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ABSTRACT 
In the present paper the unsteady magnetohydrodynamic flow of a dusty electrically conducting visco-elastic [Oldroyd 
(1958) model] fluid through a long uniform channel, whose cross-section is a curvilinear quadrilateral bounded by the 
arc and radii of two concentric circles under the influence of time dependent pressure gradient and a uniform magnetic 
field applied perpendicularly to the flow of fluid has been studied. Analytical expressions for the velocities of the 
conducting liquid and non-conducting dust particles are obtained by the application of integral transforms. Some 
particular cases for pressure gradient have been discussed in detail. The results for dusty conducting visco-elastic 
(Kuvshiniski type) fluid, dusty conducting visco-elastic (Rivlin-Ericksen type) fluid and purely conducting dusty viscous 
fluid have also been deduced by taking limits (i) 01 →µ ,(ii) 01 →λ and (iii) 01 →µ , 01 →λ respectively. If 
magnetic field is withdrawn i.e. 0→M , all corresponding results can be obtained. 
 
 
INTRODUCTION 
 
In hydromagnetic flow of fluid we study of the flow of electrically conducting fluid in presence of Maxwell 
electromagnetic field. The flow of conducting fluid is effectively changed by the presence of the magnetic field and the 
magnetic field is also perturbed due to the motion of the conducting fluid. This phenomena is therefore interlocking in 
character and the discipline of this branch of science is called magnetohydrodynamics and in short written as MHD. It 
is equally rich and wider applications in Engineering technology, Cosmology, Astrophysics and other applied sciences. 
 
In recent years, interests in solving the problems of flow of dusty viscous and visco-elastic fluids have increased 
enormously for its great importance in technological areas such as petroleum industry, environmental pollution, 
purification of crude oil, fluidization, soil salvation by natural winds and so on. Saffman (1962) studied the stability for 
the laminar flow of a dusty gas with uniform distribution of dust particles. Using Saffman’s model equations several 
researchers such as Bagchi and Maiti (1980); Singh and Singh (1989); Kumar and Singh (1990); Singh and Singh 
(1990); Chaudhary and Singh (1990, 1991); Garg, Shrivastava and Singh (1994); Johari and Gupta (1999); Das (2004, 
2005); Singh, Gupta and Varshney (2005); Jadon, Jha and Yadav (2006); Singh (2009); Singh (2010); Agrawal, 
Agrawal and Varshney (2012); Agrawal and Singh (2012) etc. have studied the unsteady flow of dusty visco-elastic 
fluid though channels of various cross-sections under the influence of transverse uniform magnetic field and time 
dependent pressure gradient. 
 
The aim of this paper is to discuss the hydromagnetic unsteady flow of a dusty electically conducting visco-elastic 
Oldroyd (1958) type fluid through a long uniform channel, whose cross-section is a curvilinear quadrilateral bounded 
by the arcs and radii αθθ == ,0 , of two concentric circles )(,, abbrar >== under the influence of time 
dependent pressure gradient and variable magnetic field applied perpendicularly to the flow of fluid. Dust particles are 
non-conducting small in size distributed uniformly in the electrically conducting fluid.  Analytical expressions for the 
velocity of visco-elastic fluid and dust particles are obtained by the application of integral transforms. Two particular 
cases for pressure gradient have been discussed in detail. The results for dusty visco-elastic Kuvshiniski type fluid, 
dusty visco-elastic Rivlin-Ericksen type fluid and purely dusty viscous fluid under the influence of magnetic field have 
also been deduced by taking limits (i) 01 →µ ,(ii) 01 →λ and (iii) 01 →µ , 01 →λ respectively. If magnetic field 
is withdrawn i.e. 0→M , all corresponding results can be obtained. 
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FORMULATION OF THE PROBLEM AND SOLUTION 
 
Consider the cylindrical-polar coordinates ),,( zr θ with the z-axis along the axis of the channel. Let Zr uuu ,, θ  and 

,,, Zr vvv θ be the components of fluid velocity u and velocity of dust particles v in the radial, tangential and axial 
directions respectively. Since dusty visco-elastic fluid flowing in the direction of z-axis through a long uniform 
channel, therefore 
 

0, 0, ( , )r Z Zu u u u r tθ= = =  
 

0, 0, ( , )r Z Zv v v v r tθ= = =  
 
The effects due to perturbation of the flow and due to induced magnetic field have been neglected. 
 
Following Saffman (1962) the equations of motion of dusty visco-elastic Oldroyd type fluid under the influence of time 
dependent pressure gradient and the uniform magnetic field applied normally to the flow of field i.e., in perpendicular 
direction of z-axis, are given by 
 

2 2

1 1 1 2 2 2

1 1 11 1 1z z z zu u u up
t t t z t r r r r

λ λ υ µ
ρ θ

 ∂ ∂ ∂ ∂∂ ∂ ∂ ∂     + = − + + + + +      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      
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t t
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                                                      (1) 

 

( )zz
z vuk
t

vm −=
∂
∂

                                                   (2) 

 
where p is the fluid pressure, k the stoke’s resistance coefficients, m the mass of a particle, 0N the number density of 

the particles, 







=

ρ
µυ the Kinematic coefficient of viscosity, µ the coefficient of viscosity, ρ the density of the 

fluid, 0B the magnetic inductivity and σ is the electric conductivity of  the fluid. 
 
Introducing the following non-dimensional quantities: 
 

2
* * * * * * * *

1 1 1 12 2 2 2, , , , , , ,z z
a a r z au u v v r z t t p p

a a a a a
υ υ υλ λ µ µ

υ υ ρυ
= = = = = = = =  

 
in equations (1)  and (2), we get after dropping the stars: 
 

2 2
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t t t z t r r r r

λ λ µ
θ
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                                       ( ) 2
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The initial and boundary conditions are: 
 

0, ( , , ) 0 ( , , )t u r t v r tθ θ= = =                                                                  (5) 
 

0, ( , , ) 0 ( , , ) 1 1, 0

( , , ) 0 ( , , ) 0 , 1

bt u r t v r t for r and r c
a

u r t v r t for and r c

θ θ θ α

θ θ θ θ α

> = = = = = > ≤ ≤ 

= = = = ≤ ≤ 

                                            (6) 

 

Let φ
π
αθ =  and )(tf

z
p
=

∂
∂

− , equations (3) and (4) reduced to  

 
2 2 2

1 1 1 2 2 2 2

11 1 ( ) 1u u u uf t
t t t t r r r r

πλ λ µ
α ϕ
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1 11 1v u M u

t t
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                                                                           (7) 
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1

                                                                               (8) 

 
The conditions (5) and (6) become 
 

0, ( , , ) 0 ( , , )t u r t v r tϕ ϕ= = =                                                                (9) 
 

0, ( , , ) 0 ( , , ) 1 , 0
( , , ) 0 ( , , ) 0 , 1

t u r t v r t for r and r c
u r t v r t for and r c

ϕ ϕ ϕ π
ϕ ϕ ϕ ϕ π

> = = = = ≤ ≤ 
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                                                         (10) 

 
For solving equation (7) and (8) apply finite Fourier sine transform 
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∫=
π

φφφ
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sin),,( dqtruu n  [Finite Fourier Sine transform] 
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Now taking finite Hankel transform of equations (11) and (12) subject to boundary conditions 0,Hu =  

0 0Hv at t= = , we get 
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( ) ( )drrBrvvdrrBruu i
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NHi
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11

,    [Finite Hankel transform] 

 
( ) ( ) ( ) ( ) ( ) iiNiNiNiNiN rYJYrJrB ξξξξξξ ,−= are the roots of the equation: 

 
( ) ( ) ( ) ( ) 0=− cYJYcJ iNiNiNiN ξξξξ  

 
and ( ) ( )rYrJ iNiN ξξ , are the Bessel functions of first and second kinds of order N respectively. 
 
Taking Laplace transform of equations (13) and (14), we obtain 
 

( ) ( ) ( ) ( )( ) ( ) HHHHi
n

H usMuvsussfs
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uss 1
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11
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where HH vu ,  and )(sf  are the Laplace transforms of HH vu , and f(t) respectively, and  
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c

iN drrBr
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Solving equations (15) and (16) for HH vandu , we get 
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Now to obtain u and v from equation (17) and (18) we first invert Laplace transform by inversion theorem, apply 
inversion formula of Hankel transform and then inversion of finite Fourier sine transform, we get velocities of fluid and 
the dust particles: 
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where j

nS are the roots of cubic equation: 
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PARTICULAR CASES 
 

I. When pressure gradient is constant i.e. Ctf =)( , From equations (19) and (20), we get 
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II. When pressure gradient is exponentially decreasing function of time i.e.  

 
tCetf ω−=)( . 

 
From equations (19) and (20), we get 
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DEDUCTIONS 
(i) Taking limit 01 →µ , all expressions for conducting dusty visco-elastic Kuvshiniski type fluid are obtained. 

(ii) Taking limit 01 →λ , all expressions for conducting dusty visco-elastic Rivlin-Ericksen fluid are obtained. 

(iii) Taking limit 01 →µ , 01 →λ , all expressions for purely conducting dusty viscous fluid are obtained. 

(iv) Taking limit 00 →B i.e. magnetic field withdrawn, all expressions for dusty visco-elastic Oldroyd type fluid can 
be obtained. 

(v) If mass of dust particles are very small, their influence on the fluid flow is reduced i.e. if limit 0→m , all the 
corresponding results are obtained for visco-elastic Oldroyd type fluid in presence of variable magnetic field. 
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