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1. INTRODUCTION

A semiring is an algebric system (S, +,-) such that (S,+) and (S, - ) are semigroups such that the two distributive laws
hold. It has been formally introduced by H. S. Vandiver in 1934[6]. A natural example of a semiring is the set of
natural numbers under usual addition and multiplication. The notion of derivations on rings is quite old and is useful in
the study of integration of analysis, algebraic geometry and algebra. The study of derivation in rings, got interested only
after Posner who established two striking results on derivation in prime rings [5]

In [3] Jonathan S. Golan in his book introduced the notion of derivations in semiring, but nothing has been discussed in
detail. This motivated Chandramouleeswaran and Thiruveni to study the notion of derivations on semirings [2]. In 1990
Braser and VVukman [1] introduced the notion of left- derivation in a ring. Mohammed Ashraf and Shakir Ali introduced
the notion of generalized Jordan left derivation in rings[4]. Motivated by this, in this paper, we introduce the notion of
generalized left derivation on semirings and prove some simple but interesting results.

2. PRELIMINARIES

In this section we recall some basic definitions on semirings and derivations on it that are needed for our work.

Definition 2.1: A semiring (S, +, -) is an algebraic system with a nonempty set S together with two binary operations
‘+”and ‘- such that

(i) (S, +) is asemi group

(ii) (S, -) is a semi group

(iii)Foralla,b,c € S,a:(b + ¢) =a-b + a-c and (a +b)-c = a-c + b-c hold.

Definition 2.2: A semiring (S, +, -) is said to be additively commutative if (S, +) is a commutative semi group. A
semiring (S, +, -) is said to be multiplicatively commutative if (S, -) is a commutative semi group. It is said to be
commutative if both (S, +) and (S, -) are commutative.

Definition 2.3: The semiring (S, +, .) is said to be a semiring with zero, if it has an element 0 in S such that x + 0 = x =
0+xandx-0=0=0-Xx VXxeS

Definition 2.4: A semiring (S, +, -) is said to be a semiring with an identity element 1, if there exists an element
1 0eSsuchthat 1 x=x=x1V Xx e S.

Definition 2.5: Let (S, +, -) be a semiring. An element o of S is called additively left cancellative if forall o, B,y € S
atB=a+ty=p=y

If every element of a semiring S is additively left cancellative, it is called an additively left cancellative semiring.

Analogously, we define an additively right cancellative semiring.

Definition 2.6: A semiring (S, +, -) is additively cancellative if it both additively left and right cancellative.
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Definition 2.7: Let (S, +, -) be a semiring. A derivation on S is a map d: S —X satisfying the following conditions
() dx+y)=d(x) +d(y) VX, y €S

(i) d(xy) =d(X)y + xd(y) VX, y € S

a o0

b c
a,b,ceS

d(a 0) ~ (o 0]
b ¢ b0 . Then d is derivation on M,(S).

Definition 2.9: Let S be a semiring with centre Z(S)

e Sissaidtobeprimeifash=0=a=0o0rb=0

e Sissaid to be semiprimeifasa=0=a=0

e Sissaidtobe 2 —torsionfreeif2a=0,aeS=a=0

Example 2.8: Let S be a semiring. M,(S) = ( Define d: My(S) — My(S) is given by

Definition 2.10: Let S be a semiring. A left S — module is a commutative monoid (M, +, Oy) in which scalar
multiplication S X M —M, denoted by (s, m) — sm, satisfies rhe following conditions

(i) (ss")m=s(s'm)

(i) s(m+m’) =sm+sm’

(iii) (s+s’)ym=sm+s’'m

(iv) Ism=m

(V) sOu=0y=0sm.Vs, e S&m,m M

If V(M) = M then M is an S — module where V(M) is the set of all elements of M having additive inverse.

Definition 2.11: Let S be a semiring, X be a left S module. An additive map d.: S — X is said to be a left derivation on
S, di(xy) =xd (y) +yd.(X) VX yeS.

Definition 2.12: Let S be a semiring, X be right S module. An additive map dg: S— X is said to be a right-derivation, if
dr(xy) = dr(X)y + dr(y)x VX, y €S.

3. GENERALIZED LEFT-DERIVATION

Definition 3.1: Let S be a semiring, X be a left S module and d,_ be a left derivation on S. An additive map
D,: S —»X s said to be a generalized left derivation on S, D (xy) = xd,(y) + yD(X)

if di(xy) = xdi(y) +ydi(x) VxyeS.

Examples 3.2: Let S be a additively commutative semiring with charactric 2. Consider

a
Mz(s) = {b aj/a’ bes }Then M,(S) is a semiring. Define D : My(S) > My(S) is given by

a b 00 a b 0 b
Dilp al |0 a wheredi:My(S)- My(S)isgivenbydi |p 4] |0 0

Then D, is a generalized left derivation on S.

Definition 3.3: Let S be a semiring, X be a right S module and dr be a right-derivation on S. An additive map
Dr: S =X is said to be a generalized right-derivation on S, Dr(xy) = Dr(X)y + dr(Yy)X

If dr(xy) = dr(X)y + dr(y)x V X,y €S.

Examples 3.4: Let S be a additively commutative semiring with charactric 2. Consider

Mz(s) = {b aj/a’ bes then M3(S) is a semiring. Define Dy : M,(S) -»My(S) is given by
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a b 00 a b 0 0
Drlp a - 0 a ) Where dr:My(S)— My(S)isgivenbydr | b g - b 0

Then Dris a generalized right derivation on S.

Theorem 3.5: Sum of two generalized left-derivation on a additively commutative semiring is again a generalized left-
derivation.

Proof:
(DL+FO)(x+y) =Du(x +y) + FL(x +y)

=D(X) +Du(y) + Fu(x) +F(Y)
= (DL +Fy) (x) +(Do + FU)(Y)
(DL + FU)(xy) = Di(xy) +FL(xy)
= xd(y) +yDu(x) + xfL(y) +YFu(X)
= X(du(y) +L(y)) + y(DL(X) + FL(X))
Thus sum of two generalized left-derivation is again a generalized left-derivation.

Analogously, we can proved that the Sum of two generalized right-derivation on a additively commutative semiring is
again a generalized right-derivation.

Theorem 3.6: Let S be semiring and D.: S —»X be a generalized left derivation. For any elementa € S,
D@)=(n-1)a"'d.(a)+a"" ' D.(a)
Proof: We prove this theorem by induction hypothesis.
Forn=2,
D (a%) = D (a.a)
=ad. (@) +aD.(a)
Forn=3
D.(a%) = D (a%.a)
= a’d.(a) + a D_(a%)
=a’d.(a) +a(ad.(a) + a D (a))
= 2a’d.(a) + a’D.(a)
Assumed that D_(a") = (n— 1) a "*d,(a) + a"* D.(a)
To prove that D_(a™") = na "d.(a) + a" D.(a)
D.(a™") = D (a".a)
=a"d.(a) +aD.(a"
=a'd.(a) +a ((n-1)a"™"d.(a) +a"* D (a))
=a"d (a) + a(n-1)a""d.(a) + a"D.(a)

=na"d.(a) + a"D.(a)
Thus D (@") = (n - 1) a "*d.(a) + a"* D.(a).
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Analogously, we can proved that, Let S be semiring and Dg: S =X be a generalized right derivation. For any element a
e S,

Dr(a") = Dg(a) a™* + (n-1)dg(a)a™™.

Theorem 3.7: Let S be a 2 torsion free semiring, X be a S module and D_: S—X be a generalized left-derivation with
associated left-derivation d, :S=>X then

(1) Di(xy +yx) = xdi(y) +y Di(x) + ydi(x) + XDL(y)

(2) Di(xyx) = X°di(y) +2xyd,(x) + Xy DL(X) - yx di(X)

(3) Di(xyz + zyx) = Xy D((2) +zyD(x) +2xyd.(z) + 2 zyd,(x) + 2xzd,(y) - yzd.(X) — yxd.(2)

Proof:
DL(xy + yx) = Dr(xy) + Dr(yx) = xd.(y) + yDi(X) + yd (X) + XD(y) 1)

Replace by y by xy + yx in (1)
DL(X(Xy + YX) + (Xy + YX)X) = Dy (X’y +XyX + XyX + yx°)

=D (x%y) + 2 Dy (xyx) + Di(yx?)

= X2dy(y) + yDL(X?) + 2 Di(xyx) +y di(x°) + X*Dy(y)

=x2d(y) + y(xdy(X) + XDL(X)) + 2 DL(xyx) + 2yxdy (x) + X*Dy(y)

= x°d, (y) +3yxdi(x) + 2D, (xyx) + yxDy (x) + X* D (y) )
DL(X(xy +yx) + (xy + yx)x) = DL(X(xy + yx)) + Do((xy + yx)x)

= xdi(Xy + yX) +(Xy +yX) DL(X) + (Xy + yX)di(X) + X DL(Xy + yX)

=X[xdi(y) +y di(x) +y di(x) + x di(y)] + xyDi(X)+ yxD(x) + xy di(x) + yxd(X)
+ X [xdi(y) + yDL(X) + ydi(x) + X Di(y)]

= 2x°dy(y) + 2xyd, (X) + XyD(x) + yXDy(x) + xy di(X) + yxdy(x) + X?di(y) + xyD(X)
+Xydy(x) + X°D(y)

= 3X°dL(y) + 4xydL(X) + 2xyD(X) + yXDL(X) + yx di(x) + x> D(y) 3)
From (2) and (3)

X2 (y) +3yxd,(x) + 2D (xyx) + yxD,(x) + x* Dy(y) = 3x°d, (y) + 4xyd_(x) + 2xyD_(x) + yxD_(x) + yx d.(x) + x? D.(y)
2Dy (xyx) = 2X°d, (y) — 2yxd, (x) +4xyd, (x) +2xyD (X)
Du(xyx) = X*dy(y) — yxd(x) + 2xydy (x) + xyDy(x) (4)
Replace x to x + z in (4)
Du((x +z)y(x +2)) = Du((xy + zy)(x + 2))

= Dy (xyx + xyz +zyx +zyz)

= Di(xyx) + Di(xyz +zyx) + Di(zyz)

= X’du(y) = yxdu(X) + 2xydy(x) +xyDu(X) +Di(xyz +zyX) + 2°d.(Y) - yzd.(2) +22yd(z) +2yDy(2)

)
DL((X + 2)y(X + 2)) = (X +2) yDy(X +2) + 2(x +2)ydy (X + 2) + (X + 2)* du(y) — (X + 2) du(x +2)
= (xy + zy) (DL(X) + DL(2)) + (2xy + 22y) di(X + 2) + (¢ + 2xz + 2°) di(y) - yx du(X) — yz di(X)
- yxdi(z) —yz di(2)
=XyD(X) + xy Di(2) + zy Di(X) + zyDi(z) + 2xy di(x)+ 2xy d\(z) +2zyd, (x) +2zyd,(2)
+X2d (y)+ 2xzdy(y)+ Z2du(y) - yx di(X) - yzdy(x) - yxdi(2) - yzd, (2) (6)
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From (5) and (6)
X2dL(y) — yxdi(X) + 2xydy(x) +xyDy(x) +Dy(xyz +zyx) + z°d(y) — yzdy(z) +2zydi(z) +zyD(2)
= xyDy(X) + Xy D(2) + zy DL(X) + 2yDy(2) +2xy d(X)+ 2xy di(z) +2zyd\(x) +2zyd(2)+ X’dL(y)
+ 2xzdy(y)+ Zdi(y) — yx du(x) - yzdi(X) — yxd(2) - yzd.(z)
Du(xyz +zyx) = Xy Di(z) +zyDy(x) +2xyd\(z) + 2 zydi (X) + 2xzdi(y) — yzdi(X) — yxdi(z)

Analogously, we can prove the following theorem.

Theorem 3.8: Let S be a 2 torsion free semiring, X be a S module and Dgr: S —»X be generalized right derivation with
associated with right-derivation dg:S—X such that,

1) Dr(xy + yx) = Dr(X)y +dr(y) X+ Dr(Yy) X + dr(X) ¥
2) Dr(xyx) = Dr(X) yX + dr(y)x* +2dr(X)yx — dr(X)Xy
3) Dr(xyz + zyx) = Dr(X)yz + Dr(z)yx +2 dr(y)xz + 2dr(X)yz + 2dr(2)yx — dr(X)zy — dr(z)xy

Theorem 3.9: Let S be a 2 torsion free prime semiring and X be a S module. If S admits a generalized left-derivation
with associated left-derivation d,, then either d_. = 0 or S is commutative.

Proof: LetD.: S—=X be a generalized left-derivation with associated left-derivation d_:S—X
Then forany x,y € S

Du(yx®) = ydu(x®) + x* Di(y) = 2yxdi(x) + X* D(y) -(1)
Du(yx®)= Du((yx)x) =yxdi(x) + XDy (yx) =yxdi(x) + xyd.(x) + X°Di(y) —(2)
From (1) and (2)

2yxdu(x) + X Di(y) = yxdi(x) + xydi(X) + X’Du(Y)

yxdi(X) = xyd (X) =[x, y]d.(x) =0 VX, yeS -(3)
Replace y by yx in (3)

[x, yx] di(x) =0

(Y[x, x] + [ %,y ]¥)di(x) =0

=X ylxd(x)=0 VXyeS

=[x, y] Sd.(x) =0

=[x, y] =0ord_=0(Since S is prime semiring)

=S is commutative ord_ =0

Analogously we can prove the following theorem.

Theorem 3.10: Let S be a 2 torsion free prime semiring and X be a S module. If S admits a generalized right-derivation
with associated right-derivation dg, then either dg = 0 or S is commutative.
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