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ABSTRACT

For any non-trivial abelian group(moduloZ,,+), a graph G(V,E) is said to be Z, —magic if there exists a
function f from E(G) into Z,-{0} where ‘0’ is the additive identity element of modulo Z,, induce a mapping
f* from V(G) into Z, such that f*(v)=Y, f(uv) is a constant for all vertices v e V. If ff(v)=Y f(uv) is a
constant for almost all vertices v € V and for one or atmost two vertices of v, f*(v) is not the same constant where
the summation is taken over all the edges uv incident at v, then the labeling is called near Z, — magic labeling
and the graph which admits near Z,-magic labeling is called near Z, -magic graph. Atthe end we generalize
near Z, -magic labeling into near Z,,- magic labeling.
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1. INTRODUCTION

Throughout this paper by a graph G(V,E) we mean a finite, simple, undirected graph. Magic labeling were
introduced by Sedlacek in 1963 Kong, Lee and Sun[4] used the term magic labeling for the labeling of edges with
non-negative integers such that for each vertex v, the sum of labels of all edges incident at v is same for all v in
particular the edge labels need not be distinct. For the abelian group (modulo Z,,+), a graph G is said to be Z,-
magic if there exists a labeling f of the edges of G with non-zero elements of Z, which induce the vertex labeling f*
such that f*(v)=Y, f (uv) where the summation is taken over all edges uv incident at v is a constant.

In near Z, magic graph ft(v)=Y f(uv) where the summation is taken over all edgesuv incident at v is a
constant, for almost all vertices v of G and for one or atmost two vertices of G, f*(v) is not the same constant.
It is different from the anti magic labeling which was introduced in 1990 by Hartsfield and Ringel [5].

2. BASIC DEFINITIONS

Definition 2.1: A walk of a graph G is an alternating sequence of vertices and edges vg e, vy, €z, ..., Vy—1, €4V,
beginning and ending with vertices in which each edges incident with two vertices immediately proceeding and
succeeding it. The number ‘n’ is called the length of the walk.

Definition 2.2: A Walk in which all the vertices are distinct is called a path.

Definition 2.3: If the end two vertices are same in a path it is called as a cycle. A path having ‘n’ vertices and n-1
length is denoted as P, here. By C, we mean a cycle consisting of ‘n’ vertices and ‘n” edges.

Definition 2.4 [5]: A bipartite graph (or bigraph) G is a graph whose vertex set VV can be partitioned into two subsets
V; and V; such that every edge of G joins V; with V,.

Definition 2.5: If G contains every line joining V; and V, then G is called complete bipartite graph. If V/; and V; have
mand n vertices, we write G =K .
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3. MAIN RESULTS
Theorem 3.1: P, is near Z,-magic graph n > 4.

Proof:
Case 1: niseven

Let f: E(G) — Z, — {0} be defined as

flugioguz)=1, 1S i< and fuyittgigs)=2, 1< i< > ~1
Now,f*:V(G) - Z,

We get f(u;) = f(u;_qw;) + fFuu; 1) =3(mod4)=3,2<i<n-—1
frw) =1=f"(u,)

Here, only two vertices namely u; and u, get a different constant.
Case 2: nis odd

Let f:E(G) - Z, — {0} be defined as

fuziqup)=1,1<i < nz;l and f(upizi+1)=2, 1S i < nz;l

Now, f*:V(G)- Z,

We get, fH(u;) =f(u_qw;) + fuuq) =3(mod4) =3, 2<i<n-—1
ffw) =land f*(u,) =2

The vertices u; and u, get a different constant.

Hence P, admits near Z, - magic labeling and so P, is near Z, — magic graph forn > 4.

Example 3.2: For n=5, 6 the near Z, - magic labeling of B, are given below.

Fig — 2: Near Z, — magic labeling of Pg
Theorem 3.3: C, isnear Z, - magic for n= 1(mod2)
Proof: Let f:E(C,) — Z, — {0} be defined as
fugiqup)=2,1< i < nz;l and  f(upuz;41)=3, 1< i < nz;l
f(upup)=2.
Now, f*:V(C,) - Z,

Weget, fr(u)=Ff(w_qw) + ) =2 +3)(modd)=1, 2<i<n
frw) = fuug) + f(upwy) = (2 + 2)(mod4) =0
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Here only one vertex u; gets a different constant zero.
Therefore, C,, isnear Z, - magic for n= 1(mod2).
Note 3.4 U+ =uy (here).

Example 3.5:

Fig — 3: Near Z, — magic labeling of C;

Remark 3.6: 1. If f(E(C,)) is a constant in Z, — {0} then C, is Z, — magic for all n. Hence Z,, - magic 2. C, ,n
= 0(mod2) is a Z,—magic graph for the labeling given in the theorem3.3.S0 itis Z,,- magic

Definition3.7 [6]: The join G;+G, of G; and G, consists of G; U G, and all edges joining V; with V,. The graph B,+K;
is called a fan and it denoted as F,,.

Theorem 3.8: F, is near Z, — magic graph, n> 3

Proof:

Case 1: n= 0,2,3(mod4)

V(G)={u} U {v/1<i<n} and E(G)={uv,/1 <i<n}U{vv,,/1<i<n-1}
Let f: E(E,) - Z, — {0} be defined as
fivie)=l,1<i<n—1land f(uv)=1,1<i<n-1
fuv)= f(uv,) =2.

frw) =Now f*:V(F) - Z,

frw)=f@v) + f(v1v2)

fr) =(@2+1)(mod4) =3 = f¥(v,)

fr@) = fvin) + i) + f(uv)
ffw)=(1+1+1)(mod4)=3, 2<i<n-—-1
fHw) =2, forn = 0(mod4)

FH(w) =0, for n = 2(mod4)

fH(w) = 1, for n = 3(mod4)

Here, only one vertex u gets a different constant.
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Case 2: n =1(mod4)

Let f:E(F,) — Z; — {0} be defined as

fue1v2)=2, 1S <=2 and f(vyvp00)=1, 1S 1<
fuv)=2,2<i<n-1

f(uvy) = f(uv,) =3

Now f*+:V(E,) - Z,

frw)=fwvy) + f(v1v2)

f*(w) = (3 + 2)(mod4) =1

ffw)=QR+1+2)(mod4) =1, 2<i<n-—1

ft(w,) =B +1)(mod4) =0
Fr =) fun)
i=1

=0B+2+2+-+n—2)times 2+ 3)(mod4) =0
Only two vertices v, and u get a different constant.

Therefore, F, admits near Z, — magic labeling. forn> 3.

Example 3.9: We shall verify near Z, -magic labeling for n=3, 4, 5.

i

Fig — 5: Near Z, — magic labeling of F,

Fig — 6: Near Z, — magic labeling of Fs
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Definition 3.10[2]: The graph C,+K; is called a wheel and it is denoted as W,,.
Theorem 3.11: W, is near Z, —magic graph, n> 3.

Proof:
V(W,) ={u}uv;/1 <i<n]

EW,) ={uv;/1<i<n}u{vv,/1<i<n-1}U{y,v}
Case 1: n= 1(mod 2)

Let f: E(W,) - Z, — {0} be defined as
fivie)=l,1<i<n-1

fpv)=1

fuv)=2,1<i<n

Now f*:V(W,) - Z,

frw) = fwu)+fv) + fwiv) 1<i<n

() = 2times 1+ 2)(mod4) =0,1<i<n (vy = v, and v, = v1)
frw =) faw)
i=1

=2+ 2+ -ntimes 2)(mod4) =2
The only vertex u gets a different constant in this case.
Case 2: n=0(mod 2) n=3.
Let f: E(W,) —» Z, — {0} be defined as
fov1)=1, 1<i<n-1
fv)=1
fuv)=3, 1< i <n
frvim) - Z,
We get f*(v) = f(wivie )+ W) + fWisv), 1S i<n (vo =v, and v,4q = 1y)

fr(w,) = 2times 1+ 3)(mod4) =1,1<i<n
fFrw =) fuw)
i=1

= (3 + 3+ :--ntimes 3)(mod4) =2 for n= 2(mod4)
=0 for n= 0(mod4)
Here vertex u gets a different constant .

Therefore in both the cases W, admits near Z, —magic labeling.

Hence, W, is near Z, —magic graph
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Example 3.12:

Ve 1 Vs

Fig — 8: Near Z, — magic labeling of Wy

Definition 3.13[6]: A Complete bigraph K, , is called a star.

Theorem 3.14: The star graph K, is near Z, -magic for n= 0,2,3(mod4)
Proof: Let u be the centre vertex and vy, v,, ..., 1, be the pendent vertices of the star.
Let Let f:E(ky,) — Z, — {0} be defined as

fuv)=1,1<i<n

frvlkin) = Zy

Weget f(v))=1,1<i<n
Frw =) fuw)
i=1

=1+ 1+ ntimes 1)(mod4) =2 for n= 2(mod4)
=0 forn= 0(mod4)
=3 for n= 3(mod4)
The only vertex u gets a different constant for different values of n.
Therefore the star graph k, ,, is near Z, —magic graph.

Remark 3.15: ky,, is Z, —magic graph for n= 1(mod4). Hence it is Z,, - magic

Example 3.16: For n=4, 6, 7 the near Z, —magic labeling of k, ,, are given
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Fig — 11: Near Z, — magic labeling of K, ;
Definition 3.17[3]: A graph is called an (n, t)- Kite if a path of length t attached to one vertex of the cycle C,,.
Theorem 3.18: An (n, t) - kite is near Z, —magic for n> 3 and t> 1
Proof: Let G be (n, t) - kite
VO)={y;/1<i<t}u{y/1<i<n}
EG)={ujui1/1<i<t—-1}U{vv/1<i<n-—-1}u{y,v}U{yv}
Case 1: nisodd and t is odd
Let f:E(G) - Z, — {0} be defined as
faimav)=1, 1< i < nz;l

f(Wv2i41)=2,1< i < 712;1

fpv)=1

f(wiu)=1
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flup) =211 <=2
fltup)=1,1 1 <
hence f*:V(G) - Z,
We get £ (u;) = f(ui—1u) + f(winig1)
=(1+2)(mod4)=3,2<i<t—1
frw) = fwiav) + fWivi)
= (1 + 2)(mod4) =3, or
=(2+1)(mod4) =3, 2<i<n (since v,,1=1;)
frw) = fviv) + fov) + f(uyvy)
= (1+1+ 1)(mod4) =3
fr) = fuv) + fwu,)
= (1 + 2)(mod4) =3

fru) =1

u, alone gets a different constant 1 and all the other vertices veV (G) get the unique constant 3.

Case 2: nisoddandtiseven
Let f:E(G) » Z, — {0} be defined as

f(pim1v3)=1,1<i <

favaa)=2,15 i <=2
fw,v)=1.
fQuvy) =1
fuziuz) =2, 1< i < 5
flpuzg) =11 1 <22
Then f*:V(G) — Z, is given by
We get f*(u,) = f(wi—qu) + f(wii11)
=(142) (mod4)=3 ,2<i<t—1

frw) = fimav) + fWiviea)

= (1 + 2)(mod4) = 3 (or)

=(2+1)(mod4)=3, 2<i<n (since v, 1=v)
frw) =fwv) + fW,v) + f(uyvr)

=(1+1+1)(mod4)=3
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fr@) = fwvy) + f(wuy)

= (1+2)(mod4)=3

ft(u,) = 2(mod4)

=2
u, alone gets a different constant 2 and all the other vertices v e V(G) get the same constant 3.
Case 3: niseven and tis odd

Let f:E(G) - Z, — {0} be defined as

fai1v2)=3, 1< i S%

f21v2i11)= 2, 1< i S 2 (U 41=0)
fuv1)=3,
fluiquz) =2, 1S i<
fupiuzip1)=3,1<i < t;_l
Then f*:V(G) — Z, is given by
We get £ (w;) = f(wi—qw) + f(wittirg)
= (2+3)(modd)=1,2<i<t—1
frw) =fwiv) + fvvg) 2<i<n
= (3 + 2)(mod4) =1 (or)
=(2+3)(mod4)=1,2<i<n (since v, 1=v;)

fr) = fiv) + f(wv) + fwv)

(342 + 3)(mod4) =0

[Ty = fwvy) + f(wuy)
=(3+2)(mod4)=1
f+(ut) =3

In this case, two vertices namely v; and u, get different constants 0 and 3. All vertices except these two get the same
constant 1

Case 4: nisevenandtiseven

Let f:E(G) » Z, — {0} be defined as
fi-1v2)=3, 1<i S%
f(2iv2i41)= 2,10 < % (Vn+1=v1)

f(ulvl) = 3!
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fluyi_qup)=2,1<i <
flupuz)=3, 1si<s22
Then f*:V(G) —» Z, is given by
We get £ (u,) = f(wi—qu) + f(wii11)
=(2+3)(mod4)=1,2<i<t-1

frw) =fiv) + f(vvy) 2<i<n

= (3 + 2)(mod4) =1 (or)

= (2+3)(mod4) =1 (since v,,,=v;) 2<i<n
frw) =fwv) + fW,v) + f(uyvr)

= (342 +3)(mod4) =0
[ = fuvy) + f(uauz)

= (3 + 2)(mod4) = 1

fru) =2

In this case, two vertices namely v; and u, get different constants 0 and 2. All vertices except these two get the same
constant 1

In all the cases one or atmost two vertices get different constant(s) and all other vertices get the same constant.
Therefore, (n, t)-kite is near Z, —magic

Example 3.19:

Fig — 12: Near Z, — magic labeling of (7, 3) — kite
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Fig — 13: Near Z, — magic labeling of (6, 2) - kite

Definition 3.20[2]: The corana G; ® G, of two graphs G; and G, is defined as the graph G obtained by taking one
copy of G;,(Which has p; vertices) and p; copies of G, and then joining the i" vertex of G; to every vertex in the
i" copy of G,.
The graph B, ©K; is called a comb.
Theorem 3.21: The comb P, ®K; is near Z4- magic
Proof: Let G be B, ©K;
ThenV(G) ={v;/1<i<n}u{y/1<i<n}
and E(G) = {viv;1/1<i<n—-1}U{vu/l1<i<n}
Let f:E(G) » Z, — {0} be defined as
fyv1)=2,1<i<n-1
fvu)=11<i<n
fH:v(G) - Z, is given by
fr) =f(wisv) + f(vvig) + fvw), 2<i<n-—1

=2+2+1)(mod4)=1
frw) =fvy) + fwvy)

=(2+1)(mod4) =3
frWn) = fWno1v) + f (Unvn)

= (24 1)(mod4) =3
ffw) =1,1<i<n
Here only two vertices get different constant namely 3 and all other vertices of G get the same constant 1

Therefore, P, ©K; isnear Z, —-magic

© 2013, IJMA. All Rights Reserved 276



V. L. Stella Arputha Maryl* S. Navaneetha Krishnanan® and A. Nagarajan3/ NEAR Z 4, - MAGIC LABELING/
IJMA- 4(10), Oct.-2013.

Example 3.22:

Vg

i

i; s s iy s

Fig - 14: Nea} Z,— magic labeling of P; ® K;

Observation 3.23: In all the theorems if we multiply the edge labeling by a positive integer p, the vertex labeling
remains to be a constant and it is equal to p times the constant value we obtained, to almost all vertices except one or
atmost two vertices of the graph. Hence all the above graphs admit near Z,, magic labeling. Hence the graphs
B, C, for n = 1(mod2), F,, W, ,Comb, Star graphs K, ,, (n = 0,2,3(mod4)) and (n,k)-kite graph, are all near Z,,
—magic graphs.
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