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ABSTRACT 
The objective of this paper is to provide a new generalization of rough fuzzy sets in a generalized approximation space. 
In the present paper, a pair of fuzzy semi-lower and fuzzy semi-upper generalized approximation operators are defined 
by using the more familiar notion of binary relations. The connections between relations and fuzzy semi- 
approximation operators are examined. Moreover, some results, examples and counter examples are provided. Finally, 
the relationships between fuzzy semi-approximation spaces and fuzzy pretopological spaces are studied.  
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1. INTRODUCTION 
 
In Pawlak's rough set model [11], an equivalence relation is a key and primitive notion. This equivalence relation, 
however, seems to be a very stringent condition that may limit the application domain of the rough set model. To solve 
this problem, several authors have generalized the notion of approximation operators by using nonequivalence binary 
relations [6], [13], [20]-[22]. This has led to various other approximation operators [1], [2], [5], [8], [14], [19], 
[23]-[25].  More general frameworks can be obtained which involve the approximations of fuzzy sets based on crisp 
and fuzzy nonequivalence binary relations [7],[9],[10],[12],[15]-[18]. 
 
The present paper studies a new approach of generalization of rough fuzzy set by introducing the concepts of fuzzy 
semi-lower and fuzzy semi-upper approximation operators. The resulting semi-rough fuzzy sets are proper 
generalization of generalized rough fuzzy sets [15], [16], [18], rough fuzzy sets[4], generalized rough sets [20],[22] and 
Pawlak rough set[11]. 
  
2. BASICS OF ROUGH FUZZY SETS  
 
By using the equivalence relations, Dubois and Prade introduced the notion of rough fuzzy sets as a pair of fuzzy sets 
resulting from the approximation of a fuzzy set in a crisp approximation space [4]. Wu et al. [16] generalized Dubois' 
concept in the case of general relations.  
 
Definition: 2.1[16] Let 𝐺𝐺 = (𝑈𝑈,𝑅𝑅) be generalized approximation space. That is, 𝑅𝑅 is an arbitrary binary relation on 
𝑈𝑈. 𝑥𝑥𝑅𝑅 is the successor neighborhood of 𝑥𝑥. For any fuzzy set 𝑋𝑋, define the lower and upper approximations of 𝑋𝑋 in 
𝐺𝐺 as follows : 
  𝑅𝑅(𝑋𝑋)(𝑥𝑥) = min{𝑋𝑋(𝑦𝑦)    |     𝑦𝑦 ∈ 𝑥𝑥𝑅𝑅} 
  𝑅𝑅(𝑋𝑋)(𝑥𝑥) = max{𝑋𝑋(𝑦𝑦)   |      𝑦𝑦 ∈ 𝑥𝑥𝑅𝑅} . 
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Then 𝑅𝑅(𝑋𝑋)   and 𝑅𝑅(𝑋𝑋)  are called lower and upper approximations of fuzzy set 𝑋𝑋  about the generalized 
approximation space. Furthermore, 𝑅𝑅(𝑋𝑋)  and 𝑅𝑅(𝑋𝑋) are called lower and upper approximation operators from 𝐹𝐹(𝑈𝑈) 
to 𝐹𝐹(𝑈𝑈) (where 𝐹𝐹(𝑈𝑈) denotes all the fuzzy subsets on 𝑈𝑈). If 𝑅𝑅(𝑋𝑋) = 𝑋𝑋 =  𝑅𝑅(𝑋𝑋) , then 𝑋𝑋 is called exact fuzzy set, 
otherwise 𝑋𝑋 is a rough fuzzy set. 
 
The basic properties of the fuzzy lower and fuzzy upper approximations are given by the following propositions. 
 
Proposition: 2.1[16] Let 𝐺𝐺 = (𝑈𝑈,𝑅𝑅) be a generalized approximation space, with a binary relation 𝑅𝑅on 𝑈𝑈, then the 
approximation operators have the following properties for all 𝑋𝑋,𝑌𝑌 ∈ 𝐹𝐹(𝑈𝑈) 
𝐿𝐿1. 𝑅𝑅(𝑋𝑋) = (𝑅𝑅(𝑋𝑋𝑐𝑐))𝑐𝑐 , where 𝑋𝑋𝑐𝑐  denotes the complement of 𝑋𝑋 in 𝑈𝑈 . 
𝐿𝐿2. 𝑅𝑅(𝑈𝑈) = 𝑈𝑈 . 
𝐿𝐿3. 𝑅𝑅(𝑋𝑋 ∩ 𝑌𝑌) = 𝑅𝑅(𝑋𝑋) ∩ 𝑅𝑅(𝑌𝑌) . 
𝐿𝐿4. 𝑅𝑅(𝑋𝑋 ∪ 𝑌𝑌) ⊇ 𝑅𝑅(𝑋𝑋) ∪ 𝑅𝑅(𝑌𝑌) . 
𝐿𝐿5. 𝑋𝑋 ⊆ 𝑌𝑌 ⟹  𝑅𝑅(𝑋𝑋) ⊆ 𝑅𝑅(𝑌𝑌) . 
𝑈𝑈1. 𝑅𝑅(𝑋𝑋) = (𝑅𝑅(𝑋𝑋𝑐𝑐))𝑐𝑐  . 
𝑈𝑈2. 𝑅𝑅(∅) = ∅ . 
𝑈𝑈3. 𝑅𝑅(𝑋𝑋 ∪ 𝑌𝑌) = 𝑅𝑅(𝑋𝑋) ∪ 𝑅𝑅(𝑌𝑌) . 
𝑈𝑈4. 𝑅𝑅(𝑋𝑋 ∩ 𝑌𝑌) ⊆ 𝑅𝑅(𝑋𝑋) ∩ 𝑅𝑅(𝑌𝑌) . 
𝑈𝑈5. 𝑋𝑋 ⊆ 𝑌𝑌 ⟹  𝑅𝑅(𝑋𝑋) ⊆ 𝑅𝑅(𝑌𝑌) . 
 
Proposition: 2.2 [16],[18] Let 𝐺𝐺 = (𝑈𝑈,𝑅𝑅) be a generalized approximation space and 𝑋𝑋 be a fuzzy subset of 𝑈𝑈. Then 
(1)  𝑅𝑅 is serial   ⟺ 𝐿𝐿𝑈𝑈.  𝑅𝑅(𝑋𝑋) ⊆ 𝑅𝑅(𝑋𝑋). 
    ⟺ 𝐿𝐿6. 𝑅𝑅(∅) = ∅, 
    ⟺ 𝑈𝑈6. 𝑅𝑅(𝑈𝑈) = 𝑈𝑈. 
(2)  𝑅𝑅 is reflexive  ⟺ 𝐿𝐿7. 𝑅𝑅(𝑋𝑋) ⊆ 𝑋𝑋, 
        ⟺ 𝑈𝑈7. 𝑋𝑋 ⊆ 𝑅𝑅(𝑋𝑋) . 
(3)  𝑅𝑅 is symmetric ⟺ 𝐿𝐿8. 𝑋𝑋 ⊆ 𝑅𝑅(𝑅𝑅(𝑋𝑋)) , 
    ⟺ 𝑈𝑈8. 𝑅𝑅(𝑅𝑅(𝑋𝑋)) ⊆ 𝑋𝑋 . 
(4) 𝑅𝑅 is transitive  ⟺ 𝐿𝐿9. 𝑅𝑅(𝑋𝑋) ⊆ 𝑅𝑅(𝑅𝑅(𝑋𝑋)), 
    ⟺ 𝑈𝑈9. 𝑅𝑅(𝑅𝑅(𝑋𝑋)) ⊆ 𝑅𝑅(𝑋𝑋) . 
(5) 𝑅𝑅 is Euclidean  ⟺ 𝐿𝐿10 . 𝑅𝑅(𝑅𝑅(𝑋𝑋)) ⊆ 𝑅𝑅(𝑋𝑋), 
    ⟺ 𝑈𝑈10 . 𝑅𝑅(𝑋𝑋) ⊆ 𝑅𝑅(𝑅𝑅(𝑋𝑋)) . 
 
Proposition: 2.3 Let 𝐺𝐺 = (𝑈𝑈,𝑅𝑅) be a generalized approximation space and 𝑋𝑋 be a fuzzy subset of 𝑈𝑈. Then the 
following are hold 
(1) If 𝑅𝑅 is symmetric then  

𝑅𝑅(𝑋𝑋) = 𝑅𝑅 �𝑅𝑅 �𝑅𝑅(𝑋𝑋)�� ;   

𝑅𝑅(𝑋𝑋) = 𝑅𝑅(𝑅𝑅(𝑅𝑅(𝑋𝑋)))  . 
(2) If 𝑅𝑅 is serial and transitive then  

𝑅𝑅(𝑋𝑋) ⊆ 𝑅𝑅 �𝑅𝑅 �𝑅𝑅(𝑋𝑋)�� ;   

𝑅𝑅(𝑋𝑋) ⊇ 𝑅𝑅(𝑅𝑅(𝑅𝑅(𝑋𝑋)))  . 
(3) If 𝑅𝑅 is serial and Euclidean then  

𝑅𝑅(𝑋𝑋) ⊇ 𝑅𝑅(𝑅𝑅(𝑅𝑅(𝑋𝑋))) = 𝑅𝑅(𝑅𝑅(𝑅𝑅(𝑋𝑋))) = 𝑅𝑅 �𝑅𝑅(𝑋𝑋)� = 𝑅𝑅 �𝑅𝑅(𝑋𝑋)� ;   

𝑅𝑅(𝑋𝑋) ⊆ 𝑅𝑅(𝑅𝑅(𝑅𝑅(𝑋𝑋))) = 𝑅𝑅(𝑅𝑅(𝑅𝑅(𝑋𝑋))) = 𝑅𝑅 �𝑅𝑅(𝑋𝑋)� = 𝑅𝑅 �𝑅𝑅(𝑋𝑋)� ;  . 
Proof: Obvious  
 
3. SEMI-ROUGH FUZZY SETS GENERALIZATION 
 
In this section we introduce a new generalization for the concept of rough fuzzy set by defining the fuzzy semi-lower 
approximation and fuzzy semi-upper approximation as follows: 
 
Definition: 3.1 Let 𝐺𝐺 = (𝑈𝑈,𝑅𝑅) be generalized approximation space. That is, 𝑅𝑅 is an arbitrary binary relation on 𝑈𝑈. 
For any fuzzy set 𝑋𝑋, define the fuzzy semi-lower and the fuzzy semi-upper approximations of 𝑋𝑋 in 𝐺𝐺 as follows: 
 𝑅𝑅𝑠𝑠(𝑋𝑋)(𝑥𝑥) = ⋀ (y∈U 𝑋𝑋(𝑦𝑦),⋁ (⋀ 𝑋𝑋(𝑤𝑤)𝑤𝑤∈𝑧𝑧𝑅𝑅 ))𝑧𝑧∈𝑦𝑦𝑅𝑅 , 
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 𝑅𝑅𝑠𝑠(𝑋𝑋)(𝑥𝑥) = ⋁ (y∈U X(y),⋀ (z∈yR ⋁ X(w)))w∈zR . 
   
If 𝑅𝑅𝑠𝑠(𝑋𝑋) = 𝑋𝑋 =   𝑅𝑅𝑠𝑠(𝑋𝑋) , then 𝑋𝑋 is called semi-exact fuzzy set , otherwise 𝑋𝑋 is a semi-rough fuzzy set. 
 
Proposition: 3.1 Let 𝐺𝐺 = (𝑈𝑈,𝑅𝑅) be a generalized approximation space, for any fuzzy subset 𝑋𝑋 of 𝑈𝑈, then  
 
 𝑅𝑅𝑠𝑠(𝑋𝑋) =  𝑋𝑋 ∩ 𝑅𝑅(𝑅𝑅(𝑋𝑋)),     𝑅𝑅𝑠𝑠(𝑋𝑋) = 𝑋𝑋 ∪ 𝑅𝑅(𝑅𝑅(𝑋𝑋)) . 
 
Proof: Since 
𝑅𝑅𝑠𝑠(𝑋𝑋)(𝑥𝑥)  = ⋀ (y∈U 𝑋𝑋(𝑦𝑦),⋁ (⋀ 𝑋𝑋(𝑤𝑤)𝑤𝑤∈𝑧𝑧𝑅𝑅 ))𝑧𝑧∈𝑦𝑦𝑅𝑅   
     = ⋀ (y∈U 𝑋𝑋(𝑦𝑦),⋁ (𝑅𝑅(𝑋𝑋)(𝑧𝑧)))𝑧𝑧∈𝑦𝑦𝑅𝑅  
     = ⋀ (y∈U 𝑋𝑋(𝑦𝑦),𝑅𝑅(𝑅𝑅(𝑋𝑋)(𝑦𝑦))) 
     = (𝑋𝑋 ∩ 𝑅𝑅(𝑅𝑅(𝑋𝑋)))(𝑥𝑥) . 
 
Therefore 𝑅𝑅𝑠𝑠(𝑋𝑋) =  𝑋𝑋 ∩ 𝑅𝑅(𝑅𝑅(𝑋𝑋)) . 
 
In the same manner we can prove 𝑅𝑅𝑠𝑠(𝑋𝑋) = 𝑋𝑋 ∪ 𝑅𝑅(𝑅𝑅(𝑋𝑋)) . 
 
Remark: 3.1 If  𝑅𝑅 is an equivalence relation. There are 𝑥𝑥𝑅𝑅 = [𝑥𝑥]𝑅𝑅  ,  𝑅𝑅(𝑋𝑋) = 𝑅𝑅(𝑅𝑅(𝑋𝑋))  and 𝑅𝑅(𝑋𝑋) = 𝑅𝑅(𝑅𝑅(𝑋𝑋)) 
hold. Then  
        𝑅𝑅𝑠𝑠(𝑋𝑋) =  𝑋𝑋 ∩ 𝑅𝑅(𝑅𝑅(𝑋𝑋))  
       = 𝑋𝑋 ∩ 𝑅𝑅(𝑋𝑋) 
      =  𝑅𝑅(𝑋𝑋)  
 
And      𝑅𝑅𝑠𝑠(𝑋𝑋) = 𝑋𝑋 ∪ 𝑅𝑅(𝑅𝑅(𝑋𝑋)) 
      = 𝑋𝑋 ∪ 𝑅𝑅(𝑋𝑋) 
      = 𝑅𝑅(𝑋𝑋) 
 
Therefore, it is the rough fuzzy sets which are defined by Dubois [4].  
 
And if we take 𝑋𝑋 as a crisp set, we shall obtain the rough set in Pawlak approximation space [11]. 
 
Proposition: 3.2 Let 𝐺𝐺 = (𝑈𝑈,𝑅𝑅) be a generalized approximation space, for any fuzzy subsets 𝑋𝑋 and 𝑌𝑌 of 𝑈𝑈, the 
fuzzy semi-lower and fuzzy semi-upper approximation operators on 𝐺𝐺 have the following properties: 
𝑆𝑆𝐿𝐿1. 𝑅𝑅𝑠𝑠(𝑋𝑋) = (𝑅𝑅𝑠𝑠(𝑋𝑋𝑐𝑐))𝑐𝑐  . 
𝑆𝑆𝐿𝐿3. 𝑅𝑅𝑠𝑠(𝑋𝑋 ∩ 𝑌𝑌) ⊆ 𝑅𝑅𝑠𝑠(𝑋𝑋) ∩ 𝑅𝑅𝑠𝑠(𝑌𝑌) . 

𝑆𝑆𝐿𝐿4. 𝑅𝑅𝑠𝑠(𝑋𝑋 ∪ 𝑌𝑌) ⊇ 𝑅𝑅𝑠𝑠(𝑋𝑋) ∪ 𝑅𝑅𝑠𝑠(𝑌𝑌) . 

𝑆𝑆𝐿𝐿5. 𝑋𝑋 ⊆ 𝑌𝑌 ⟹  𝑅𝑅𝑠𝑠(𝑋𝑋) ⊆ 𝑅𝑅𝑠𝑠(𝑌𝑌) . 

𝑆𝑆𝐿𝐿6. 𝑅𝑅𝑠𝑠(∅) = ∅   . 

𝑆𝑆𝐿𝐿7. 𝑅𝑅𝑠𝑠(𝑋𝑋) ⊆ 𝑋𝑋 . 

𝑆𝑆𝑈𝑈1. 𝑅𝑅𝑠𝑠(𝑋𝑋) = (𝑅𝑅𝑠𝑠(𝑋𝑋𝑐𝑐))𝑐𝑐  . 
𝑆𝑆𝑈𝑈3. 𝑅𝑅𝑠𝑠(𝑋𝑋 ∪ 𝑌𝑌) ⊇ 𝑅𝑅𝑠𝑠(𝑋𝑋) ∪ 𝑅𝑅𝑠𝑠(𝑌𝑌) . 
𝑆𝑆𝑈𝑈4. 𝑅𝑅𝑠𝑠(𝑋𝑋 ∩ 𝑌𝑌) ⊆ 𝑅𝑅𝑠𝑠(𝑋𝑋) ∩ 𝑅𝑅𝑠𝑠(𝑌𝑌) . 
𝑆𝑆𝑈𝑈5. 𝑋𝑋 ⊆ 𝑌𝑌 ⟹  𝑅𝑅𝑠𝑠(𝑋𝑋) ⊆ 𝑅𝑅𝑠𝑠(𝑌𝑌) . 
𝑆𝑆𝑈𝑈6. 𝑅𝑅𝑠𝑠(𝑈𝑈) = 𝑈𝑈 . 
𝑆𝑆𝑈𝑈7. 𝑋𝑋 ⊆ 𝑅𝑅𝑠𝑠(𝑋𝑋) . 
𝑆𝑆𝐿𝐿𝑈𝑈. 𝑅𝑅𝑠𝑠(𝑋𝑋) ⊆ 𝑅𝑅𝑠𝑠(𝑋𝑋).  
 
Proof: The proof comes from Proposition 2.1 and Proposition 3.1 . 
 
In the above proposition the inclusion in 𝑆𝑆𝐿𝐿3 and 𝑆𝑆𝑈𝑈3 can not be replaced by equality in general as the following 
example illustrating: 
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Example: 3.1 Let 𝑈𝑈 = {𝑎𝑎 , 𝑏𝑏 , 𝑐𝑐} , 𝑅𝑅 ⊂ (𝑈𝑈 × 𝑈𝑈)  be a binary relation defined as 𝑅𝑅 = {(𝑎𝑎, 𝑏𝑏), (𝑎𝑎, 𝑐𝑐), (𝑏𝑏, 𝑎𝑎),  
(𝑏𝑏, 𝑏𝑏), (𝑐𝑐 , 𝑐𝑐)}, 𝑋𝑋 and  𝑌𝑌 are fuzzy subsets of 𝑈𝑈 defined as follows  
    𝑋𝑋(𝑎𝑎) = 0.1,   𝑋𝑋(𝑏𝑏) = 0.7,        𝑋𝑋(𝑐𝑐) = 0.8;  
   𝑌𝑌(𝑎𝑎) = 0.8,   𝑌𝑌(𝑏𝑏) = 0.3,        𝑌𝑌(𝑐𝑐) = 0.1. 
 
By easy computation it follows that 

𝑅𝑅𝑠𝑠(𝑋𝑋 ∩ 𝑌𝑌) ≠ 𝑅𝑅𝑠𝑠(𝑋𝑋) ∩ 𝑅𝑅𝑠𝑠(𝑌𝑌). 
As similar as we have 

𝑅𝑅𝑠𝑠(𝑋𝑋 ∪ 𝑌𝑌) ≠ 𝑅𝑅𝑠𝑠(𝑋𝑋) ∪ 𝑅𝑅𝑠𝑠(𝑌𝑌). 
 
The next proposition shows that the semi-lower and semi-upper approximations are proper generalization of the lower 
and upper approximations in the generalized approximation space. 
 
Proposition: 3.3 Let 𝐺𝐺 = (𝑈𝑈,𝑅𝑅) be a generalized approximation space with reflexive relation, for any fuzzy subset 𝑋𝑋 
of 𝑈𝑈 the following statements are true: 
(1) 𝑅𝑅(𝑋𝑋) ⊆ 𝑅𝑅𝑠𝑠(𝑋𝑋) ⊆ 𝑋𝑋 ⊆ 𝑅𝑅𝑠𝑠(𝑋𝑋) ⊆ 𝑅𝑅(𝑋𝑋) 
(2) Every exact fuzzy set is a semi-exact fuzzy set 
(3) Every semi-rough fuzzy set is a rough fuzzy set 
 
Proof: It is straightforward.   
 
Remark: 3.2 The converse of Proposition 3.3 need not be true. This can be shown by the following examples  
 
Example: 3.2 Let 𝑈𝑈 = {𝑎𝑎 , 𝑏𝑏 , 𝑐𝑐 ,𝑑𝑑 , 𝑒𝑒}, 𝑅𝑅 ⊂ (𝑈𝑈 × 𝑈𝑈) be a reflexive relation defined as 
𝑅𝑅 = {(𝑎𝑎, 𝑎𝑎), (𝑎𝑎, 𝑐𝑐), (𝑎𝑎,𝑑𝑑), (𝑏𝑏, 𝑏𝑏), (𝑏𝑏,𝑑𝑑), (𝑏𝑏, 𝑒𝑒), (𝑐𝑐, 𝑎𝑎), (𝑐𝑐, 𝑏𝑏), (𝑐𝑐, 𝑐𝑐), (𝑑𝑑, 𝑏𝑏), (𝑑𝑑, 𝑐𝑐), (𝑑𝑑,𝑑𝑑), (𝑒𝑒, 𝑎𝑎), (𝑒𝑒, 𝑐𝑐), (𝑒𝑒,𝑑𝑑), (𝑒𝑒, 𝑒𝑒)} and 
𝑋𝑋 be a fuzzy subset of 𝑈𝑈 defined as follows  

𝑋𝑋(𝑎𝑎) = 0.3,   𝑋𝑋(𝑏𝑏) = 0.9,   𝑋𝑋(𝑐𝑐) = 0.1,   𝑋𝑋(𝑑𝑑) = 0.5,   𝑋𝑋(𝑒𝑒) = 0.7. 
 
By easy computation it follows that 
 𝑅𝑅(𝑋𝑋) ≠ 𝑅𝑅𝑠𝑠(𝑋𝑋) ≠ 𝑋𝑋  also 𝑋𝑋 ≠ 𝑅𝑅𝑠𝑠(𝑋𝑋) ≠ 𝑅𝑅(𝑋𝑋).  
 
Example: 3.3 Let 𝑈𝑈 = {𝑎𝑎 , 𝑏𝑏 , 𝑐𝑐 ,𝑑𝑑 , 𝑒𝑒}, 𝑅𝑅 ⊂ (𝑈𝑈 × 𝑈𝑈) be a reflexive relation defined as 
𝑅𝑅 = {(𝑎𝑎, 𝑎𝑎), (𝑎𝑎, 𝑐𝑐), (𝑎𝑎,𝑑𝑑), (𝑎𝑎, 𝑒𝑒), (𝑏𝑏, 𝑏𝑏), (𝑐𝑐, 𝑎𝑎), (𝑐𝑐, 𝑏𝑏), (𝑐𝑐, 𝑐𝑐), (𝑐𝑐, 𝑒𝑒), (𝑑𝑑, 𝑎𝑎), (𝑑𝑑, 𝑏𝑏), (𝑑𝑑, 𝑐𝑐), (𝑑𝑑,𝑑𝑑), (𝑒𝑒, 𝑒𝑒)} and 𝑋𝑋 be a fuzzy 
subset of 𝑈𝑈 defined as follows  

𝑋𝑋(𝑎𝑎) = 0.2,   𝑋𝑋(𝑏𝑏) = 0.5,   𝑋𝑋(𝑐𝑐) = 0.3,   𝑋𝑋(𝑑𝑑) = 0.4,   𝑋𝑋(𝑒𝑒) = 0.2. 
 
By easy computation it follows that 

𝑅𝑅𝑠𝑠(𝑋𝑋) = 𝑋𝑋 = 𝑅𝑅𝑠𝑠(𝑋𝑋)  but  𝑅𝑅(𝑋𝑋) ≠ 𝑋𝑋 ≠ 𝑅𝑅(𝑋𝑋) . 
 
Thus 𝑋𝑋 is a semi exact fuzzy set but not exact fuzzy set, also it is rough fuzzy but not semi-rough fuzzy. 
 
Proposition: 3.4 Let 𝐺𝐺 = (𝑈𝑈,𝑅𝑅) be a generalized approximation space, then 
 𝑅𝑅 is serial  ⟺ 𝑆𝑆𝐿𝐿2. 𝑅𝑅𝑠𝑠(𝑈𝑈) = 𝑈𝑈, 
   ⟺ 𝑆𝑆𝑈𝑈2. 𝑅𝑅𝑠𝑠(∅) = ∅. 
 
Proposition: 3.5 Let 𝐺𝐺 = (𝑈𝑈,𝑅𝑅) be a generalized approximation space, then the properties 𝑆𝑆𝐿𝐿9. 𝑅𝑅𝑠𝑠(𝑅𝑅𝑠𝑠(𝑋𝑋)) = 𝑅𝑅𝑠𝑠(𝑋𝑋)  
and 𝑆𝑆𝑈𝑈9. 𝑅𝑅𝑠𝑠(𝑅𝑅𝑠𝑠(𝑋𝑋)) = 𝑅𝑅𝑠𝑠(𝑋𝑋) ∀𝑋𝑋 ∈ 𝐹𝐹(𝑈𝑈) are hold  if one of the following are hold: 
(1) 𝑅𝑅 is symmetric relation. 
(2) 𝑅𝑅 is serial and transitive relation. 
(3) 𝑅𝑅 is serial and Euclidean relation. 
 
The proofs of the above two propositions come directly from Proposition 2.2 and Proposition 3.1. 
 
Definition: 3.2 Let  𝐺𝐺 = (𝑈𝑈,𝑅𝑅) be a generalized approximation space, 𝑋𝑋 and 𝑌𝑌 are two fuzzy subsets of 𝑈𝑈. If 
𝑅𝑅𝑠𝑠(𝑋𝑋) = 𝑅𝑅𝑠𝑠(𝑌𝑌), then we called 𝑋𝑋 is semi-lower rough fuzzy equal to 𝑌𝑌, denote as  𝑋𝑋 ~�  𝑌𝑌. If  𝑅𝑅𝑠𝑠(𝑋𝑋) = 𝑅𝑅𝑠𝑠(𝑌𝑌), then 
we called 𝑋𝑋 is semi-upper rough fuzzy equal to 𝑌𝑌, denote as 𝑋𝑋 ≅ 𝑌𝑌. If 𝑋𝑋 is both semi-lower and semi-upper rough 
fuzzy equal to 𝑌𝑌, then it called 𝑋𝑋 semi-rough fuzzy equal to 𝑌𝑌, denote as 𝑋𝑋 ≈ 𝑌𝑌. 
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Proposition: 3.6 Let 𝐺𝐺 = (𝑈𝑈,𝑅𝑅) be a generalized approximation space, for any fuzzy sets 𝑋𝑋 and 𝑌𝑌, they have the 
following properties: 
(1) If 𝑋𝑋 ~�  ∅ or 𝑌𝑌 ~�  ∅ , then (𝑋𝑋 ∩ 𝑌𝑌)~�  ∅ . 
(2) If 𝑋𝑋 ≅ 𝑈𝑈 or 𝑌𝑌 ≅ 𝑈𝑈 , then (𝑋𝑋 ∪ 𝑌𝑌) ≅ 𝑈𝑈 .  
(3) If 𝑋𝑋 ⊆ 𝑌𝑌 and 𝑌𝑌 ~�  ∅ , then 𝑋𝑋 ~�  ∅ . 
(4) If 𝑋𝑋 ⊆ 𝑌𝑌 and 𝑋𝑋 ≅ 𝑈𝑈 , then 𝑌𝑌 ≅ 𝑈𝑈 . 
 
Proof: Obvious. 
 
The next propositions examine the connection between the semi-lower and semi-upper approximation operators on the 
one hand and between some special types of relations on the other.  
 
Proposition: 3.7 Let 𝐺𝐺 = (𝑈𝑈,𝑅𝑅) be a generalized approximation space with symmetric relation, for any fuzzy subset 
𝑋𝑋 of 𝑈𝑈 the following statements are hold: 
(1) 𝑅𝑅𝑠𝑠(𝑋𝑋) = 𝑅𝑅(𝑅𝑅(𝑋𝑋)); 𝑅𝑅𝑠𝑠(𝑋𝑋) = 𝑅𝑅(𝑅𝑅(𝑋𝑋)).  
(2) 𝑅𝑅(𝑅𝑅𝑠𝑠(𝑋𝑋)) = 𝑅𝑅(𝑋𝑋); 𝑅𝑅(𝑅𝑅𝑠𝑠(𝑋𝑋)) = 𝑅𝑅(𝑋𝑋). 
(3) 𝑅𝑅𝑠𝑠(𝑅𝑅(𝑋𝑋)) = 𝑅𝑅(𝑋𝑋); 𝑅𝑅𝑠𝑠(𝑅𝑅(𝑋𝑋)) = 𝑅𝑅(𝑋𝑋). 
(4) 𝑅𝑅(𝑅𝑅(𝑋𝑋)) ⊆ 𝑅𝑅𝑠𝑠(𝑅𝑅𝑠𝑠(𝑋𝑋)) ⊆ 𝑅𝑅(𝑅𝑅(𝑋𝑋)) ; 𝑅𝑅(𝑅𝑅(𝑋𝑋)) ⊆ 𝑅𝑅𝑠𝑠(𝑅𝑅𝑠𝑠(𝑋𝑋)) ⊆ 𝑅𝑅(𝑅𝑅(𝑋𝑋)). 
 
Proposition: 3.8 Let 𝐺𝐺 = (𝑈𝑈,𝑅𝑅) be a generalized approximation space with serial and transitive relation, for any 
fuzzy subset 𝑋𝑋 of 𝑈𝑈 the following statements are hold: 
(1) 𝑅𝑅𝑠𝑠(𝑅𝑅(𝑋𝑋)) = 𝑅𝑅(𝑋𝑋); 𝑅𝑅𝑠𝑠(𝑅𝑅(𝑋𝑋)) = 𝑅𝑅(𝑋𝑋). 
(2) 𝑅𝑅(𝑅𝑅𝑠𝑠(𝑋𝑋)) = 𝑅𝑅(𝑋𝑋); 𝑅𝑅(𝑅𝑅𝑠𝑠(𝑋𝑋)) = 𝑅𝑅(𝑋𝑋). 
(3) 𝑅𝑅𝑠𝑠(𝑅𝑅(𝑋𝑋)) = 𝑅𝑅(𝑅𝑅(𝑅𝑅(𝑋𝑋))); 𝑅𝑅𝑠𝑠(𝑅𝑅(𝑋𝑋)) = 𝑅𝑅(𝑅𝑅(𝑅𝑅(𝑋𝑋))). 
(4) 𝑅𝑅(𝑅𝑅𝑠𝑠(𝑋𝑋)) = 𝑅𝑅(𝑅𝑅(𝑅𝑅(𝑋𝑋))); 𝑅𝑅(𝑅𝑅𝑠𝑠(𝑋𝑋)) = 𝑅𝑅(𝑅𝑅(𝑅𝑅(𝑋𝑋)). 
(5) 𝑅𝑅(𝑅𝑅(𝑋𝑋)) ⊆ 𝑅𝑅𝑠𝑠(𝑅𝑅𝑠𝑠(𝑋𝑋)) ⊆ 𝑅𝑅(𝑅𝑅(𝑅𝑅(𝑋𝑋); 𝑅𝑅(𝑅𝑅(𝑅𝑅(𝑋𝑋))) ⊆ 𝑅𝑅𝑠𝑠(𝑅𝑅𝑠𝑠(𝑋𝑋)) ⊆ 𝑅𝑅(𝑅𝑅(𝑋𝑋)) 
(6) 𝑅𝑅𝑠𝑠(𝑅𝑅(𝑋𝑋)) ⊆ 𝑅𝑅𝑠𝑠(𝑅𝑅𝑠𝑠(𝑋𝑋)) ⊆ 𝑅𝑅(𝑅𝑅𝑠𝑠(𝑋𝑋)); 𝑅𝑅(𝑅𝑅𝑠𝑠(𝑋𝑋)) ⊆ 𝑅𝑅𝑠𝑠(𝑅𝑅𝑠𝑠(𝑋𝑋)) ⊆ 𝑅𝑅𝑠𝑠(𝑅𝑅(𝑋𝑋)) . 
 
Proposition: 3.9 Let 𝐺𝐺 = (𝑈𝑈,𝑅𝑅) be a generalized approximation space with serial and Euclidean relation, for any 
fuzzy subset 𝑋𝑋 of 𝑈𝑈 the following statements are hold: 
(1) 𝑅𝑅𝑠𝑠(𝑅𝑅(𝑋𝑋)) = 𝑅𝑅(𝑅𝑅(𝑅𝑅(𝑋𝑋))); 𝑅𝑅𝑠𝑠(𝑅𝑅(𝑋𝑋)) = 𝑅𝑅(𝑅𝑅(𝑅𝑅(𝑋𝑋))). 
(2) 𝑅𝑅(𝑅𝑅𝑠𝑠(𝑋𝑋)) = 𝑅𝑅(𝑅𝑅(𝑅𝑅(𝑋𝑋))); 𝑅𝑅(𝑅𝑅𝑠𝑠(𝑋𝑋)) = 𝑅𝑅(𝑅𝑅(𝑅𝑅(𝑋𝑋)))   
(3) 𝑅𝑅𝑠𝑠(𝑅𝑅(𝑋𝑋)) = 𝑅𝑅(𝑋𝑋); 𝑅𝑅𝑠𝑠(𝑅𝑅(𝑋𝑋)) = 𝑅𝑅(𝑋𝑋). 
(4) 𝑅𝑅(𝑅𝑅𝑠𝑠(𝑋𝑋)) = 𝑅𝑅(𝑅𝑅(𝑋𝑋)); 𝑅𝑅(𝑅𝑅𝑠𝑠(𝑋𝑋)) = 𝑅𝑅(𝑅𝑅(𝑋𝑋)). 
(5) 𝑅𝑅𝑠𝑠(𝑅𝑅𝑠𝑠(𝑋𝑋)) = 𝑅𝑅𝑠𝑠(𝑋𝑋); 𝑅𝑅𝑠𝑠(𝑅𝑅𝑠𝑠(𝑋𝑋)) = 𝑅𝑅𝑠𝑠(𝑋𝑋). 
 
The above three propositions could be proven by from Propositions 2.1, 2.2, 2.3, 3.1 and Proposition 3.2. 
 
In general, the inclusion can not be replaced by equality in the property (4) of Proposition 3.7 and the properties (5) and 
(6) of Proposition 3.8. This can be shown by the following examples: 
 
Example:3.4 Let 𝑈𝑈 = {𝑎𝑎 , 𝑏𝑏 , 𝑐𝑐 ,𝑑𝑑 , 𝑒𝑒}, 𝑅𝑅 ⊂ (𝑈𝑈 × 𝑈𝑈) be a symmetric relation defined as 𝑅𝑅 = {(𝑎𝑎, 𝑎𝑎), (𝑎𝑎, 𝑏𝑏), (𝑎𝑎, 𝑒𝑒), 
(𝑏𝑏, 𝑎𝑎), (𝑏𝑏, 𝑏𝑏), (𝑏𝑏, 𝑐𝑐), (𝑏𝑏,𝑑𝑑), (𝑐𝑐, 𝑏𝑏), (𝑐𝑐, 𝑐𝑐), (𝑑𝑑, 𝑏𝑏), (𝑑𝑑,𝑑𝑑), (𝑒𝑒, 𝑎𝑎), (𝑒𝑒, 𝑒𝑒)} and 𝑋𝑋 be a fuzzy subset of 𝑈𝑈 defined as follows  

𝑋𝑋(𝑎𝑎) = 0.5,   𝑋𝑋(𝑏𝑏) = 0.2,   𝑋𝑋(𝑐𝑐) = 0.7,   𝑋𝑋(𝑑𝑑) = 0.1,   𝑋𝑋(𝑒𝑒) = 0.8. 
 
By easy computation it follows that 
𝑅𝑅(𝑅𝑅(𝑋𝑋)) ≠ 𝑅𝑅𝑠𝑠(𝑅𝑅𝑠𝑠(𝑋𝑋)) ≠ 𝑅𝑅(𝑅𝑅(𝑋𝑋)), 
𝑅𝑅(𝑅𝑅(𝑋𝑋)) ≠ 𝑅𝑅𝑠𝑠(𝑅𝑅𝑠𝑠(𝑋𝑋)) ≠ 𝑅𝑅(𝑅𝑅(𝑋𝑋)) . 
 
Example: 3.5 Let 𝑈𝑈 = {𝑎𝑎 , 𝑏𝑏 , 𝑐𝑐 ,𝑑𝑑 , 𝑒𝑒}, 𝑅𝑅 ⊂ (𝑈𝑈 × 𝑈𝑈) be  serial and transitive relation defined as 
𝑅𝑅 = {(𝑎𝑎, 𝑎𝑎), (𝑎𝑎, 𝑏𝑏), (𝑎𝑎, 𝑐𝑐), (𝑏𝑏, 𝑏𝑏), (𝑐𝑐, 𝑐𝑐), (𝑑𝑑, 𝑏𝑏), (𝑑𝑑, 𝑐𝑐), (𝑑𝑑,𝑑𝑑), (𝑑𝑑, 𝑒𝑒) (𝑒𝑒, 𝑏𝑏), (𝑒𝑒, 𝑒𝑒)}  and 𝑋𝑋  be a fuzzy subset of 𝑈𝑈 
defined as follows  

𝑋𝑋(𝑎𝑎) = 0.2,   𝑋𝑋(𝑏𝑏) = 0.5,   𝑋𝑋(𝑐𝑐) = 0.3,   𝑋𝑋(𝑑𝑑) = 0.7,   𝑋𝑋(𝑒𝑒) = 0.1. 
 
By easy computation it follows that 
𝑅𝑅(𝑅𝑅(𝑋𝑋)) ≠ 𝑅𝑅𝑠𝑠(𝑅𝑅𝑠𝑠(𝑋𝑋)) ≠ 𝑅𝑅(𝑅𝑅(𝑅𝑅(𝑋𝑋))), 𝑅𝑅(𝑅𝑅(𝑅𝑅(𝑋𝑋))) ≠ 𝑅𝑅𝑠𝑠(𝑅𝑅𝑠𝑠(𝑋𝑋)) ≠ 𝑅𝑅(𝑅𝑅(𝑋𝑋)), 
𝑅𝑅𝑠𝑠(𝑅𝑅(𝑋𝑋)) ≠ 𝑅𝑅𝑠𝑠(𝑅𝑅𝑠𝑠(𝑋𝑋)) ≠ 𝑅𝑅(𝑅𝑅𝑠𝑠(𝑋𝑋) and 𝑅𝑅(𝑅𝑅𝑠𝑠(𝑋𝑋)) ≠ 𝑅𝑅𝑠𝑠(𝑅𝑅𝑠𝑠(𝑋𝑋)) ≠ 𝑅𝑅𝑠𝑠(𝑅𝑅(𝑋𝑋)). 
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4. FUZZY TOPOLOGICAL CONCEPTS ON SEMI-APPROXIMATIONS 
 
The purpose of this section is to study the relationships between fuzzy semi-approximation operators and fuzzy 
pretopolgical spaces. It will be shown in this section that for a relation being serial and transitive it is enough to ensure 
that the semi-lower approximation and semi-upper approximation operators are fuzzy semi-interior and fuzzy 
semi-closure operators respectively. 
 
Definition: 4.1[3] A fuzzy pretopological space is a pair(𝑈𝑈, 𝑐𝑐𝑐𝑐), where 𝑈𝑈 is any set, and 𝑐𝑐𝑐𝑐 ∶ 𝐹𝐹(𝑈𝑈) → 𝐹𝐹(𝑈𝑈) is a 
function, which verifies: 
(P1) : 𝑐𝑐𝑐𝑐(∅) = ∅. 
(P2) : 𝑐𝑐𝑐𝑐(𝑋𝑋) ⊇ 𝑋𝑋, ∀𝑋𝑋 ∈ 𝐹𝐹(𝑈𝑈). 
 
Definition: 4.2[3] Let (𝑈𝑈, 𝑐𝑐𝑐𝑐) be a fuzzy pretopological space, and consider the following properties : 
(P3) : 𝑋𝑋 ⊆ 𝑌𝑌 ⟹  𝑐𝑐𝑐𝑐(𝑋𝑋) ⊆ 𝑐𝑐𝑐𝑐(𝑌𝑌), ∀𝑋𝑋,𝑌𝑌 ∈ 𝐹𝐹(𝑈𝑈). (𝑈𝑈, 𝑐𝑐𝑐𝑐) is then said to be of type I. 
(P4) : 𝑐𝑐𝑐𝑐(𝑋𝑋 ∪ 𝑌𝑌) = 𝑐𝑐𝑐𝑐(𝑋𝑋) ∪ 𝑐𝑐𝑐𝑐(𝑌𝑌), ∀𝑋𝑋,𝑌𝑌 ∈ 𝐹𝐹(𝑈𝑈). (𝑈𝑈, 𝑐𝑐𝑐𝑐) is then said to be of type D. 
(P5) 𝑐𝑐𝑐𝑐(𝑐𝑐𝑐𝑐(𝑋𝑋)) = 𝑐𝑐𝑐𝑐(𝑋𝑋), ∀𝑋𝑋 ∈ 𝐹𝐹(𝑈𝑈). (𝑈𝑈, 𝑐𝑐𝑐𝑐) is then said to be of type S. 
 
Proposition: 4.1 Let  𝐺𝐺 = (𝑈𝑈,𝑅𝑅) be a generalized approximation space. Then (𝑈𝑈,𝑅𝑅𝑠𝑠) is a fuzzy pretopological space 
of type I if 𝑅𝑅 is serial relation. 
 
Proof:. Clear by Proposition 3.2, Proposition 3.4, Definition 4.1 and Definition 4.2. 
  
Proposition: 4.2 Let  𝐺𝐺 = (𝑈𝑈,𝑅𝑅) be a generalized approximation space. Then (𝑈𝑈,𝑅𝑅𝑠𝑠) is a fuzzy pretopological space 
of type I and S if one of the following are hold: 
(1) 𝑅𝑅 is symmetric relation. 
(2) 𝑅𝑅 is serial and transitive relation. 
(3) 𝑅𝑅 is serial and Euclidean relation. 
 
Proof: Obvious. 
 
Proposition: 4.3 Let  𝐺𝐺 = (𝑈𝑈,𝑅𝑅)  be a generalized approximation space. Then the operators 𝑅𝑅𝑠𝑠  and  𝑅𝑅𝑠𝑠  are 
respectively the fuzzy semi-interior and the fuzzy semi-closure operators of the fuzzy topology on 𝑈𝑈 iff the relation 𝑅𝑅 
is serial and transitive. 
 
Proof: Straightforward by propositions 3.2, 3.4, 3.5 and properties of fuzzy semi-interior and fuzzy semi-closure. 
 
5. CONCLUSION 
 
In this paper, we used topological concepts to introduce a new generalization of rough fuzzy sets .Employing the notion 
of binary relations has provided a definition of a pair of fuzzy semi-lower and fuzzy semi-upper generalized 
approximation operators. The paper examines the connections between relations and fuzzy semi-approximations 
operators and concludes by studying the relationships between fuzzy semi-approximation spaces and fuzzy 
pretopological spaces.  
 
REFERENCES  
 
[1]  Abo-Tabl E.A., (2011). ''A comparison of two kinds of definitions of rough approximations based on a similarity 

relation'', Information Sciences 181: 2587–2596. 
[2]  Abu-Donia H.M., (2008). ''Comparison between different kinds of approximations by using a family of binary 

relations'', Knowledge-Based Systems 21: 911–919. 
[3]  Badard R., (1981), ''Fuzzy pretopological spaces and their representation'', J. Math. Anal. Appl. 81: 378-390. 
[4]  Dubois D. and H. Prade, (1990) ''Rough fuzzy sets and fuzzy rough sets'', International Journal of General 

Systems 17 (2–3): 191–209. 
[5]  Kondo M., (2005) ''On the structure of generalized rough sets'', Information Sciences 176 (5): 589–600. 
[6]  Kryszkiewicz M., (1998) ‘‘Rough set approach to incomplete information systems'', Information Sciences 112: 

39–49. 
[7]  Li T.-J., (2008) ''Fuzzy extensions of rough approximations based in relations'', In the 5th International 

Conference on Fuzzy Systems and Knowledge Discovery pp. 266-270. 
[8]  Liu G. and W. Zhu, (2008) ''The algebraic structures of generalized rough set theory'', Information Sciences 178 

(21) 4105–4113. 
[9]  Liu G. and Y. Sai, (2010) ''Invertible approximation operators of generalized rough sets and fuzzy rough sets'', 

Information Sciences 180: 2221–2229. 



M. E. Abd El-Monsef, A. S. Salama, M. A. El-Gayar and R. M. Aqeel*/ Generalization of Rough Fuzzy Sets using Semi- 
Approximation/ IJMA- 4(12), Dec.-2013. 

© 2013, IJMA. All Rights Reserved                                                                        86   

 
[10]  Ouyang Y., Z. Wang and H.-P. Zhang, (2010) ''On fuzzy rough sets based on tolerance relations'', Information 

Sciences 180 532–542. 
[11]  Pawlak Z., (1982) ''Rough sets'', International Journal of Computer and Information Science 11 341–356. 
[12]  Pei D., (2005) ''A generalized model of fuzzy rough sets, international journal of general systems'', 34 603-613. 
[13]  Skowron A. and J. Stepaniuk, (1996) ''Tolerance approximation spaces'', Fundamenta Informaticae 27 245–253. 
[14]  Slowinski R. and D. Vanderpooten, (2000) ''A generalized definition of rough approximations based on 

similarity'', IEEE Transactions on Knowledge and Data Engineering 12 (2) 331–336. 
[15]  Sun B. and Z. Gong, (2008) ''Rough fuzzy sets in generalized approximation space'', In the 5th International 

Conference on Fuzzy Systems and Knowledge Discovery pp. 416-420. 
[16]  Wu W.-Z., J.-S. Mi and W.-X. Zhang, (2003) ''Generalized fuzzy rough sets'', Information Sciences 151 263–282. 
[17]  Wu W.-Z., Y. Leung and J.-S. Mi, (2005) ''On characterizations of (I,T)-fuzzy rough approximation operators'', 

Fuzzy Sets and Systems 154 (1) 76–102. 
[18]  Wu W.-Z. and W.-X. Zhang, (2004) ''Constructive and axiomatic approaches of fuzzy approximation operators'', 

Information Sciences 159 (3–4) 233–254. 
[19]  Yang X., M. Zhang, H. Dou and J. Yang, (2011) ''Neighborhood systems-based rough sets in incomplete 

information system'', Knowledge-Based Systems 24 858–867. 
[20]  Yao Y., (1998) ''On generalizing Pawlak approximation operators'', in: LNAI, vol. 1424: 298–307. 
[21]  Yao Y., (1998) ''Relational interpretations of neighborhood operators and rough set approximation operators'', 

Information Sciences 101: 239–259. 
[22]  Yao Y., (1996) ''Two views of the theory of rough sets in finite universes'', International Journal of 

Approximation Reasoning, 15: 291-317. 
[23]  Zhu W., (2007) ''Generalized rough sets based on relations'', Information Sciences 177: 4997–5011. 
[24]  Zhu W., (2009) ''Relationship between generalized rough sets based on binary relation and covering'', 

Information Sciences 179: 210–225. 
[25]  Zhu W.  and F.-Y. Wang, (2006), ''Binary relation based rough sets'', in: IEEE FSKD LNAI, vol. 4223, 2006, 

pp. 276–285. 
 

Source of support: Nil, Conflict of interest: None Declared

 
 

 


