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ABSTRACT

A Graph G(p, q) is said to have edge bimagic total labeling if there exists a bijection f: V(G)UE(G) - {1, 2, ...,
p+q} such that for each edge e = (u,v) € E(G), f(u) + f(v) + f(e) = kyor k, , where k; and k, are two constants.
Moreover, G is said to have super edge bimagic total labeling if f(V(G)) = {1, 2, ..., p}. In this paper we prove that
the super edge bimagic total labeling for generalized prism P, x C,,, the Mongolian Ger M(n,m), the generalized web
W(m,n), the generalized web without centre Wy(m,n) and its related graph.

Key Words: edge bimagic total labeling, generalized prism, generalized web, super edge bimagic labeling and total
labeling.
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1. INTRODUCTION

As a standard notation, assume that G = G(V, E) is a finite, simple and undirected graph with p vertices and q edges.
By a labeling we mean a one-to-one mapping that carries a set of graph elements onto a set of numbers, called labels
(usually the set of integers). Edge bimagic labelings of graphs were introduced and studied by Baskar Babujee J. [1, 2].
Let x be any real number. Then [x] denotes the largest integer less than or equal to x. Terms and terminology as in

Harary [4].

Definition 1.1 [1]: A graph G( p,q) is said to have edge bimagic total labeling with two common edge counts k; and
k, if there exists a bijectionf: VU E — {1, 2, ..., p + q} such that for each e = (u, v)eE, f(u)+f(v)+f(e) = k; or k,. A
total edge bimagic graph is called super edge bimagic if f maps V onto {1, 2, ..., p}.

That is, a bijection f: V(G) v E(G) — {1, 2, ..., p + q} is said to be an edge bimagic labeling with two magic
constants k; and ko, if there exists an induced edge map f: E(G) — { ky, ko} such that for every e = (u, v) € E, f () =
f(u)+f(v)+f(e) = k; or k.

Definition1.2: The generalized prism Py, x C,, is the graph with the vertex set V(P x C) = {v;j:1<i<m, 1<j<n}
and the edge set E(Pm X Cp) = {Vi Vi j+: IS i<m, 1< j<no{ Vi Vi, j: 1 <i<m-=1, 1<j < n},where j is taken
modulo n (replacing 0 by n).

Definition1.3: The generalized web W(m, n) is the graph with vertex set V(W(m, n)) ={v; ;1< i < m+l, 1<j <
n}{Vvo}and the edge set E(W(m, n)) = {vi jVij+1: 1<i<m, 1<j<n} O{ Vi Vi, s ISi<m, 1< j <n} Ofvevyj 1S <
n}, where j is taken modulo n (replacing 0 by n).The generalized web without centre is denoted by Wy(m, n).

Definition1.4: For any integer n > 2 and h > 1, the Mongolian Ger is the graph M(n, h) with the vertex set V(M(n,h))
= {vo, Vvi,j:1<i<h, 1<j < n} and the edge set E(M(n, h)) = {voVvyj: 1< j<npu{vijVij+«: 1<i<h, 1<) < n}o{vi jVia,
j:1<i<h-1, 1<j < n},where j is taken modulo n (replacing 0 by n).
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In this paper we study the super edge bimagic total labeling for P, x C,, and some of its related graphs viz., the
Mongolian Ger M(n, m), the generalized web W(m, n), the generalized web without centre Wy(m, n), etc.

2. MAIN RESULT
Theorem 2.1: For all m> 2 and odd n > 3, the generalized prism Py, X C, has super edge bimagic total labeling.

Proof: Let V be the vertex set and E be the edge set of the graph P, x C,. Then [V| = mn and |E| =(2m-21)n. Denote the

vertices of the innermost cycle of Py, x C,as viy, Vi, . . ., Vi and the vertices adjacent to vy q, Vi, . . ., Vi, ON the
second cycle as Va1, Voo, . . ., Vo, respectively. Next denote the vertices adjacent to Va4, Voo, . . ., Von ON the third
cycle as va, V3, . . ., V3, respectively and so on. Thus the vertices adjacent t0 V11, V1.2 « - - » Vi1 ON the m th
cycle asVmi, Vma, - - ., Vmn respectively.

For 1< i <m, denote
. i—1
k(i) = T] n’

()
) {a - ifizamodn&a>0
5(i) =

n ; ifi=0modn @)

We define the bijection f: VU E — {1, 2, ..., (3m-1)n} as follows:
Initially we assign the label to the vertices of P, x C,.

Forl1<i<m, 1<j<n
v ) — k@) +(5(1) -D)(n+1)+ j . 1< j<n-6()+1
(V”)_{k(i)+(§(i)—1)(n+1)—n+j © n=s@)+2<j<n 3

Let e = (vij, Vs) be any edge in P, x C, and let f'(e) = f(vij) + f(vsy) 4)

We denote the edges of P, x C,, as follows:

n-1
For1<j< 2, denote the edge by ej(l), if the sum of the labels of its end vertices is equal to 2j+1.

For 0 <j <(m-1)n, denote the edge by e,-(z), if the sum of the labels of its end vertices is equal to n+1+j.

For 0 <j <(m-1)n, denote the edge by e,-(s), if the sum of the labels of its end vertices is equal to mn + 2 + j.
n-3
For1<j<" 5 , denote the edge by e,-(“), if the sum of the labels of its end vertices is equal to 2mn — n + 2j+2.

Hence from equation (4),we have
n-1
2
(m-1)n (5)
(m-1)n
n-3

2

IN

fre¥)=2+1 o 1<
fre@) =n+1+] . 05
fre@)=mn+2+j , 0<j

INIA

frie®) =2mn—n+2(j+1), 1<j

IN

Now, let us label the edges of P, x C,, as

fegM)=2mn+1-2j , 1<j< 5
fg@)=2mn-n+1-j , 0<j < (m1)n
f(e®) =3mn—n—j , 0<j < (m-1)n

f(ef”) = 2(mn - j) S
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The induced map f “on E defined by f ") = f'(g;%) + f (") for any edge ¢, E satisfies the conditions:

') = f'(e™) + f (&P)
= (2j+1) + (2mn+1-2))

=2mn +2, 1<j< 7o

) =1 +1 ()

= (n+1+j) + (2mn—-n+1-j)

=2mn +2, 0<j<(m-1)n
e =1 +1(e”)

= (mn+2+ j) + (3mn—n—j)

=4mn—n+2, 0<j<(m-1)n

e =16 +1 ()
=2mn-n+2(j+1) + 2(mn—j)
n-3
=4mn-n+2, 1<j< o .

Clearly, it is observed that for each edge e € E, f (&%) = f'(¢%) + f (&%) =2mn +2 or 4mn-n+2. Since there
exists two common edge counts k; = 2mn +2 and k, = 4mn—n+2, the graph P, x C, has edge-bimagic total labeling .
Moreover f(V) ={1, 2, ..., mn}, fis a super labeling. Hence P, x C,, has super edge bimagic total labeling with magic
counts 2mn +2 and 4mn—n+2, where n is odd and m > 2.

Theorem 2.2: For all m> 2 and odd n > 3, the Mongolian Ger M(n,m) has super edge bimagic total labeling.

Proof: Let G,(V1,E;) = Mongolian Ger M(n, m).Then the vertex set V,= VU{v,} and the edge set E; = EU Eg, where V
and E are as defined in the proof of the Theorem 2.1 and Eq = {Vovy;/ 1< j<n}. Then |[V,] = mn +1 and |E;| = 2mn.
We define the bijection f:V; U E;— {1, 2, ..., 3mn+1} as follows:

Initially we assign labels to the vertices of G;.

f(vg) = mn +1 and f on the vertices in V isas in Theorem 2.1. Then f(V{) = {1,2, ..., mn+1}.

Lete = (vij, Vs;) be any edge in G and let f'(e) = f(vi;) + f(vs,) (6)
We denote the edges of G, as follows:

For 1 <j <n, denote each edge (vo Vi) € Eq by ej(o) and the edges in E as denoted in the proof of the Theorem 2.1.

Then from equation (6), we have
f' e =mn+1+j,1<j<nand
for each edge &® € E, (%) is as defined in equation (5) of Theorem 2.1.

Now we assign labels to the edges of G;.

feg@) =mn+n+2-j , 1<j<n
(1) - . n_'l
flg”)=2mn+n+2-2j , 1<j< 9
f(e?) = 2mn+2 - j , 0<j < (m-1)n
f(e¥) = 3mn+1 - , 0<j < (m-1)n
n-3
fleg®)=2mn+n+1-2j , 1<j< 5 .
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Thus f(Ey) = {mn+2, mn+3, ... , 3mn+1}.
The induced edge map f~ on E; defined by () = f'(g;%) + (&) for every edge ¢ e E satisfies the conditions:

e =16 + ()
=2mn +n+3, 1<j<n

CESECIRRICY)

n-1
=2mn +n+3, 1<j< -
(e = f'(e) + f (6?)
=2mn + n+3, 0<j<(mI)n
e =1'(e®) + f (&)
=4mn+3, 0<j<(mIl)n
) =1(e) + 1 (¢/)
n-3
=4mn+3, 1I<j< o .

Clearly it is observed that for each edge e € E;, T (") = f'(&™) + f (&™) =2mn +n+3 or 4mn+3. Since there
exists two common edge counts k; =2mn +n+3 and k, = 4mn+3, the graph G; has super edge bimagic total labeling.
Hence for all m> 2 and odd n > 3, the Mongolian Ger M(n,m) has super edge bimagic total labeling.

Example 2.1: In Figure 2.1, we give a super edge bimagic total labeling for the Mongolian Ger M (5, 3).

23 A6 44 22

Va2 U:?B 1"'::'.9 "n"z;‘i'ﬂl ¥z &
]
8 41 2 " a3
A ey e

Fig. 21 : mper edge bimagic total labeling of the AMonzolian Ger M{53).
In the next section, we prove that for all i& 2 and odd n > 3, the generalized web without centre, W,y(m, n) is super
edge bimagic. The graph Wy(m, n) is the same as the graph obtained from P, x C,, by attaching a pendent vertex at each
vertex of the outermost cycle of P,, x C,,. Denote the pendent vertices adjacent t0 Vi1, Vo, - - . , Vmna Of the m th cycle
Of Pm X Cy @S Vimer,1, Vime12s « - - » Vmern respectively.
Theorem 2.3: For all m> 2 and odd n > 3, the graph Wo(m, n) has super edge-bimagic total labeling.

Proof: Let V' be the vertex set and E’ be the edge set of Wy(m, n) Then V' = V{Vpn.1j /1< j<n} and E' = E W{vp;
Vms1j / 1< j < n}, where V and E are as defined in Theorem 2.1. Then | V'| = (m+1)n and [E'| =2mn.

For 1<i<m+1, denote k(i) and 5(i) as defined in equations (1) and (2) of Theorem 2.1.
We define the bijection f: V' UE'— {1, 2, ..., (3m+1)n} as follows:
Initially we assign labels to the vertices Wy(m, n).

For 1<i<mtl and 1<j <neach v;; € V', define f(v;;) as in equation (3) of Theorem 2.1.
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Then f(V) ={1, 2, ..., (m+1)n}.
Lete = (vij, Vsy) be any edge in Wo(m,n) and let f'(e) = f(vi;) + f(vsy) @)

We denote the edges in E’ as follows:

n-1
For1<j<™5 , denote the edge by ej(l), if the sum of the labels of its end vertices is equal to 2j+1.

For 0 < j < mn, denote the edge by &, if the sum of the labels of its end vertices is equal to n+1+.

For 0 <j < (m-1)n, denote the edge by e,-(s), if the sum of the labels of its end vertices is equal to (m+1)n + 2 + j.

n-3
For1<j<™ 5, denote the edge by ej(4), if the sum of the labels of its end vertices is equal to 2(mn +j+1).

Then from equation (7), we have

' (1) . . n_-l
f'e7)=2j+1 , 1<j< o
fre®) =nt1+] , 0<j<mn (8)
f'e®)=(mtOn+2+j , 0<j < (m1)n

n-3
fre®=2mn+j+1)  , 1<j< 3
Now, let us label the edges of Wy(m, n) by
n-1
flg”) =2mn+2n -2j+1 |, 1<j< 5
f(e?) = 2mn + n +1j , 0<j<mn
f(e¥) = 3mn +n —j , 0<j< (mn
n-3
() = 2(mn +n- j) . lsjs T
Then f(E") = {mn+n+1, mn+n+2, ... , 3mn+n}.

The induced map f * on E’ defined by f "(e%) = (&™) + f () for every edge & cE’ satisfies the conditions:

e =1+
n-l
=2(mn +n+1), 1<j< >

') =1(e?) +f(?
=2(mn +n+1), 0<j<mn

') =1(®) +1 ()
= 2(2mn+n+1) 0<j<(m-1)n

e =1 + ()

n-3
=2(2mn+n+1), 1<j< o .

Clearly, it is observed that for each edge e € E', f (&) = f'(®) + f () =2(mn +n+1) or 2(2mn+n+1). Since
there exists two common edge counts k; = 2(mn+n+1) and k, = 2(2mn+n+1), the graph Wy(m, n) has super edge-
bimagic total labeling  for all m > 2 and odd n > 3.

Theorem?2.4: Let G,(V,, E,) be the graph obtained from P, x C,, by attaching s pendent vertices at each vertex of the
outermost cycle. Then the graph G, has a super edge bimagic total labeling for all m>2 and odd n > 3.
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Proof: The graph G»(V,, E,) is the same as the graph obtained from Wy(m, n) by appending s—1 pendent edges at each
vertex Vi (j = 1, 2, ..., n) of the outermost cycle of Wo(m,n). Denote the newly attached pendent vetices at vy, as v,-('),
vi@, v (=1,2,...,n).Then V,= V' UVawhere Va={v,"; j =1,2,...,n ;1 = 1,2,...,s-1}and the edge set E; = E'U E,
where Ez={Vp;v{") / 1< j <n; 1<1<s-1} and V' and E’ are as defined in the proof of the Theorem 2.3. Then [V = (m
+s)n and |E,| = (2m+s—1)n. We define the bijection f: V, U E, — {1, 2, ..., (3m+2s—1)n} as follows:

Initially we assign labels to the vertices of G.,.

For 1<i<mtland 1< j <n each vije V', define f(v;j) as in the equation (3) of Theorem 2.1and for 1<j<n; 1< 1<s-1
each vi') eV, define f(v;") = f(vinerj) + In. Then f(V2) ={1,2, ...,(m+s)n}.

Lete = (vij, Vsy) be any edge in G, and let f'(e) = f(vi;) + f(vs,) 9

We denote the edges of G, as follows.

n-1
For1<j< "5, denote the edge by e,-(l), if the sum of the labels of its end vertices is equal to 2j+1.

For 0 <j < (m+s—1)n, denote the edge by e,-(z), if the sum of the labels of its end vertices is equal to n+1+j.
For 0 <j < (m-1)n, denote the edge by e,-(3), if the sum of the labels of its end vertices is equal to mn+sn + 2 + j.

n-3
For1<j<" 5 , denote the edge by ej(4), if the sum of the labels of its end vertices is equal to (2m +s—1)+2j+2.

Then from equation (9), we have

. n-1
frig) =2j+1 , 1<j=< 2
f’(ej(z)) =n+1+j , 0<j <(mts-1)n (10)
f'(e®) =mn+sn+2+j , 0<j < (m-1)n
n-3

f'(e”) =@m+s-1)n+2j+2 , 1<j< 3

Now let us label the edges of G, by

(1) - n_-]-
fef”) =2mn+2sn-2j+1 , 1<j<
f(e®) = 2mn +2sn —n+1-j, 0<j < (mts-1)n
fle®)=3mn+2sn-n—j , 0<j < (m-1)n

n-3
flg®) =2mn+sn-j) , 1<j< 3

Then f(Ey) = {mn+sn+1, mn+sn+2, ... , (3m+2s-1)n}.
The induced map f * on E, defined by f “(%) = f'(g;) + f (&) for every edge &,¥ <E, satisfies the conditions:

ICESECIRRICY)

nd
=2(mn+sn+1) = ky, 1<j< ™
(e = f'(e) + f (6?)
=2(mn+sn+1) = ky, 0<j < (mts=1)n

e =1'(e®) + f (&)
=(4m+3s—-)n+2=k,, 0<j < (m-1)n

)=o) + 1 (¢)

= (4m+3s-1)n+2 = k,, 1<j5 <
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Clearly, it is observed that for every edge % e E, T "(&") = /() + (%) = 2(mn +sn+1) or (4m+3s-1)n+2.
Since there exists two common edge counts k; =2(mn +sn +1) and k, = (4m+3s—1)n+2, the graph G, has super edge
bimagic total labeling  for n odd and m > 2.

In Figure 2.3, we give a super edge bimagic total labeling for the graph G, in Theorem 2.4 with m =4, n =5 and s = 3.

Figure 2.3

Theorem 2.5: For m> 2 and odd n > 3, the generalized web W(m, n) has super edge bimagic total labeling.

Proof: The generalized web W(m, n) is the same as the one obtained from Wy(m, n) by joining each vertex of the
innermost cycle to a new vertex vy by an edge. Let V"’ be the vertex set and E” be the edge set of W(m, n) Then V''=
V' U {vo} and E""= E’ U Eg, where V' and E' are as defined in Theorem 2.3 and Eq = {voVv : 1<j < n}. Then | V"|=
(m+1)n+1land |[E”| =(2m+1)n.

For 1<i <m+1, denote k(i) and (i) as defined in equations (1) and (2) of Theorem 2.1.

We define the bijection f: V" U E"—{1, 2, ..., (3mn+2)n+1} as follows:

Initially we assign labels to the vertices of W(m, n).

For 1< i < mt+land 1< j < neach vertex vi; €V', define f(v;;) as in the equation (3) of Theorem 2.1 and f(vo) =
mn+n+1. Then f(V"") = {1, 2, ... , mn+n+1}.

Lete = (vij, Vsy) be any edge in W(m,n) and let f'(e) = f(vi;) + f(vsy) (11)

We denote the edges of W(m,n) as follows:

For 0 < j < n, denote each edge voV,j € Eq by ej(o) and denote the edges in E' of W(m,n) as denoted in Theorem 2.3.

Then from the equation (11), we have
f' e =mn+n+1+j, 0<j<n

and for each ¥ cE’ , f'(g;%) is as defined in equation (8) of Theorem 2.3.

Now, let us label the edges of W(m, n) by
fle@) =mn+2n+2-j,0<j < n
f(eV) = 2mn +3n —2j+2,1< j < nTl

f(e@) =2mn +2n+2-j,0< j < mn
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f(e¥) =3mn+2n+1-j,0< j < (m-1)n
4 - n_-3
fie™¥) =2mn +3n+1-2j, 1< j < 5

Then f(E") = {mn+n+2, mn+n+3, ... , 3mn+2n+1}.
Define the induced map f * on E”’ by

£ (e®) = f'(e®) + f (%) for every edge ¥ cE".
It satisfies the conditions:

(e = ') + 1 (6?)
=(mn+n+1+j)+ (mn+2n+2 —j)
=2mn+3n+3=k;, 0<j<n.

') = f'(e™) + £ (&P)
= (2j+1)+ (2mn +3n -2j+2)
n-l
=2mn +3n+3 =Kk, 1<j< T
) =1 +1(”)
= (n+1+j ) +2mn + 2n +2—j
=2mn+3n+3=k;, 0<j<mn

e =1 + 1)
= (mn+n+2+ j) + (3mn +2n +1-j)
=Amn+3n+3=k;, 0<j<(m-1)n

e =) + (e
=2(mn +j+1) +2mn +3n+1- 2j

=4mn+3nt3 =k, 1<j< o .

=3

Fig.2.4: Generalized weh Wi4,7)
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Clearly, it is observed that for each edge ® e E', f "(g%) = '(¢%) + f () = 2mn +3n+3 or 4mn+3n+3. Since there
exists two common edge counts k; =2(mn +n +1) and k, = 2(2mn+n+1), the generalized web W(m, n) has super edge
bimagic total labeling for all m>2 and odd n > 3.

In Figure 2.4, we give a super edge bimagic total labeling for the generalized web W(4,7).
CONCLUSION

In this paper, we have proved the super edge bimagic total labeling for generalized prism P, x C,,, the Mongolian Ger
M(n, m), the generalized web W(m, n), the generalized web without centre Wy(m, n) and its related graph. Further we
extend this work by examining the existence of certain other labelings for these graphs.
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