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ABSTRACT

In this paper we prove a general fixed point theorem for two pairs of weakly compatible mappings, in dislocated
metric spaces. We generalize, unify improve fixed point results in these spaces existing in recent literature.
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1. INTRODUCTION

During the last five decades, study of common fixed point of mappings satisfying contractive type conditions has been
a very active field, for many mathematicians. Recently, with the introduction of the concept of dislocated and
dislocated quasi-metric spaces by P. Hitzler and A. Seda, F. M. Zeyada et al., several author generalized the famous
Banach Contraction Principle. They have established a number of important fixed point theorems for a single and a pair
of mappings in complete dislocated metric space, by [1, 2, 6, 7, 8, 11, 12] The aims of this paper is to establish a
common fixed point theorem involving two pairs of weakly compatible mappings, in context of dislocated metric
space. Also our theorem generalizes and improves existing results in such spaces.

2. PRELIMINARIES
We start with base and auxiliary definitions and lemmas, which will be used in this paper.

Definition 2.1: [10] Let X be a non-empty and let d : X x X — IR be a function, called a distance function if for
all x,y,z e X, satisfies:

d,:d(x,x)=0
d,:d(x,y)=d(y,x)=0=x=y
d; :d(x,y)=d(y,x)
d,:d(x,y)<d(x,z)+d(z,y).

If d satisfies the condition d, —d,, then d is called a metric on X. If it satisfies the conditionsd,, d,andd, it is
called a quasi-metric. If d satisfies conditions d2 , d3 and d4 it is called a dislocated metric (or simply d-metric). If d
satisfies only d2 and d4 then d is called a dislocated quasi-metric (or simply dg-metric) on X. A nonempty set X with

dg-metric d, i. e., (X ,d ) is called a dislocated quasi-metric space.

Example: Let be X = R"and the function d : X x X — R" where d (X, y) =X+ Y. Then (X ,d ) is a dislocated
metric space, but not e metric space.

Definition 2.2: [10] A sequence (Xn) in ad -metric space (X,d) is called a Cauchy sequence if for all >0,
an, € N such that ¥m,n >n,, we have d(X,,X,) < &.
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Definition 2.3: [10] A sequence in d -metric space converges with respect to d , if there exists X € X such that
limd(x,,x)=0.

n—o0o

In this case x is called a d-limit of (Xn) and we write x, —x.

Definition 2.4: [10] Ad -metric space(X ,d ) is called complete if every Cauchy sequence in it is convergent with
respectto d .

Preposition 2.5: Every d -convergent sequence in a 0 -metric space is a Cauchy sequence.

Proof: Let be a sequence (Xn ) in ad -metric space (X ,d ) which is d -convergent to X, and if we choose an & > 0

&
(arbitrary) then there exists N, € N thatd (xn , x) < Efor alln > n,. Considering

+

d (X X, ) <d (X, X)+d (X X,) <

=¢. Hence(Xn ) is a Cauchy sequence.

N | ™
N | ™

The following examples validate the preposition.

Example: Let X = [O,l] and d (X, y) = max{x, y} . Then the pair(X .d ) is a dislocated metric space. We define

3
an arbitrary sequence (X,) in X by X, = > neNu {0} .

3n

We note that for n — o0, X, & 0e X. Let gzsupneN{ } then for n,me N and N> m, we have

3"+2

d(Xn, m)=d( 3 : 3 ]= 3 < &.Thus, (X,) isa Cauchy sequence in X.
3+23"+2) 3"+2

Definition 2.6: [10] Let (X ,d ) be a d-metric space. A mapping T : X — X is called contraction if there exists a
number 0 <A <1 suchthatd(Tx,Ty) < Ad(x,y) forall X,y e X .

Lemma 2.7: [10] Let (X ,d ) be a d-metric space. If T : X — X is a contraction function, thenT " (X, ) is a Cauchy

sequence for each X, € X.
Lemma 2.8: [10] Limits in a d-metric space are unique.

Definition 2.9: [5] Let F and S be mappings from a metric space (X ,d ) into itself. Then, F and S are said to be
weakly compatible if they commute at their coincidence point; that is FX = SX for some X € X implies SFx = FSX.

Theorem 2.10: [10] Let (X , d) be complete d-metric space and let T : X — X be a contraction mapping then, T
has a unique fixed point.

3. MAIN RESULTS

We consider the set G; of all continuous functions @ : [O, 00)3 - [0, oo) with the following properties:

(a) g is non-decreasing in respect to each variable
) g(tt,t)<t,te[0,0)
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Some examples of these functions are as follows:
9,:9 (twtz'ts) = max{tvtzvts}
0,:0(t.t,t) =max{t, +t,,t, +t;,t, +t,}

9, -

)

1

9;-9 tl'tZ’tS) = [max {tltZ’t2t3’t3tl}]2
g )
Js: 0 )

Theorem 3.1: Let (X,d) be a complete dislocated metric space and S,T,F,G: X — X are continuous
mappings, satisfying the conditions:

(3.11) S(X)=G(X),T(X)<=F(X)

(3.1.2) The pairs (S, F) and (T,G) are weakly compatible and

(313) d(Sx,Ty)<cg [d (Fx,Ty),d (Gy,Sx),d (Fx, Gy)] forallx,y e X,

1
where g € G, and0<c < E.Then F,G,S, and T have a unique common fixed point in X.

Proof: LetX, be an arbitrary point in X .Define the sequence(xn) and(yn) in X as follows:
Yon = Xon = GXoni15 Yonu = TXony = FXyp,, for n=0,1,2,...

Let consider these cases:

Case: LIfY,, =Y, forsomen, then GX,, , =TX,,,, . Hence X,, ., is a coincidence point of G and T .
If Yonis = Yonsp fOrsome N, then FX, ., = SX,,,,. Hence X, , is a coincidence point of F and T .

Case: 21Ify, #Y,,,- forall n, by condition (3.1.3) we consider:

d(Van: Yane ) = 9 (SXo0, T )
<cg [d (FXo: TXop1 )2 A (GXopas SXop ), A (FXp, Gsz)]
=09 d (Yanss Yonir) s & (Yans Yan )+ @ (Vanss Yo )|
<2¢d (Yp11 Yon )

Thus by property of ¢ get:
A (Yan: Yonss) <260 (Yap 10 Yan ) (1)

Similarly by condition (3.1.3) have:

d (y2n—11 Yon ) =d (TXZn—l’ SXZn)
=d (5%, TX,1)

<cg[d(FX,, TXy, 4 ), d (GXyys SXy, ), d (FX,, Gy, ) |

=Cg [d (yZn—ll y2n—1) d (yzn—Z’ Yan ) .d (y2n—l' Yan-z ):I
<2cd (yzn,zv yZn—l)

Thus d (Y01, Yon ) < 2¢d (Y, yZn—l) @
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Generally by conditions (1) and (2) show that,

d (Yo Vo) S2¢d (Yoq, Yo ) <. <(20) d (Yo, ¥,) for neN
Weput2C=A1.

For n,me N with n<m, we have
d(Yn Yi) Ao You) T AViias Yooo) T 1A (Vi1 Vi)
<2"d (Yo, Y1) + A" (Yo, Yo) + e+ A" (Y, 1)
= (/1” + A" +Zm’1)d(y0, A
ar
1-1

<

d (Yo, ¥2)

Since 0< A <1, for n,m—oo we have d(Yy,,Y,)—> 0. Hence (y,) is a Cauchy sequence in complete

dislocated metric space(X,d). So there exists Z € X such that (yn) dislocated converges to Z . Therefore, the
subsequences:
(SXyp ) = 2,(GXypy ) = Z,(TXy,, ) > Z @Nd (FX,,,, ) > 2.

Since T (X) cF (X) , there exists a point U € X such that FU = Z . Again using (3.1.3), have:
d(Su,z)=d(Su,Tx,,,,)
<cg[ d(Fu,Tx,.,),d (GX,,.,,Su),d(Fu,Gx,,, )]

=cg[d (2, TX,,),d (GXyp.yr SU),d (2,6, ) |

By property of g , and taking limit as N — o0, we get, d(Su,Z)SZCd(Su,Z) . Since 0 < 2¢ <1, then

d (Su, Z) =0. Since (X ,d ) is a dislocated metric space, have SU = Z ..
Hence, SU=Fu=12.

Again, since S(X) c G ( X ) there exists a point V € X such thatGv =2.

Similarly using condition (3.1.3) and the above argument we show that TV = Z.

Thuswe have SU=Fu=Tv=Gv=12z.

Since the pair(S, F ) are weakly compatible and by definition, SFU = FSU implies Sz = Fz.

Let prove that Z is the fixed point of S .

From theorem have:
d(Sz,z)=d(Sz,Tv)

<cg[d(Fz,Tv),d(Gv,Sz),d (Fz,Gv)]
=cg[d(Sz,2),d(z,52),d(Sz,2)]
<cd(Sz,2)

1
Since 0<c< Ewe get d (SZ, Z) =0 and, from being (X ,d ) a dislocated metric space have Sz = 7 .

So, thisimpliessFz =Sz =1z.
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Similarly, since the pair (T,G) are weakly compatible and, TGV =GTv =Tz =Gz, we show that Z is the fixed

point of T . Using the same argument:

d(z,Tz)=d(Sz,Tz)
<cg[d(Fz,Tz),d(Gz,Sz),d (Fz,Gz)]
=cg[d(z,Tz),d(Tz,2),d(z,7z)]
<2cd(z,7z)

Sod (Z,TZ) =0since0<2¢ <1Thus Tz = z since (X ,d ) is a dislocated metric space.

Hence, we proved Sz=Fz=Tz=Gz =12 . This shows that Z is the common fixed point of the mappings
ST,F,G: X > X.

Uniqueness: Let suppose thatU and V are two fixed points of the mappingsT,S,F and G

From condition (3.1.3) we have:

d(u,v)=d(Su,Tv)
<cg[d(Fu,Tv),d(Gv,Su),d (Fu,Gv)]

=cg[d(u,v),d(v,u),d(u,v)]
<cd(u,v)

(4)

From (4) since0<2Cc<1get d (u,v) =0, which impliesU =V because (X ,d ) is a dislocated metric space. Thus
fixed point is unique.

The following example illustrate theorem 3.1.
Example 3.2: Let X =[0,1] and d(X, y): max{x, y} . Then (X,d) is a dislocated metric space. Define,

Sx=0,Tx :g, Fx=xand Gx = % .Clearly T, S, F and G are continuous and (3.1.1) and (3.1.2) are satisfied.

We take the function g (tl,tz,ts) = max {'[1,t2 ,t3} and also the condition (3.1.3) is satisfied for all X,y € X , where

C=—.
8

Clearly O is the unique common fixed pointof T,S,F and G .

Corollary 3.3: [6] Let(X,d)be a complete dislocated metric space and S, T : X — X two continuous mappings
satisfying the following condition:

d(Sx,Ty)<cg[d(xTy),d(y,5x),d(x y)] forall x,y € X ,Where0£c<%.

Then S and T have a unique common fixed point.

Proof: Taking F =G = | (identity mapping) in above theorem 3.1 and using the similar proof as in that we establish
this corollary 3.3

If we put S =T in corollary 3.3 we obtain the following,
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Corollary 3.4: [6] Let(X,d) be a complete dislocated metric space and T : X — X a continuous mapping
satisfying the following condition:

d(Tx,Ty)<cg[d(xTy),d(y,Tx),d(x,y)] forall x,ye X ,WhereOSC<%.

Then T has a unique common fixed point.

Theorem 3.5: Let (X,d) be a complete dislocated metric space and S,T,F,G: X — X are continuous
mappings, satisfying the conditions:

(35.1) S(X)=G(X).T(X)cF(X)

(3.5.2) the pairs (S, F) and (T,G) are weakly compatible

(353) d(Sx,Ty)<cg|d(Fx,Gy),d(Fx,5x),d(Gy,Ty)] foralix,y e X ,andOSc<%.

Then F,G,S, and T have a unique common fixed point in X .

Proof: The proof of this theorem follows in the same way as in theorem 3.1 replacing the condition (3.1.3) with (3.5.3)

Corollary 3.6: Let (X , d) be a complete dislocated metric space and S,T,F,G:X — X are continuous
mappings, satisfying the conditions:
(3.6.1) S(X)CG(X),T(X)C F(X)
(3.6.2) the pairs (S, F) and (T,G) are weakly compatible
d (Fx,Ty)+d(Gy, Sx)
(36.3) d(Sx,Ty)<cmax:d(FxTy)+d(Fx,Gy); forallx,ye X ,and0<c< %
d (Gy,Sx)+d (Fx,Gy)

Then F,G,S, and T have a unique common fixed point in X .

Proof: This theorem is taken as corollary of theorem 3.1 if we use the function g, € G,.

Corollary 3.7: Let (X,d) be a complete dislocated metric space and S,T,F,G:X — X are continuous
mappings, satisfying the conditions:

67D T(X)cG(X),T(X)c F(X)

(3.7.2) the pairs (T, F) and (T,G) are weakly compatible

(373) d(Tx,Ty)<cg[d(FxTy),d(Gy,Tx),d(Fx,Gy)| foralix,ye X ,andOSC<%.

Then F,G and T have a unique common fixed point in X .

Proof: This theorem is taken as corollary of theorem 3.1 if we putS =T in it.

4. CONCLUDING REMARKS
1. If we use the function g, € 63 , in theorem 3.1 we obtain as a corollary theorem 3.1 of K. Jha and D. Panthi [8]

2. If we use the function g, € G, and taking F =G = | (identity mapping) or F =T and G =S in theorem

3.1, we generalizes the result of A. Isufati [1], improves and extend the results of K. Zoto and E. Hoxha [6], C. T.
Aage and J. N. Salunke [2, 3], R. Shrivastava, Z. K. Ansari and M. Sharma [13], K. P. R. Rao and P.
Rangaswamy [9] and other result in the literature.

3. Putting F =G = | (identity mapping) in above corollary 3.6 we obtain the result for two continuous mappings.
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4. Putting F =G =1 (identity mapping) and S =T in above corollary 3.6 we obtain result for a continuous
mapping in context of dislocated quasi-metric space.

5. Using different types of functions g € G,, such as g5, g, etc in the main theorem we obtain other corollaries.
6. If we use the function g, € G, in theorem 3.5 we obtain theorem 3.1 in [12].

7. IfwetakeS =T in theorem3.5 and corollary 3.6, they reduced to other corollaries, which can be considered or
called generalized (F,G)—contraction for a mapping T . It is obvious that the generalized(F,G) -contraction

contains the (F,G)-contraction. Furthermore, the contraction is its main subclass also (whenF =G =1 in

( F, G) -contraction).
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