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ABSTRACT

We investigate numerical-closed form solution to higher order generalized difference equation to find the value of
discrete beta series in terms of discrete gamma factorial function. Examples are inserted to illustrate our main results.
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1. INTRODUCTION

The Fractional Calculus is currently a very important research field in several different areas: physics (including
classical and quantum mechanics and thermo dynamics), chemistry, biology, economics and control theory ([6], [7],
[81, [9], [10]). In 1989, K.S.Miller and Ross [5] introduced the discrete analogue of the Riemann-Liouville fractional
derivative and proved some properties of the fractional difference operator. The main definition of fractional difference

equation (as done in [5]) is the v fractional sum of f (t) by

t—v 1—‘
A‘Vf(t):rl S 9 g (), W

(v) s=a = (t-s—(v-1)

where v > 0. On the other hand, when v = m is a positive integer, if we replace f(t) by u(k) and A by A,, (as
given in definition 2.8 of [5]) then (1) becomes

[k} (r 1)(m 1)

A"u(k) = Z

. u(k —ro), 2)

where (r=1)"Y =(r-1)(r-2)---(r —-m+1) and [%} is the integer part of %which is a numerical solution

of the generalized higher order difference equation

Av(k) = u(k),k € [0,c0),£ > 0. ®)
Now (2) is very useful to derive many interesting results in a different way, such as the sum of the m" partial sums to
the n™ powers and the products of N consecutive terms of arithmetic and geometric progressions [4].

In this paper, we define the discrete beta functions and obtain the value of beta series in terms of discrete gamma
factorial function by numerical-closed form solution of (3).
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2. PRELIMINARIES
Before stating and proving our results, we present some notations, basic definitions and preliminary results which will

. k k
be useful for further subsequent discussions. Throughout this paper, let £ > 0,k €[0, ), j =k —{Z}ﬁ where {z}

k
denotes the integer part of " and N(a) ={a,a+1,a+2,--}.

For pe N(1), we denote A,°u(k) ||'(‘p_1)(+j = A;,l(-'-A;l(A;lu(k) |lj)|lf(+, "')|'((p,1)4+j, where A'u(k) |‘j =
u, ()5 = Au(k) - AU, A (A uk) )

|€+j

=u,(k) |'2,+j = AU, (K) —A;'u, (£ + j), and so on are closed
form solutions of (3) for v =1,2,---, p respectively.

Definition: 2.1 [3] For a real valued function u(K), the generalized difference operator A, and its inverse are
respectively defined as

Au(k) =u(k+7¢)—u(k), k €[0,0), £ € (0,0), 4

and if A V(k) = u(k), then v(k) = Aj'u(k) +c; (5)
where C; isaconstantforall kK e N, (j) = {j, ¢+ ],20+ j,--}.

Definition: 2.2 [6] For K,n € (0,), the ¢ -factorial function is defined by

F(;+1j
k;n) — gn

AL/ (6)
k
[ —+1-n
1
. : ™ = (o (n = 1L
where I" is the Euler gamma function and when /=1, k™ =k and we denote k,™ = ok
4
Remark: 2.3 Whenn € N(l), (6) and its A, difference becomes,
n-1
k™M = H(k —t/) and hence A, k™ = (nf)k"™. 7)
t=0

Leemma: 2.4 [3] Let Sg and S; are the Stirling numbers of the first and second kinds respectively, Sg = Sg =1 and

SS=S§=0=S§ =S, if = 0. Thenfor n e N(0),

n n k(Q+V)
k™M =>"s"¢" k9, k" =)'S"" Kk and Ak = ——L—— (8)
¢ qZ:(; q qZ:; q t (q_,_v)(V)gv
is a closed form solution of (3) for u(k) = k.
Definition: 2.5 [3] Let v € N(1) and u(k) defined on [0,0) be real valued function. Then,
( )(v 1)
Au(k) ||(v BN z (v—1)! u(k—r?) 9)
is a numerical squtlon of equation (3) and when v =1, we have
[ -]
Au(k) [s= Zu(k —r/). (10)
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Theorem: 2.6 [1] Let k € [0,00) and [imA,'u(k) = 0. Then,
K—o0
Au(k) [ = ZU(k +r/). (12)
r=0

Definition: 2.7 [1] For N € (—o0,0) —{0} and k €[0, ), the Discrete k - Gamma Factorial Function is defined as

kl—\ﬂ ((n)) - fA;l I:k[(nfl)efk :Ir - KZ(k + ré)énfl)e*(lwr(’) (12)
r=0

and the Discrete K - Gamma Function is defined as

(T (n) = A7 ke ] = 03 (ke ro)te e, (13)
r=0

Lemma: 2.8 [1] Let u(k) and w(k) be two real valued functions. Then,
A Tu(k)w(k)] = v(K)A, (k) - A,'[A,"'w(k + ) A u(K)] (14)
is a solution of difference equation (3) for v =1 and by considering u(k)w(k) as u(k) .

Lemma: 2.9 [3] Let kK €[#,0). Then,

_k -
(S (S
Ale fi=——-— (15)
' e -1 e -1
is a numerical solution of equation (3) for v =1.
Theorem: 2.10 For a >0 and v =1, the solution A;'u(k) of equation (3) satisfies the relation
AJu(k)Ak = A 'u(a—k)Ak [, (16)
which yields
o [
Duk-ro)=>u(@a-k+ro). 17)
r=1 r=1

Proof: The L.H.S of (16) is coinciding with R.H.S of (16) by taking the new variable t as K =a—t, Ak = —At, and
(17) follows from (10) and (16).

3. MAIN RESULTS

In this section, we introduce discrete , A(.) factorial function of four types and obtain formulas on discrete | S(.)
series by Numerical-Closed form solution of difference equation (3).

The following example shows that a closed form solution of equation (3) need not be coinciding with the numerical
solution (2) of that equation.
;] K®
Example: 3.1 Taking V=2, u(k) = kl(z) in (3), Z(k — rE)(f) is a numerical solution of (3), and Azlk,fz) = ? is
r=1
a closed form solution of (3). When ¢ = 0.8, k = 2.7, we find that 1
2 7%
2.27=Y(2.7-0.8r)% = TO-S =2.3512.

r=1

The closed form solution which is coincided with numerical solution of (2) can be called as Complete solution of (3).

Remark: 3.2 Hereafter t(Lv_l) = set of all subsets of size t in ascending order from the set L, , ={1,2,---,v -1}
and {m,,...,m}et(L, ) isdenoted as {m }et(L, ;).
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Theorem: 3.3 [1] Let v € N(2), ¢ € (0,0) be fixed and K € [v/,00) be variable. If A,"u(k) is any closed form
solution of equation (3), then

v-1 (V m)
u, (k)= ATUK) [y 20 D (FD)x (A M u(m ~1)0+ ) =
= "e
t=1{m,Jet(L, ;) (v- t)
- (18)
(m~1)¢+ ;" "
m;—m; |(v—l)£+j
(m; —m_ )l
is the complete solution of (3).
Corollary: 3.4 The Numerical-Closed form relation of (3) is
AUK) [l 2y 5= U, (K)- (19)
Proof: The proof follows by Theorem 3.3 and equating (9) and (18).
Theorem: 35Let 0< /<@, m,ne N(l) and j=K —{%}é . Then
[ﬂ (r _l)(v—l) (k _ r()m—l T n-1m+n—2—i (_1)i (n _1)(i) ai
Tn (-1) Z z ;
(v-1)! (a—k+ro) = o i!
m+n—2—i (r+v) V-
LS L RS
£|+r+2 m-n [/(r_'_v)(v) =
(1) ((m =1)¢+ )™
o ) (20)
e,y CH(r+my)
k("—mt)
(v—m)l ™
H ((m —1)¢+ J)‘““ s }|
(m, —m, e TR

which is the Numerical-Complete solution of (3) for u(k) = k™ *(a—k)"*

Proof: Applying binomial expansion to (kK —a)”*l and then converting polynomials into polynomial factorials by
second term of (8), we find

n=lm+n=2—-i (_ 1\i _1\() 4i m+n—2—i
km—l(a_ k)nfl - (_1)nflz ( 1) (n-l 1) a Sr k(r)
i=0 Il

£i+r+2—m—n ‘"
Taking A;l on both sides and by using the third term of (8), we arrive
—2—i i) Al —2—i 1
n-1m+n-2 '(n—l)(').a' srm+n i k§r+)
i (_1)n—1+|i! £|+r+2—m—n f(r-i—].)

1km 1(a k)n -1

Again taking A;l on both sides v —1 times and applying third term of (8) each time, we get

n-1m+n-2-i _1)(i) a.i Sm+n—2—| k(r+v)
AVk™(a-k)"t = (n —__r L , 21
¢ ( ) ; ; (_1)n—l+| || €|+r+2—m—n EV (r + V)(v) ( )

which is a closed form solution of (3) for u(k) =k™*(a—k)"™. Applying (21) in (18), we get a closed form
solution mentioned in R.H.S of (20). Now the proof follows from (9) and (19).
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Corollary: 36 LetO< ¢/ <a, m,ne N(1) and j=k —{%}é . Then,

d
(r=0" (k—ro"? PSS (D) (n -)Val
= 1
(v-1)! (a-k+ro)" D 2011222
m=1a K +n-1-i (rs+v)
S, S . k'

X £i+r2+2 m-n Ev(r’ _I_V)(,,) .
2
v-1
+> > (22)
t=1{m}et(L, )

((m —1)0+ J)”2+”‘1)k(v m)
Eml(r )™ (v —me ™
T ((m -1)0+ D(m )
(mi mifl)!g i ~Mi—1 }|(V*1)/f+j

Proof: By using first term of (8), we have

m-1
k(ﬁ(mfl) (a . k)nfl — Zs;lnflgm—l—rlkrl (a . k)n—ll

=0

Taking A;V on both sides, applying theorem 3.5 and replacing m—1 by I, r by ,, the proof is complete.

Corollary:3.7Let 0</<a, m,neN(1) and j=k —{;}é . Then,

[ﬂ (v-1) m-1 L n-1n+m-1-i (|)
(r-1) (k—r?) et (D) ()Y (r)
2. (v-1)! (a-k+re); ™ - zoz Z

Sn—ls r+m-1-i k(rz+V)
l

X -
[ +2-m-n LKV (r2 4 V)(v)
v-1
2 2 (Y
t=1{m Jet(L, ;)
((m ~1)¢+ )" ™™
Eml(r +m)™ (- m)w” i

rinoe )

(m, —m, )lgm e

k
Ho-vyes - (23)

Proof: By using first term of (8), we have

km—l(a k)(n—l) - zs —1£n -1- rlkm—l(a k)r1

I'l =

Taking A," on both sides, applying theorem 3.5 and replacing N—1 by I,,r by T, , the proof is complete.
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Corollary:38Let 0</<a, m,neN(1) and j=k —[;}E . Then,

g(r—l)(v_l) (k=r"> gy 1212122 “D)'(r)"a (r )"a

(v-1)! (a—k+re),Y P e e

—lan-lor+r—i
S:n Sr Srl 2~ k(r3+V) v=1
N N 3 I i + (_1)1
—m— U
£|+r3+2 m-n gv(rg _I_V)(v) ;{mt};_ l)

x ((m, =)+ ™k J1m ~1)¢+ )™ )}I (24)
m (r_'_ml)(”h)(v_mt)!gv—mt i (mi _ i_l)!ﬁ —ML_, (v-1)r+j *

Proof: By using first term of (8), we have

m-1n-1
kém—l) (a _ k)En—l) — 2282—152—1£m+n—2—r1—r2 k" (a B k)r2

r=0r,=0

Taking A," on both sides, applying theorem 3.5 and replacing m—1 by r,,n—1 by I,, r by r,, the proof is
complete.

When v =1, Theorem 3.5, Corollaries 3.6, 3.7 and 3.8 motivate us to define the following discrete K — beta functions.

Definition: 3.9 Let 0</<a, m>0,n>0, a>0, ke[/,a) and j=k —[%}ﬁ. Then the Discrete K -beta,
K -beta factorial, K -beta left factorial and K -beta right factorial functions are respectively defined as

(i) B, (m.n,a) = (A" H(a—k)"* s

(i) 3, ((m,n,@)) = A, k(™ P @@ k)" |

(i) B,((m,n,2) = (A k(" (a—k)" |

(V) B,(m,n,@)) = (A K™ a—K)" I}

1y, m _ . 1
In particular, 3,(m,n) = ¢A;*k™*(1-k)"* |1J , Where | = 1—[;}& is called discrete beta function.
Similarly the beta factorial £, ((m,n)), beta left factorial £, ((m,n) and beta right factorial £,(m,n)) functions
are defined by putting @ =1 in (ii), (iii) and (iv) respectively.

Theorem: 3.10 Let 0< /<@, m,ne N(1), k €[¢,a). Then,

n-1m+n—2—i (n_l)(i)ai Srm+n—2—i k§r+1) |k

S(mon,a) = z Z (_1)n71+i” grrezmon (I’<+l) i

i=0 r=0

(25)

Proof: The proof follows by taking v =1 in Theorem 3.5 and then multiplying both sides by £ .

Corollary: 3.11 When k = a =1, (25) becomes

n=lm+n=2-i (_ 1)i 1\ m+n—2—i (r+1)
ﬂ[(m,n):(_l)nflz Z (-1)'(n-1)" S, k(

et L il €i+r+2—m—n (r+1) it
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Example: 3.12 Since 512 = 822 = 513 = s;‘ =1 and Sg =3, putting /=055, m=3,n=2 and j=0.45 in
corollary 3.11, we get
oD@ ST kg

ﬂ/, (31 2) = (_1)§; il (0.55)i+r—3 (r +1)

= 0.0613.

Similarly,
2 3 i 7o (i) 3-i (r+1)
(_1) (2) S I(055 1
(2,3)=(-1 - L ' =0.0749.

Remark: 3.13 The above example shows that /3, (M, N) need not be equal to A3,(n, m).

Lemma: 3.14 If 0</ <k <a and Kk isamultiple of /,i.e m(¢) =k, then

4,(mn,a) =, p,(n,m,a).

In particular, when @ =1 and 1=m(¢), then S,(m,n) = S,(n,m).
Proof: By Definition 3.9 (i), we have

B,(mna) = (4K @-k)" |

It can be rewritten as

B(mn,a) = A" a—k)" A K ;

Taking t = a—k , we get the required result.

Example: 3.15 Taking /=05, m=3, n=2 and j =0 incorollary 3.11,
p,(3,2) =0.0625=4,(2,3) .

Theorem: 3.16 If 0 < / <k <aand m,n e N(1), then

n-1m-1r+n-1-i (n _1)(i)ai S:lnflsrrzﬁn—l—i k/4(r2+1)

@) B (mna)y=>> >

e e (_1)n—1+ii! €i+r2+2—m—n (r2+l)

k
!

n on-1p-i+m-1 (rl)(i)ai Sg—lsrrzl—nm—l k[(rﬁl)

(“) kﬂf(m'n’a)) = ZZ Z (_1)n—1+ii! £i+r2+2—m—n (r2+1) |I;

i=0r=0 r,=0

m-1n-1 r, f{+r,—i (rz)(i)aisr:n—lsrr;—lsé+r2—ik€(r3+l) )

(i) B, (mn,a) =Y. 3> >

pper e o e (_1)n—1+ii!£i+r3+2—m—n(r3+1) j

Proof: The proof of (i), (ii) and (iii) follows by taking v =1 in Corollaries 3.6, 3.7 and 3.8 and then multiplying them
both sides by /.

Lemma: 3.17 [imk" (1-Kk)® = [imk® (1-k){"
(-0 (—0
Lemma: 3.18 I/irrg £,((m,n)) = I/mo] B,((n,m)) = I//irrg B,(m,n) = |/In(')1 B,(n,m)
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Theorem: 3.19 Let 0< / <k <a m,n e N(1) . Then,

k
71 n—-1m-+n—2-i ( (i) m-+n—2—iy, (r+2)
' n-1)®a's K,
(m,n,a) = . 26
;(kfﬁ)ﬁ(( ) ; ; (_1) —1+||!£|+r+3 m— n(r+2)(2) |/ i (26)

Proof: Taking Azl on both sides of (25) and by using third term of (8) when v =1, the proof is complete.
Example: 3.20 When a=7,k=6,/=2=m, n=3 and j =0, (26) gives

3 2 3 (_1)i (2)(i)7i Sr3—i 6(r+2)
Z (6—2f)ﬂ2 (2’3’7) = Z i i+r—2 B |2 100.
r=1 =0 =0 Ik 2 (r+2)

The following theorem is the relation between Discrete Beta function and Discrete Gamma Factorial function.

Theorem: 3.21 Let m,N € N(l) and 0</<k<a,then

gAzlkﬂl‘ (m, n, a)efk |f = ﬂz (k+r[)ﬂ¢(m1 n, a)e*(k+r/,)
r=0

n-1m+n—2-i (n _1)(i) ai S m+n-2—i - /e (27)
= _ _ r 1—‘ 2 r+! .
s ; (_1)n—l+|i! £|+r+2—m—n(r+1) { ((r + ))+(J) e _1:|

Proof: By theorem 3.10, we have

n-1m+n—2— |(n 1)(i)ai Sm+n 2—i
_1)n—l+ii| €i+r+2 m— n

L =i

i=0 r=0 (

n-1m+n—2—-i n 1)(|) S:n+n—2—i

(AL B (mn,a)e ™[ = .
l kﬂl( ) |k ~ 1) —1+||! £|+r+2—m—n(r+1)

Xl:fAzl(k)ng)e_k (j)(r+1)€A -1 —k}

The proof follows from equations (11), (12) and (15).

-t

Remark: 3.22 |im —=1and lim T',((n)) =, T'(n).
»0l—g >0k

The following corollary is the relation between Beta function and Gamma function.
[e'e] S

Corollary: 2.23 I [I LS(m, n)dtJeSds = (m+1)
s=k \ t=0

Proof: The proof follows by taking £ — O on theorem 3.21 and using the remark 3.22.

k=0 \t=0

Corollary: 3.24 T ( j- L(m, n)dt]e‘kdk = nZ_l(—l)r(m —n+r+1)(n-1)"

Proof: The proof follows by taking ¢ — 0 and then putting k = O in theorem 3.21.
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