', +, .) be any two semirings and f : R — R' be a homomorphism. Then, f(x+y) = f(x) + f(y)
and f(xy) = f(x) f(y), for all x and y in R. Let VV = f(A), where V is an anti Q-fuzzy normal subsemiring of a semiring
R'. We have to prove that A is an anti Q-fuzzy normal subsemirring of a semiring R. Let x and y in R and g in Q. Then,
clearly A is an anti Q-fuzzy subsemiring of a semiring R, since V is an anti Q-fuzzy subsemiring of a semiring R'.
Now, pa(x+y, Q)=u(f(x+y), a)= u(f()+f(y), a) = p(f(y)+f(x), a) = pu( fy+x), a) = paly+x, g), which implies that
Ha(X+Y, 0) = pa(y+x, g), for all xand y in R and g in Q. Again, pa(xy, q) = p(f(xy), ) = p( fX)f(y), a) = pn(fy)f(x),
q) = w( f(yx), q) = palyx, g), which implies that pa(xy, q) = pa(yX, q), for all x and y in R and g in Q. Hence A is an
anti Q-fuzzy normal subsemiring of a semiring R.

Theorem: 2.7 Let (R, +, .) and (R, +, .) be any two semirings and Q be a non empty set. The anti-homomorphic image
of an anti Q-fuzzy normal subsemiring of R is an anti Q-fuzzy normal subsemiring of R'.

Proof: Let (R, +, .) and (R', +, .) be any two semirings and f : R — R' be an anti-homomorphism. Then,
f(x+y) = f(y)+f(x) and f(xy) = f(y) f(x), for all x and y in R. Let V = f(A), where A is an anti Q-fuzzy normal
subsemiring of a semiring R. We have to prove that V is an anti Q-fuzzy normal subsemiring of a semiring R'. Now, for
f(x) and f(y) in R', clearly V is an anti Q-fuzzy subsemiring of a semiring R', since A is an anti Q-fuzzy subsemiring of
a semiring R. Now, p,(f(x)+f(y), a) = p(f(y+x), a) < pa(y+x, 0) = pa(x+y, 0) = pw( f(x+y), @) = p(f(y)+f(x), q), which
implies that p,( f(X)+f(y), q) = p( f(y) + f(X), g), for all f(x) and f(y) in R' and q in Q.

Again, py( FOF(y), @) = pu( f(yx), a) < palyx, ) = palxy, o) = p( f(xy), 6) = pl f(Y)F(x), g), which implies that
w( FOOF(Y), ) = w( F(Y)F(X), q), for all f(x) and f(y) in R' and q in Q. Hence V is an anti Q-fuzzy normal subsemiring
of a semiring R'.
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Theorem: 2.8 Let (R, +, .) and (R', +, .) be any two semirings and Q be a non empty set. The anti-homomorphic
preimage of an anti Q-fuzzy normal subsemiring of R' is an anti Q-fuzzy normal subsemiring of R.

Proof: Let (R, +, .) and (R', +, .) be any two semirings and f: R — R' be an anti-homomorphism. Then, f(x+y) =
f(y)+f(x) and f(xy) = f(y) f(x), for all x and y in R. Let V = f(A), where V is an anti Q-fuzzy normal subsemiring of a
semiring R'. We have to prove that A is an anti Q-fuzzy normal subsemiring of a semiring R. Let x and y in R and ¢ in
Q, then, clearly A is an anti Q-fuzzy subsemiring of a semiring R, since V is an anti Q-fuzzy subsemiring of a semiring
R. Now, pa(x +y, 0) = p( f( x +y), 6) = p(f(y)+f(x), a) = p(f)+(y), a) = p( fy+x), a) = pa(y+x, @), which
implies that pa(x+y, g) = pa(y+x, q), forall xand y in R and q in Q. Again, pa(xy, q) = p( f(xy), ) = p( f(y)f(x), 0) =
w( FOOf(Y), ) = w( f(yx), a) = pa(yX, g), which implies that pa(xy, q) = pa(yX, q), for all x and y in R. Hence A is an
anti Q-fuzzy normal subsemiring of a semiring R.

Theorem: 2.9 Let A be an anti Q-fuzzy subsemiring of a semiring H and f is an isomorphism from a semiring R onto
H. If A is an anti Q-fuzzy normal subsemiring of the semiring H, then A-f is an anti Q-fuzzy normal subsemiring of the
semiring R.

Proof: Let xand y in R, g in Q and A be an anti Q-fuzzy normal subsemiring of a semiring H. Then we have, clearly
Acf is an anti Q-fuzzy subsemiring of a semiring R.

Now, (uachH)(x+y, 0) = pa(f(x+y), 6) = pa(f(x)+(y), a)= pa(f(y)+f(x), @) = ua(f(y+x), ) = (nasD(y+x, q), which implies
that (pacf)(xty, 0) = (nacf )(y+x, q), forall xand y in R and g in Q. And, (pa°f)(xy, ) = pa( f(xy), a) = pa(f()f(y), 0)
= ra(fYF(X), a) = pa(f(yx), 0) = (aH(yx, q), which implies that (ua=f)(xy, 0) = (nacH(yx, q), for all xand y in R and
g in Q. Hence A-f is an anti Q-fuzzy normal subsemiring of a semiring R.

Theorem: 2.10 Let A be an anti Q-fuzzy subsemiring of a semiring H and f is an anti-isomorphism from a semiring R
onto H. If A is an anti Q-fuzzy normal subsemiring of the semiring H, then Af is an anti Q-fuzzy normal subsemiring
of the semiring R.

Proof: Let xand y in R, g in Q and A be an anti Q-fuzzy normal subsemiring of a semiring H. Then we have, clearly
Acf is an anti Q-fuzzy subsemiring of a semiring R.

Now, (nacD(x+y, ) = pa(f(x+y), a) = pa(f(y)+f(x), @) = pa(fO)+(y), a) = pa(f(y+x), ) = (uacH(y+x, ), which
implies that (uacH)(x+y, @) = (uacH)(y+x, q), for all x and y in R and ¢ in Q. And, (ua°H(xy, q) = pa(f(xy), q) =
ra( f(YF(X), ) = pa( FOOF(Y), 0) = pa(f(yx), a) = (uacH(yx, ), which implies that (uacH)(Xy, 0) = (uacH(yx, a), for all x
andyin R and q in Q. Hence Af is an anti Q-fuzzy normal subsemiring of a semiring R.

Theorem: 2.11 Let A be an anti Q-fuzzy normal subsemiring of a semiring R. Then for a in [0, 1], A, is a Q-lower
level subsemiring of R.

Proof: Itis trivial.

Theorem: 2.12 Let A be an anti Q-fuzzy normal subsemiring of a semiring R. Then two Q-lower level subsemiring
A1, Agz and ay, o are in [0,1] with oy < a, of A are equal if and only if there is no x in R such that o, > pa(X, q) > oy.

Proof: Itis trivial.

Theorem: 2.13 Let A be an anti Q-fuzzy normal subsemiring of a semiring R. If any two Q-lower level subsemirings
of A belongs to R, then their intersection is also Q-lower level subsemiring of A in R.

Proof: Itis trivial.

Theorem: 2.14 Let A be an anti Q-fuzzy normal subsemiring of a semiring R. If a;[0,1], and A;, i<l is a collection
of Q-lower level subsemirings of A, then their intersection is also a Q-lower level subsemiring of A.

Proof: It is trivial.

Theorem: 2.15 Let A be an anti Q-fuzzy normal subsemiring of a semiring R. If any two Q-lower level subsemirings
of A belongs to R, then their union is also a Q-lower level subsemiring of A in R.

Proof: Itis trivial.
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Theorem: 2.16 Let A be an anti Q-fuzzy normal subsemiring of a semiring R. If a;€[0,1], and A, i<l is a collection
of Q-lower level subsemirings of A, then their union is also a Q-lower level subsemiring of A.

Proof: Itis trivial.

Theorem: 2.17 The homomorphic image of a Q-lower level subsemiring of an anti Q-fuzzy normal subsemiring of a
semiring R is a Q-lower level subsemiring of an anti Q-fuzzy normal subsemiring of a semiring R'.

Proof: It is trivial.

Theorem: 2.18 The homomorphic pre-image of a Q-lower level subsemiring of an anti Q-fuzzy normal subsemiring of
asemiring R' is a Q-lower level subsemiring of an anti Q-fuzzy normal subsemiring of a semiring R.

Proof: Itis trivial.

Theorem: 2.19 The anti-homomorphic image of a Q-lower level subsemiring of an anti Q-fuzzy normal subsemiring of
a semiring R is a Q-lower level subsemiring of an anti Q-fuzzy normal subsemiring of a semiring R'.

Proof: It is trivial.

Theorem: 2.20 The anti-homomorphic pre-image of a Q-lower level subsemiring of an anti Q-fuzzy normal
subsemiring of a semiring R' is a Q-lower level subsemiring of an anti Q-fuzzy normal subsemiring of a semiring R.

Proof: Itis trivial.
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