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ABSTRACT

The aim of this paper is to introduce rg-R, and rg-R; spaces. Some existing lower separation axioms are characterized
by using these spaces.
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1. INTRODUCTION

The separation axioms Ry and R; were introduced and studied by Shanin in [13] and Yang [15]. In 1963, Davis [4]
rediscovered them. The notions of semi-R, [11]; semi-Ry [5]; pre-Rq, pre-R; [3] and g-Rq, g-R; [2] were discussed by
Charles Dorsott; Maheswari and Prasad; Caldas et.al. and Balasubramanian respectively. Recently the authors
studied pgpr-R, and pgpr-R; spaces in [8]. In this paper, we introduce and investigate rg-R, and rg-R; spaces.

2. PRELIMINARIES

Throughout this paper (X,t) denotes a topological space on which no separation axioms are assumed unless explicitly
stated. A subset B of (X,t) is regular open if B=int(cl(B)) [14] and is generalized closed(briefly g-closed)[10] if
cl(B)cU whenever BcU and U is open in X and regular generalized closed (briefly rg-closed)[12] if cl(B)cU
whenever BcU and U is regular open in X. The complement of a g-closed set is g-open and that of rg-closed set is rg-
open. The intersection of all g-closed (resp. rg-closed) sets containing B is called the g-closure (resp. rg-closure) of B

and denoted by CI*(B) [6] (resp. C|r (B) [1]). In a space (X,t), Ker (A) denotes the intersection of all open sets
containing A.

Definition 2.1[1]: A topological space (X,t) is rg-regular if for every regular closed set F and a point x¢F, there exist
disjoint rg-open sets U and V such that xeU and FcV.

Definition 2.2: A space (X,1) is Rq [13] (resp.g-Ry [2]) if for each open (resp. g-open) set U of X, xeU implies
cl({x})cU (resp. el ({x})cV).

Definition 2.3: A topological space (X,t) is Ry [15] if for x, yeX such that cl({x})# cl({y}), there are disjoint open
sets U and V such that cl({x})cU and cl({y})cV.

3. rg-Rp spaces
In this section, we introduce rg-R, spaces as a generalization of R, spaces and obtain some of their basic properties.

Definition 3.1: A topological space (X,t) is said to be rg-R, if every rg-open set contains the closure of each of its
points

Proposition 3.2: If (X, 7) is rg-Rg then itis Ryand g-R,.

Proof: Suppose (X,t) is rg-Rq. Let V be an open set in X. Since every open set is rg-open, V is rg-open in X. Since
(X,1) is rg-Ry, by Definition 3.1, cl({x})cV for every xeV. By using Definition 2.2, (X,7) is Ro. Let V be a g-open
set in X. Since every g-open set is rg-open, V is rg-open in X. Since (X,1) is rg-Ry, by Definition 3.1, cl({x})cV for

every xeV. Now by using Proposition 5 of [9], cl ({X}) c cl({x})<V. This proves that (X,t) is g-R.
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Theorem 3.3: A topological space (X,7) is a rg-Ro space if and only if for any rg-closed set H, cl({x})»H=< for
every X eX\H.

Proof: Suppose (X,t) is rg-Ry. Let H be rg-closed in X and xeX\H.Then X\H is rg-open. Since (X,t) is rg-Ro, by
using Definition 3.1, cl({x})cX\H and so cl({x})~H=&. Conversely assume that, for any rg-closed set H of X,
cl({x})nH=9 for every xe X\H. Let V be any rg-open set in X and xeV. Then xeV=X\(X\V) and X\V is rg-closed.
By our assumption cl({x})~X\V=g which implies that cl({x}) V. This proves that (X,t) is rg-R.

Theorem 3.4: A topological space X is rg-Rg if and only if for any points x and y in X, x# y implies

clxh)elfyh=2.

Proof: Let X be rg-Rq and x£yeX. By Theorem 3.1 of [7], {x} is rg-open. Since xe{x}, we have cl({x})c={x}.Thus
cl({xP)={x}.Now cl({xF)ncl({yD={x3{y}=3. Conversely suppose for any points x and y in X#£x vy implies
cl({x})ncl{y})=9. Let V be rg-open and xeV. Let yecl({x}).Suppose y¢& V. Since xeV, x#y. By assumption,
cl({x})cl{y})=D.Then y & cl({x}) which is a contradiction to yecl({x}) so we get yeV and cl({x})cV. Thus X is
rg-Ro.

Theorem 3.5: A topological space (X,7) is rg-RO0 if and only if for any x and y in X, x#£y implies Ker
{xpKeryh=2.

Proof: Assume that (X,r) is a rg-R, space and#x eX. By Theorem 3.4, cl({x})cl{y}H=2. If
Ker({x})nKer({y})£J,then there exists ze X such that zeKer ({x}) n Ker ({y}). Then zeKer ({x}) and zeKer
({y}). Since zeKer ({x}) we have xecl({z}). Suppose x#z, cl({x})cl({z})=< which contradicts xecl({x})cl({z})
s0 x=z. Similarly we have y=z. That is x=y=z. This is a contradiction to x£y. Hence Ker ({x}) nKer ({y}) =&.

Conversely, assume that for any x4y in X, Ker ({x})n Ker ({y}) =&. Suppose zecl({x})ncl({y}).Then zecl({x})
and zecl({y}). Now zecl ({x}) implies that xeKer ({z}). Since xeKer({x}) we have xeKer({x})n Ker({z}) and
hence x=z (otherwise xtz = Ker({x})nKer({z})=2 which is a contradicts xeKer({x})nKer({z})). Similarly we
have y=z and hence x=y=z. This is a contradiction to x£y. So cl({x})cl({y})=J. By Theorem 3.4, (X,1) is rg-R.

Theorem 3.6: A topological space (X, 7) is rg-R, if and only if it is T,.

Proof: Let (X,t) be rg-R, and let xeX. By using Theorem 3.1 of [7], {x} is rg-open. Since (X,1) is rg-Ry, by using
Definition 3.1, cl({x})<{x} and hence cl({x})={x}. That is {x} is closed. It follows that every singleton set is closed.
Therefore (X,t) is T1.Conversely suppose (X,t) is T;. Let V be rg-open and let xeV. Then cl({x})={x}<V. Thus
(X,1) is rg-R,.

Theorem 3.7: For a topological space (X, 7), the following are equivalent:
(@) (X,7)is rg-R,.

(b) If His rg-closed, then H=Ker (H).

(c) IfHis rg-closed and x €H, then Ker ({x}) cH.

Proof:

(a) = (b): Assume that (X,1) is rg-Ro. Let H be any rg-closed set in X and xeKer (H). Suppose x ¢ H. Then X\H is
rg-open and xe X\H. Since (X,t) is rg-Ry, cl({x})<X\H which implies HcX\cl({x}). Since X\cl({x}) is open, we have
Ker(H)cX\cl({x}). Since xeX\cl ({x}), we have xg Ker (H). This is a contradiction to xeKer (H) so we get xeH.
That is Ker ({x})cH. But always HcKer (H). This proves that H=Ker (H).

(b) = (c): Let H be a rg-closed set and xeH. Then Ker ({x}) < Ker(H)=H, by (b).
()= (a): Let V be any rg-open set and xeV. Let yecl({x}).Then xeKer({y}). Suppose y ¢ V.

Then yeX\V and X\V is rg-closed. By (c), Ker ({y})=X\V. This implies that xeX\V and hence xgV. This is a
contradiction to xeV and we get yeV. That is cl({x})cV. Thus (X,z) is rg-R,.

Theorem 3.8: For a topological space (X, z), the following are equivalent:

(i) (X,7)is arg-R, space.

(i) For any AxZand G eRGO(X, 7) such that ANG£, there exists a closed set F such that AWF£2, and F<G.
(iii) Any G eRGO(X,7), G= U {F: F<G and F is closed}.

(iv) Any FeRGC(X,7), F= N {G: G<F and G is open}.
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Proof: (i)=(ii): Let A be a nonempty subset of X and GeRGO(X,t) such that AnG#J. Then there exists xe ANG.
Since X is rg-Ry and xeG, cl({x})cG. Take F=cl({x}). Then F is closed and FcG. Now xecl({x})=F and xeA
implies that xe AnF and AnF£D.

(i)=(iii): Let GeRGO(X,1), then Go U {F/FcG and F is closed}. Let xeG. Then {x}nG#Z. Now by using (ii),
there exists a closed set H such that {x}nH#J and HcG. That is xeH gU{F: FcG and F is closed} and
Gc U {F/FcG and F is closed}. It follows that G=J {F:FcG and F is closed}.

(iii)=(iv): Let FERGC(X,t). Then X\FeRGO(X,t) and by (iii), X\F= |J {H: HcX\F and H is closed}. Since H is
closed, X\H is open. Now H=X\F implies X\HcF and X\F=J H implies that F=X\ (UH) = n(X\H) where X\H is
open and X\HcF. So F= N{G: GcF and G is open}.

(iv)=(i): Let FeRGC(X,t) and xeF. By (iv), F= N {G/ GcF and G is open}. Then xeG, for all open set G
containing F. Since G is open, Ker ({x}) <G, for all open set G containing F. That is Ker ({x}) c N {G/ GcF and G
is open} =F. By using Theorem 3.7(c), (X,r) is rg-R,

Theorem 3.9: If (X,7) is rg-Ry if and only if for any rg-closed set U and x #U, there exists an open set G such that
UcG and x £G.

Proof: Suppose (X,1) is rg-Ry. Let U be any rg-closed set and xgU. Then xeX\U and X\U is rg-open. Since (X,t) isa
rg-Ry space, by Definition 3.1, cl({x})cX\U. Put G=X\ cl({x}). Then x¢G and Uc X\cl({x})=G. Since cl({x}) is
closed, we have G=X\ cl({x}) is open.

Conversely, suppose for any rg-closed set U and xeU, there exists an open set G such that UcG and x¢G. Let U be
any rg-closed set and xgU. Then by our assumption, there exists an open set G such that UcG and x¢G. That is
xeX\G and X\G is closed. Also cl({x})cX\G and cl({x})nG=Q. Thus cl({x})nUccl({x})nG =J. By Theorem 3.4,
(X,1) isrg-Rg

Corollary 3.10: If (X,7) is rg-Ry, then it is rg-regular.

Proof: Suppose (X,1) is rg-R,. Let H be regular closed and xgH. Since every regular closed set is rg-closed, H is rg-
closed. By using Theorem 3.9, there exists an open set V such that HcV and x¢V. Since every open set is rg-open, V
is rg-open. Put U={x}. By Theorem 3.1 of [7], U is rg-open. Also UnV={x}nV=C. Thus, U and V are disjointing
rg-open sets containing x and H respectively. Then by Definition 2.1, (X,z) is rg-regular.

4. rg-R; spaces
In this section, we introduce and investigate rg-R; spaces using the notion of rg-open sets.

Definition 4.1: A space (X,t) is said to be rg-R;, if for x, y in X with cl({x})# cl({y}), there exist disjoint rg-open
sets U and V such that cl({x})cU and cl({y}) cV.

Proposition 4.2:

(i) Every rg-Rqspace is rg-R;.
(ii) Every R;space is rg-R;.
(iii) Every T, space is rg-R;.

Proof:
(i) Suppose (X,t) is rg-Ry. Let x, ye X with cl({x})# cl({y}). Then by Theorem 3.6, cl({x})={x} and cl({y})={y}. By
using Theorem 3.1[7], {x}, {y} are rg-open sets and {x}{y}=. This shows that (X,t) is rg-R.

(if) Suppose (X,7) is R;. Let x, yeX with cl({x})# cl({y}). Since (X,1) is Ry, by Definition 2.3, there exist disjoint
open sets U and V such that cl({x})cU and cl({y})<V. Since every open set is rg-open, U and V are rg-open. This
proves that (X,z) is rg-R;.

(iii) Let (X,7) be a T, space. Since every T, space is Ty, by using Theorem 3.6, (X,1) is rg-Ro. Now by using (i), (X,1)
isrg-R;.

Theorem 4.3: If a topological space (X, 7) is rg-R; then either cl({x})=X for each x eX or cl({x})£X for each x eX.
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Proof: Assume that (X,t) is rg-R;. If cl({x})=X for all xe X, then the theorem is proved. If not, then there exists ye X
such that cl({y})#X. To prove cl({x})#X for all xeX. Suppose not, then there exists ze X such that cl({z})=X. Now
cl({y})#X= cl({z}). Since (X,1) is rg-R;, there exist disjoint rg-open sets U and V containing cl({y}) and cl({z})
respectively. Since cl({z})=X, we have V=X. This implies that UnV=UnX=U£J, because yeU. This is a
contradiction to UnV=g. Therefore cl({z})#X. Thus cl ({x}) #X for all xeX.
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