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ABSTRACT

In this paper we prove some common fixed point theorems for generalized contraction mappings in two complete
metric spaces.
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1. INTRODUCTION

The study of common fixed point theorems satisfying contractive type mappings and non-expansive mappings has been
a very active field of research during the last three decades. In 1922, the polish mathematician, Banach, proved his
famous Banach fixed point theorem which ensures, under appropriate conditions, the existence and uniqueness of a
fixed point. This theorem provides a technique for solving a variety of applied problems in mathematical sciences and
engineering. Later many authors proved fixed point theorems in different ways. Some of them ([1]-[6]), [9]) proved
fixed point theorems for contractive type mappings and non-expansive mappings. In [7], Fisher proved a related fixed
point theorem in two metric spaces. Recently many authors [8], [10], proved common fixed point theorems in various
ways. The main purpose of this paper is to present some common fixed point theorems in two complete metric spaces.
The following definitions are necessary for present study.

Definition 1.2: A sequence {X,} in a metric space (X, d) is said to be convergent to a point x € X if given >0 there
exists a positive integer ng such that d(x,, x) < € forall n>ng

Definition1.3: A sequence {X,} in a metric space (X, d) is said to be a Cauchy sequence in X if given >0 there exists
a positive integer ng such that d(xy, x,) < € forallm,n>n, .

Definition1.4: A metric space (X, d) is said to be complete if every Cauchy sequence in X converges to a point in X.

Definition1.5: Let X be a non-empty set and f: X — X be a map. An element x in X is called a fixed point of X if
f(x) = x.

Definition1.6. Let X be a non-empty set and f, g: X — X be two maps. An element x in X is called a common fixed
point of f and g if f(x) = g(x) = x.

2. MAIN RESULTS

Theorem 2.1: Let (X, d) and (Y, €) be complete metric spaces. Let A, B be mappings of X into Y and S, T be
mappings of Y into X satisfying the inequalities.

d(x,TBx') d(SAx,x')
d(SAX, TBX') < c¢;. max{ d(X, SAX), d(x’, TBx'),e(Ax, BX’), > , > } 1)
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e(y, ATy") e(BSy, V'
e(BSy, ATy) < cs. max{ e(y, BSy), ely', ATy, d(Sy, Ty, <O : y) & 2y Yy )

forall X, X in X and y, y" in Y where 0 <¢;< 1 and 0 <c, < 1. If one of the mappings A, B, Sand T is continuous , then
SA and TB have a unique common fixed point z in X and BS and AT have a unique common fixed point w in Y.
Further, Az=Bz=wand Sw=Tw =z

Proof: Let X, be an arbitrary point in X and we define the sequences {x,} in X and {y,} in Y by

AXon2 = Yona, SYon1 = Xon1, BXon1 = Yon: TYan = Xon for n=1,2,3 ... ..

Now we have
d(Xan+1, Xon) = d(SAXZn, TBXon.1)

d (X2n 'TBXZn—l) d (SAXZn ' X2n—1) }

< cp.max{d(Xzn, SAXzn), d(Xzn-1, TBX2n1), €(AX2n,BXon-1),

2 2
d(XpnsXon)  A(Xopgy %o
= ¢ max{d(Xzn, Xan+1), d(Xan-1, Xan), €(Yan+1,Y2n)s ( 2r12 2 ) ) ( = 12 2 1) }
A(Xop05 Xp0 ) FA(Xo, X
< cr.max{d(Xzn, Xzn+1), d(X2n-1, X2n), €(Y2n+1,Y2n), 0, ( Lol s )2 ( : 2 l) }
< cp.max{d(Xzn-1, X2n), €(Yon+1,Y2n)}
Now
e(Y2n, y2n+1) = e(BSYZn-la ATYZn)
e VATY,, ) e(BSY,01s Vo
< ca.max{e(yan.1, BSY2n1), €(Yans ATYz2n), d(SY2n-1, TYan), (yzn_l 5 Y2 ) ) ( y221 Yo ) }
e v J 2n+ €Yo Yon
= Co.max{e(Yan-1, Yzn), €(Yan Yan+1), d(Xan-1, Xan), (y2n-12y2 1) ) (y2 5 Yz ) }
€ ' Yon) V€Y ans Yons
= Co.max{e(Yan-1, Y2n): €(Yan Yan+1), d(Xan-1, Xan), (yzn_l Yz ) 5 (y2 Yz 1) 0}
< ca.max{e(yan-1, Yan), d(Xzn-1, X2n)} 3)
Hence
d(Xzn+1, X2n) < €1C2. Max{ d(Xzn-1, X2n) » €(Yzn-1, Yan)} (4)
We have

d(Xzn, Xzn-1) = d(Xzn-1, Xan)

= d(SAXzn., TBXaq.1)

d(X,., TBX, ;) d(SAX,, ., X,
< Cl.maX{d(XZn_z,SAXZn_z), d(XZn—lr TBXZn-l), e(AXZn—Zy BXZn—l)y ( 2n-2 2n 1) , ( 2n-2 2n 1) }

2 2
A(X 500, X5n)  A(Xop 5 X
= c.max{d(Xzn-2, Xzn-1), d(Xzn-1, X2n), €(Y2n-1,Y2n), ( an : ) ' ( : 12 : l) }
A(X 00 Xong) + A(X g 10 X
= cl_max{d(XZn_Z’ X2n-1)a d(XZn-la X2n)y e(y2n-lay2n)y ( 2n-2 2 1) ( 2n-1 2 ) ’ 0}

2

< ;. max{d(Xzn-2,Xon-1), €(Yzn-1,¥2n)}

Now

e(yZnyYZn—l) = e(BSyZn—ly ATyZn-Z)
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e(yZn—1’ ATyZn—Z) e(BSyZn—li y2n—2)

< cz. max{e(Yzn-1, BSY2n1), (Yon-2, ATY2n-2), d(SYan-1, TY2n-2), 5 , 2 }
e 1 1) € ) .
= Co.max{e(Yan-1, Yon), €(Yzn-2) Yon-1), Ad(Xan-1, Xon-2), (y2n 12 Yan 1) ) (YQn 2y2n 2) }
e , L)te 1 .
< Co.max{e(Yan-1, Yn), €(Yan-2, Yon-1), A(Xan-1, Xon2), 0, (yZn Yon 1) 5 (yZn 1 Yan 2) }
< Cz. max{e(Yan-1, Yon-2), d(Xon-1, Xon-2)} 5)
Hence

d(Xzn, Xan-1) < €1C2. Max {d(Xzn-1,X2n-2), €(Yan-1,Y2n2)} (6)

From inequalities (3), (4), (5) and (6), we have
d(Xn+1,Xn) < Cl(Cz)n. maX{d(Xl,Xo), e(yl, yo)} — 0 asn—w
e(Yn+1,Yn) < c2". max{d(x1,Xo), €(Y1, Yo)} — 0 as n—oo

Thus {x,} and {y,} are Cauchy sequences in (X, d) and (Y, e) respectively. Since (X, d) and (Y, e) are complete, {x,}
converges to a point z in X and {y,} converges to a pointwin Y.

Suppose A is continuous, then

lim Axzn = Az = 1im yong = W.
Nn—o0

n—oo
Now we prove SAz = z.
Suppose SAz # z.

We have
d(SAz, z) = lim d(SAz, TBXzn.1)
n—oo

d(z, TBx,,,) d(SAz,X,,,)

< lim ¢, max{ d(z, SAZ), d(Xzn-1, TB Xon-1), €(AZ, BXzn1), > , > }
= lim ¢,. max{ d(z, SAZ), d(Xon1, Xan), €(AZ, Yar), d(z,2x n) , d(SAZZ’ Xn1) }
d(z,z) d(SAz,z)
= cp.max{ d(z, SAz), d(z,2), e(w, w), > > }
d(SAz,2)
= ¢..max{ d(z, SAz), 0, 0, 0, T}

<c¢;.d(z, SAZ)
<d(z,SAz) (Since 0<c;<1)
Which is a contradiction.
Thus SAz = z.
Hence Sw = z. (Since Az = w)
Now we prove BSw = w.

Suppose BSw # w.
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We have

e(BSw, w) =lim e(BSw, Ysns1)
n—oo

= lim e(BSw, ATyz,)

n—oo

< lim ¢, max{e(w, BSw), e(yzn, ATYzn), d(Sw, Tyz), e(w, ATy,, ) ’ e(BSW,yzn)}

nN—o0 2 2
e(w,w) e(BSw,w) )

2 2

= c,. max{e(w, BSw), e(w, w), d(z, 2),

<e(w, BSw) (Since 0<c,<1)
Which is a contradiction.
Thus BSw = w.
Hence Bz = w. (Since Sw = z)
Now we prove TBz = z.

Suppose TBz # z.
d(z,TBz) = lim d(Xon+1, TBZ)
n—oo
= |lim d(SAXx,,, TB2)

n—oo

. d(x,,, TBz) d(SAX,,,2)
< lim c1. max{ d(Xzn, SAXa), d(z, TBZz), e(AXz,, B2), }

N> 2 2
d(z, TBz) d(z,2)
=¢;. max{d(z, z), d(z, TBz), e(w, Bz), > B }
d(z, TBz)
=c¢;. max{ 0, d(z, TBz), 0, ——, 0}

<d(z, TBz) (Since 0 <c¢;<1)
Which is a contradiction.
Thus TBz = z.
Hence Tw=1z. (Since Bz=w)
Now we prove ATw = w.

Suppose ATw # w.
e(w, ATw) = lim e(y,,, ATw)
nN—o0

= lim E(BSyZn_ly ATW)

n—oo

e(Yans ATW)  €(BSY,,,,W)

< ||m C. maX{e(yZn_l, BSyZn_l), E(W, ATW), d(SyZn—lr TW), 2 , 2 }
e(w,ATw) e(w,w)
= ¢,. max{ e(w, w), e(w, ATw), d(z, 2), 5 , > }
e(w,ATw)
= ¢, max{ 0, e(w, ATw),0, ——, 0}

2

<e(w, ATw) (Since0<c,<1)
Which is a contradiction.
Thus ATw = w.
The same results hold if one of the mappings B, S and T is continuous.
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Uniqueness: Let z’ be another common fixed point of SA and TB in X, w' be another common fixed point of BS and
ATIinY.

We have d(z, z') = d(SAz, TBz))
d(z, TBz') d(SAzz')

< c¢;. max{d(z, SAz), d(z', TBZ'), e(Az, BZ'), 5 , > }
d(z,z') d(z,2)
= ¢;. max{d(z, 2), d(z, Z'), e(w, W'), > T o }
d(z,z")
= ¢ max{d(z, 2), d(z, z'), e(w, W), T}
d(z,z")

= ¢, max{0, 0, e(w, w"),

> }

<e (w, W)

e(w, W) = e(BSw, ATw')

e(w, ATw') e(BSw,w')
< cp.max{e(w, BSw), e(w, ATw'), d(Sw, Tw’), , }

2 2
e(w,w") e(w,w)
= ¢, max{ e(w, w), e(w', w'), d(z, z), 5 , 5 }

e(w, w")
=c,. max{0,0,d(z, z),——}

<d(z, 2"
Hence d(z, ') < e(w, W) <d(z, Z)
Which is a contradiction.
Thusz=72".

So the point z is the unique common fixed point of SA and TB. Similarly we prove w is a unique common fixed point
of BS and AT.

Remark: 2.2: If we put A =B, S =T in the above theorem 2.1, we get the following corollary.

Corollary 2.3: Let (X, d) and (Y, e) be two complete metric spaces. Let A be a mapping of X into Y and T be a
mapping of Y into X satisfying the inequalities.

d(x, TAX") d(TAx,x")
d(TAX, TAX') < cq. max{ d(x, TAX), d(X, TAX'),e(Ax, AX'), , }

2 2
e(ATy’ ATyI) <c,. max{ e(y,ATy), e(y/’ ATy,), d(Ty, Ty,), e(yy iZATy ) ’ e(AT2y1 y ) }

forall X, X in X and y, ¥’ in Y where 0 < c¢;< 1 and 0< ¢, < 1. If one of the mappings A and T is continuous, then TA
has a unique fixed point z in X and AT have a unique fixed point win Y. Further, Az=w and Tw = z.

Theorem2.4: Let (X, d) and (Y, €) be complete metric spaces. Let A, B be mappings of X into Y and S, T be
mappings of Y into X satisfying the inequalities.

d(x, TBx') + d(SAX, x') )

d(SAX, TBX') < cq. max{ d(x, x'), d(x, SAX), d(x’, TBX"), e(Ax, Bx"), 5 Q)
e(y. ATy") +e(BSY V'
e(BSy, ATy) < cs. max{ e(y, ¥, <(y,BSy), c(y', ATY), d(sy, Ty, S ATY) > (BSy.y), @

forall x, x in X and y, y" in Y where 0 < c¢;< 1 and 0 < ¢, < 1. If one of the mappings A, B, Sand T is continuous , then
SA and TB have a unique common fixed point z in X and BS and AT have a unique common fixed point w in Y.
Further, Az=Bz=wand Sw=Tw = z.
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Proof: Let x, be an arbitrary point in X and we define the sequences {X,} in X and {y,} in Y by
AXan2= Yan-1, SYan-1 = Xon-1, BXon1 = Yon; TYan=Xon for n=1,2,3.....

Now we have
d(Xan+1, X2n) = d(SAXan, TBXan.1)
d(XZn ’ TBXZn-l) + d(SAXZn ! X2n-1)

5 }
d(X2n1 XZn) + d(X2n+11 X2n-1)
2
d(X2n+1' XZn) + d(XZn’ X2n-1)
2

< cp.max{d(Xzn, X2n-1), d(X2n,SAX2n), d(X2n-1, TBX2n.1), €(AXzn,BXon-1),

}

= cp.max{d(Xan, Xan-1), d(X2n, Xan+1), d(Xon-1, X2n), €(Yan+1,Y2n),

< cp.max{d(Xzn, Xan-1), d(Xzn, Xan+1), d(Xan-1, X2n), €(Yan+1,Yan),

< cp.max{d(Xzn-1, X2n), €(Yan+1,Y2n)}

Now
e(Y2n, y2n+1) = e(BSYZn-la ATYZn)
e(Yanas ATY ) +e(BSY o1, Yon)
2

e(yZn—l’ y2n+1) + e(yZn’ yZn) }
2

e(yZn-l! yZn) + e(yZn! y2n+l) }
2

< co. max{e(Yan-1, Y2n), d(Xzn.1, Xon)} 3)

< Co.max{ e(Yan-1, Yan): €(Yan-1, BSY2n-1), €(Yan, ATY2n), d(Syan-1, TYan), }

= co.max{e(Yan-1, Yon), €(Yon-1, Yon)s €(Yons Yone1), d(Xan-1, Xan),

< co.max{e(Yan-1, Yon), €(Yan-1, Yan)r €(Yzn, Yans1)s (Xon-1, Xon),

Hence
d(Xzn+1, X2n) < €1C2, Max{ d(Xzn-1, Xzn) » €(Yzn-1, Yon)} (4)

we have
d(Xans Xon-1) = d(Xzn-1, X2n)

= d(SAXzn.2, TBXzn.1)

< cp.max{d(Xzn-2,Xzn-1), d(X2n-2,SAX2n.2), d(Xzn-1, TBXzn.1), €(AXzn.2, BXon.1),
d(XZn—Z’ TBXZn-l) + d(SAXZn—Z' X2n-1) }
2
d(XZn-Z’XZH) + d(XZn-l’ X2n-1) }
2
d(XZn—Z ! XZn—l) + d(XZn—l’ XZn)
2

= cp.max{d(Xzn-2,Xzn-1), A(Xan-2, X2n-1), d(X2n-1, X2n), €(Yan-2:Yan-1),

}

< c.max{d(Xzn-2,Xzn-1), d(Xzn-2, X2n-1), A(Xzn-1, Xzn)s €(Yan-2:Y2n-1)s

< cp.max{d(Xzn-2,X2n-1), €(Yan-1,Y2n)}

Now
e(an,an-l) = e(BSY2n-1, ATyZn-Z)
< co. max{e(Yzn-1, Yan-2), €(Yan-1, BSY2n-1), €(Yon-2, ATY2n-2), Ad(SYan-1, TY2n-2)s

eVanar ATY o0z +€(BSY ;011 Yonn) )
2

e(Yanar Yona) + €(Yon: Yonz) )
2

e(yZn’ y2n—1) + e(yZn—li y2n—2) }
2

= Co.max{e(Yan-1, Yon-2), €(Yan-1s Y2n), €(Yon-1, Yan-1)y A(Xan-1s Xon-2),

< Co.max{e(Yan-1, Yon-2): €(Yon-1, Yon)s €(Yan-1: Yon-1)s d(Xon-1, Xon-2),

< ca.max{e(Yzn-1, Yan-2), d(Xon-1, Xon-2)} 5)
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Hence

d(Xan, Xon-1) < €1C2. max {d(Xon-1,X2n-2)s €(Yzn-1,Yon-2)} (6)
from inequalities (3), (4), (5) and (6), we have

d(Xns1,:Xn) < €1(C2)". max{d(X1,Xo), e(Y1, Yo)} — 0 as n—oo

e(Yn+1,Yn) < €. max{d(Xy,Xo), (Y1, Yo)} — 0 as n—oo

Thus {x,} and {y,} are Cauchy sequences in (X, d) and (Y, €) respectively. Since (X, d) and (Y, e) are complete, {x,}
converges to a point z in X and {y,} converges to a pointwin'Y.

Suppose A is continuous, then

lim Axzn = Az = 1lim yone = W.
n—oo

n—oo
Now we prove SAz = z..
Suppose SAz # z.

We have
d(SAz, z) = lim d(SAz, TBXzn.1)
Nn—o0

d(z, TBX,,,) + d(SAz, X,,,) )
2
d(z, X,,) +d(SAz, X,,,) )

< lim ci.max{ d(z, Xon.1), d(z, SAZ), d(Xzn.1, TB Xan-1), €(AZ, BXzq.1),
n—o0

= lim Cs. maX{ d(Z, X2n_1), d(Z, SAZ), d(XZn_l,TB X2n_1), E(AZ, BXZn—l)v

nN—oo 2
d(z, z) +d(SAz, 2)
=c¢;. max{ d(z, z), d(z, SAz), d(z, z), e(w, w), > }
d(SAz,z)
=c¢;. max{ 0, d(z, SAz), 0, O, T}

<c¢;.d(z, SAZ)
<d(z,SAz) (Since 0<c;<1)
Which is a contradiction.
Thus SAz = z.
Hence Sw = z. (Since Az = w)
Now we prove BSw = w.
Suppose BSw # w.

We have
e(BSw, w) =lim e(BSw, yn.1)
n—oo

= lime(BSw, ATy,,)

n—o0

< lim ¢, max{ e(w, Yz,), e(w, BSW), (Yan, ATYz0), d(SW, Tys), e(w, ATy, ) +e(BSw, y,,)

N> 2
e(w,w) +e(BSw, w)
2

}

= co.max {e(w, w), e(w, BSw), e(w, w), d(z, 2),
<e(w, BSw) (Since0<c,<1)
Which is a contradiction.

Thus BSw = w.
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Hence Bz = w. (Since Sw =z)
Now we prove TBz = z.

Suppose TBz # z.
d(z, TBz) = lim d(Xzn+1, TB2)
n—oo

= lim d(SAx,,, TBz)
n—o0

. d(x,,, TBz) + d(SAX,,, 2)
< lim ¢y max{d(Xz,,2), d(X2n,SAX,p), d(z, TBZ), e(AXzp, BZ), }

N> 2
d(z, TBz) +d(z,2) )

= ¢,.max{d(z, z), d(z, 2), d(z, TBz), e(w, Bz), 5

=c;.max{0, 0, d(z, TBz), 0, @}
<d(z, TBz) (Since 0 <c;<1)
Which is a contradiction.
Thus TBz = z.
Hence Tw=2z. (Since Bz =w)
Now we prove ATw = w.
Suppose ATw # w.
e(w, ATw) = !m e(Yan, ATW)

= lim E(BSyZn_ly ATW)
n—oo

ATw) +e(B
< 1M ¢, M8 (Y1, W), €(yors, BSYons), €, ATW), 0(Syzrs, Tw), ez ATW) ; 8B W)
e(w, ATw) +e(w, w)

2

= ¢, max{ e(w, w), e(w, w), e(w, ATw), d(z, 2),

<e(w, ATw) (Since0<c,<1)
Which is a contradiction.
Thus ATw = w.
The same results hold if one of the mappings B, S and T is continuous.

Uniqueness: Let 2’ be another common fixed point of SA and TB in X, w’ be another common fixed point of BS and
ATinY.
We have d(z, z') = d(SAz, TBz)
d(z,TBz') +d(SAz,z")
}
2
d(z,z')+d(z,2)
5 }

<ci.max{ d(z, ), d(z, SAz), d(z', TBz"), e(Az, BZ'),

<cy.max{ d(z, Z'), d(z, SAz), d(z',z'), e(Az, BZ),
= Cl-max{d(zl Z,)a d(Z,Z), d(Z’a Z,)a C(W, W’)ad(Z5 Z,)}
= ¢, max{d(z, '), 0, 0, e(w, W), d(z, ')}

<e(w, w)
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e(w, W) = e(BSw, ATw')
e(w, ATw') + e(BSw, w") )
2

< c.max{e(w, w'), e(w, BSw), e(w’, ATW), d(Sw, Tw’),

e(w, w') +e(w, w")
= c.max{e(w, w'), e(w, w), e(wW, w'), d(z, z'), }

2

= cy.max{e(w, w'), 0, 0, d(z, z'), e(w, w')}
<d(z, 2"

Hence d(z, ') < e(w, W) <d(z, Z)

Which is a contradiction.

Thusz =72

So the point z is the unique common fixed point of SA and TB. Similarly we prove w is a unique common fixed point
of BS and AT.

Remark 2.5: If we put A =B, S =T in the above theorem 2.4, we get the following corollary.

Corollary 2.6: Let (X, d) and (Y, e) be two complete metric spaces. Let A be a mapping of X into Y and T be a
mapping of Y into X satisfying the inequalities.
d(x, TAX") +d(TAX,Xx") )

2

e(y, ATy') +e(ATy,y') )
2

d(TAX, TAX') < c1. max{ d(x,X), d(x, TAx), d(x', TBX'), e(Ax, AX'),

e(ATy, ATY) <c,. max{ e(y, y'), e(y, ATy), e(y,ATy"), d(Ty, Ty"),

forall X, X in X and y,y in Y where 0 < c¢;< 1 and 0< c, < 1. If one of the mappings A and T is continuous , then TA
has a unique fixed point z in X and AT have a unique fixed pointwin Y. Further, Az=wand Tw =2z.

Theorem 2.7: Let (X, d) and (Y, e) be complete metric spaces. Let A, B be mappings of X into Y and S, T be
mappings of Y into X satisfying the inequalities.

d(x,TBx') d(SAx,x")
d(SAX, TBX') < c1. max{d(x, x"), d(x, SAX), d(x’, TBX'),e(Ax, BX’), 5 , > } 1)

r r ’ r r e(y7 ATyI) e(BSy’ yl)
e(BSy, ATY) < c,. max{ e(y, y')., e(y, BSy), e(y’, ATY’), d(Sy. Ty, > . > } @)
for all X, X' in X and y,y’ in Y where 0 < ¢;< 1 and 0 <c¢,< 1. If one of the mappings A, B, Sand T is continuous , then
SA and TB have a unique common fixed point z in X and BS and AT have a unique common fixed point w in Y.

Further, Az=Bz=wand Sw=Tw =z

Proof: Let X, be an arbitrary point in X and we define the sequences {x,} in X and {y,} in Y by
AXan2= Yon1, SYon1 = X 201y BXon1 = Yon; TY2n = Xon for n=1,2,3... ..
Now we have

d(Xzn+1, X2n) = d(SAXzn, TBXn.1)
d (XZn ’TBXZn—l) d (SAXZn ’ XZn—l)

< cp.max{ d(Xzn, Xon-1), A(Xon, SAXzr), d(Xon-1, TBXon-1), €(AX2n,BXan1 ), 5 ) 2 }
d(X,,X,.) d(X, 4, X,
= C1. max{d(Xan, X2n-1), d(Xan, X2n+1), A(X2n-1, X2n), €(Y2n+1:Y2n), an 2n ) ( 2n+12 2 l) }
d(X,..,, X,.)+d(X,. , X, .
< cp.max{d(Xzn, Xan-1), d(Xan, Xn+1), d(Xan1, X2n), €(Yan+1,Y20), O, (a1 Xan) + A0 Xn1) }

2
< C1. max{d(XZH—ln X2n): e(Y2n+1,an)}
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Now
e(yZn: an+1) = e(BSY2n-1, ATan)

ey, AT
= Ca: max{e(yzn'l’ yzn)’ e(yzn'l’ Bsyzn'l)’ e(YZny ATyZn)! d(SYZn-ly TYZn)y (yzn 1 yzn) ’

2
e(BSyZn—l’ y2n) }
2
e 1 € )
= co.max{e(Yan-1, Yan), €Yzn-1, Yon), €(Yzn, Yane1), d(Xan-1, Xan), (y2n 12y2n+l) ) (y2n2 YQn) }
e 1 +e , +
< CoMEX(E s Yo, Yt V) Y Vo), A ), S22 V) . Oan: Yana)
< co.max{e(Yan-1, Yzn), d(Xon-1, Xon) } (3)
Hence
d(Xan+1, X2n) < €1C2. Max{ d(Xzn-1, X2n) » €(Yzn-1, Y2n)} (4)
we have
d(Xzn, Xan-1) = d(Xzn-1, X2n)
= d(SAXzn., TBXaq.1)
< ¢;. max{ d(Xan-2,X2n-1), d(X2n-2,SAX2n.2), d(X2n-1, TBX2n.1), 8(AXon2, BXon.),
d(X 005 TBX,4)  A(SAX,, 5, X501) )
2 , 2
d(x,. ,,X d(X s X
= 0. max{d(Xzn2.Xzn1), d(Xan2, Xon1), A(Xen-1, Xan), €(Yzn1,Yzn), ( 2"5 n) A0 12 1) }
d(X, 5, X, ) +d(X,,, X
< ¢1. max{d(Xan-2,X2n-1), d(X2n-2) Xon-1), d(Xon-1, X2n), €(Yan-1,Yan), ( 2n-2122n 1)2 ( 2n1 Zn) .0}
< cp.max{d(Xzn-2,X2n-1), €(Yan-1:Y2n)}
Now
e(yZnayZn-l) = e(BSYZn-la ATyZn-Z)
< ¢ max{e(Yzn-1, Yan-2), €(Yzn-1, BSYan-1), €(Yon-2, ATY2n-2), Ad(SYan-1, TY2n-2)s
e(Yons ATY2n2) €(BSY,1,Yon0) )
2 , 2
e w : e ) R
= co.max{e(Yan-1, Yon-2), €(Yan-1: ¥2n), €(Yzn-2, Yon-1), d(Xon-1, Xon-2), (yZn 12 Yan l) ) (y2n 2y2n 2) }
e , 4)t€ 1 .
< co.max{e(Yan1, Yon2)r €(Yon-1, Yon)s €(Yan-2, Yone1)s d(Xon-1, Xan-2), O, (y2n Yon 1) > (y2n 1 Yon 2) }
< Co.max{e(Yan-1, Yon-2) d(Xon-1, Xan-2)} (5)
Hence
d(Xzn, X2n-1) < €1C2. Max{ d(Xzn-1,X2n-2), €(Yan-1,Y2n-2)} (6)

from inequalities (3), (4), (5) and (6), we have
d(Xne1,%0) < €1(C2)". max{ d(x,Xo), e(y1, Yo)} — 0 as n—oo
e(Yns1,Yn) < (C2)". max{ d(x1,%o), €(y1, Yo)} — 0 as n—oo

Thus {x,}and {y,}are Cauchy sequences in (X, d) and (Y, e) respectively. Since (X, d) and (Y, e) are complete, {x,}
converges to a point z in X and {y,} converges to a pointwinY.
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Suppose A is continuous, then

lim Axzn = Az = 1im yong = W.
nN—o0

n—oo
Now we prove SAz = z. .
Suppose SAzZ # z.

We have
d(SAz, z) = lim d(SAz, TBXyn.1)
n—oo

d(z, TBX,,,)  d(SAZ, X,4)

< lim ¢y max{ d(z, Xon.1), d(z, SAZ), d(Xon.1, TB Xon-1), €(AZ, BXap.1), > , > }
. d(Z, X?_n) d(SAZ ' X2n—1)
< limcy. max{ d(z, Xon.1), d(z,SAZ), d(Xan.1, TB Xon.1), €(AZ, BX.1), > , > }
d(z,z) d(SAzz)
=¢;. max{ d(z, z), d(z, SAz), d(z, ), e(w, w), ) > }
d(SAz,z)
=c¢;. max{ 0, d(z, SAz), 0, 0, 0, T}
<c¢;. d(z, SA2)
<d(z, SAz) (Since 0<c;<1)
Which is a contradiction.
Thus SAz = z.
Hence Sw = z. (Since Az = w)
Now we prove BSw = w.
Suppose BSw # w.
We have
e(BSw, w) = lim e(BSw, Y1)
= lime(BSw, ATy,,)
e(w, AT e(BSw,
< Iim Cy maX{ e(W, yzn), e(Wy BSW), e(y2n, ATYZn): d(SW! Ty2n)! ( 2 yzn ) 1 ( 2 yzn) }
e(w,w) e(BSw,w)
= c,. max{ e(w, w), e(w, BSw), e(w, w), d(z, 2), > , > }

<e(w, BSw) (Since 0<c,<1)
Which is a contradiction.
Thus BSw = w.
Hence Bz = w. (Since Sw = z)
Now we prove TBz = z.

Suppose TBz # z.
d(z, TBz) = lim d(Xn+1, TBZ)
n—oo

= lim d(SAx,,, TBz)
n—o0
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. d(x,,, TBz) d(SAX,,,z)
< lim ¢y max{ d(Xan,2), d(Xon, SAX,), d(z, TBZ), e(AXyn, B2), , }

N> 2 2
d(z, TBz) d(z,2)
=¢;. max{d(z, z), d(z, z), d(z, TBz), e(w, Bz), > - }
d(z, TBz)
=c¢;. max{0, 0, d(z, TBz), 0, T 0}

<d(z, TBz) (Since 0 <c;<1)
Which is a contradiction.
Thus TBz = z.
Hence Tw=2z. (Since Bz =w)
Now we prove ATw = w.

Suppose ATw # w.
e(w, ATwW) = lim e(yz,, ATw)
n—oo

= lim E(BSyZn_ly ATW)

n—oo

e ,ATw) e(BS W
< !LTO Co. max{ e(Yan1, W),e(Yan-1, BSYan1), €(w, ATW), d(Syan1, TW), (Yans ) ' (BSY 4.1, W) 3

2 2
e(w,ATw) e(w,w)
= ¢, max{e(w, w), e(w, w), e(w, ATw), d(z,2), > R }
e(w,ATw)
=c. max{0, 0, e(w, ATw), 0, T 0}

<e(w, ATw) (Since0<c,<1)
Which is a contradiction.
Thus ATw = w.
The same results hold if one of the mappings B, S and T is continuous.

Uniqueness: Let ' be another common fixed point of SA and TB in X, w' be another common fixed point of BS and
ATInY.

We have d(z, ') = d(SAz, TBz')

d(z, TBz') d(SAzZz)
<c¢;. max{ d(z, ), d(z, SAz), d(z’, TBZ'), e(Az, BZ), , }

2 2
d(z,z") d(z,z)
S C1. max{ d(Z, Z/)a d(Zs Z)a d(zr’ Z')a e(Wv W')a 2 ] 2 }
d(z,z")
= Cl- maX{d(Z, Z,)a d(Za Z)’ d(z’a Z,)a e(Wa W')a 2 }

= ¢ max{d(z, z), 0, 0, e(w, W)}
<e(w, W)

e(w, W) = e(BSw, ATw')

e(w, ATw'") e(BSW,w')}
2 ' 2
e(w,w') e(w,w")
= ¢, max{e(w, w'), e(w, w), e(w', w'), d(z, Z'), , }

2 2

< ¢, max{ e(w, w'), e(w, BSw), e(w', ATW), d(Sw, Tw’),
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e(w, w")

= ¢,. max{e(w, w"), 0, 0, d(z, z’),T}

<d(z, 2"
Hence d(z, ') < e(w, W) <d(z, Z)
Which is a contradiction.
Thusz=72".

So the point z is the unique common fixed point of SA and TB. Similarly we prove w is a unique common fixed point
of BS and AT.

Remark 2.8: If we put A =B, S =T in the above theorem 2.7, we get the following corollary.

Corollary 2.9: Let (X, d) and (Y, e) be two complete metric spaces. Let A be a mapping of X into Y and T be a
mapping of Y into X satisfying the inequalities.

d(x,TAX") d(TAx,x")
d(TAX, TAX') < c;. max{d(x, X), d(x, TAX), d(X, TAX’), e(Ax, AX’), > , > }

e(y,ATy") e(ATy,y') )
2 2

e(ATy, ATY') < c,. max{e(y, Y, e(y, ATy), e(y’, ATY"), d(Ty, Ty"),

forall X, X in X and y, ¥’ in Y where 0 < c¢;< 1 and 0< ¢, < 1. If one of the mappings A and T is continuous, then TA
has a unique fixed point z in X and AT have a unique fixed point win Y. Further, Az=wand Tw =2z.

Theorem 2.10: Let (X, d) and (Y, €) be complete metric spaces. Let A, B be mappings of X into Y and S, T be
mappings of Y into X satisfying the inequalities.

d(x,TBx") d(SAx,x")
d(SAX, TBX') < ¢q. max{d(x, X), d(x, SAX), d(x’, TBX’), e(Ax, BX’), , ,

2 2
d(x, TBx') + d(SAX, X'
(. TBX) A 0) o
e(y, ATy") e(BSy,yV'
e(BSy, ATy) < ¢ max{ e(y, ¥, <y, BSy), ey, ATY), d(Sy, Ty), <O . y) & 2y y),
e(y, ATy") +e(BSy . V'
(y y)2 (BSy.y), @

for all x, X' in X and y,y" in Y where 0 < ¢;< 1 and 0 < c, < 1. If one of the mappings A, B, S and T is continuous , then
SA and TB have a unique common fixed point z in X and BS and AT have a unique common fixed point w in Y.
Further, Az=Bz=wand Sw=Tw =z

Proof: Let X, be an arbitrary point in X and we define the sequences {x,} in X and {y,} in Y by
AXon2= Yan1, SYan1 = Xon1y BXon1= Yo, TYan=Xon forn=1,2,3.....

Now we have

d(Xon+1, Xon) = d(SAXZn, TBXon-1)

d(Xz, TBX;04)
2 )

A(SA%e0, Xan 1) 0K, TBX ) + d(SAXz ) Xops)
2 ' 2

d(X,,, X)) d(X, 00 %, 1)
= cp.max{ d(Xzn, Xzn-1), d(Xan, Xon+1), d(Xan-1, Xon), €(Yan+1,Y2n), e ) 2l ond )

2 2
d(XZn ' X2n) + d(X2n+17 XZn-l)
}
2
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d(X,,.., X,.) +d(X,., X,
< Cl-maX{ d(XZn’ X2n—1): d(XZny X2n+1). d(XZn—ly in), e(an+1,y2n), 0, ( 2n+1 Zn) ( 2n® 72n l) ,

2
d(X2n+1’ XZn) + d(XZn’ X2n-1) }
2
< ¢1. max{d(Xan-1, X2n), €(Yan+1,Y2n)}
Now
e(Y2n, y2n+1) = e(BSYZn-la ATYZn)
e ,ATY,,
< . max{e(Yan-1, Yan), €(Yon1, BSYan1), €(Yan, ATy2r), d(Syzna, Tan)- Vons ) V) ,
e(BSyZn—11 yZn) e(yZn—11 ATyZn) + e(BSyZn—l ' y2n) }
2 ’ 2
€ v Y 2n+ € n!Y2n
= Co.max{e(Yzn-1, Yn), €(Yan-1: Yon)r €(Yans Yans1), A(Xan-1, Xan), (y2n-12y2 1) ) (y2 2y2 ) ,
e(y2n—1’ y2n+1) + e(yZn ’yZn) }
2
€ 'V 2n te n' J2n+
< cz.max{e(Yzn-1, Yan), €(Yzn-1, Yon), €(Yzn: Yzn+1), d(Xzn-1, Xan), (yZn—l Y2 ) 5 (y2 Y2 l) )
0 e(yZn-1! y2n) + e(yZn ' y2n+1)
, > }
< Cz. max{e(Yzn-1, Yzn), d(Xan-1, X2n)} 3)
Hence
d(Xzn+1, Xzn) < €1C2. Max{ d(X,2n-1, X2n) » €(Y2n-1, Yon)} (4)
We have
d(Xzn, X2n-1) = d(Xzn-1, X2n)
= d(SAXzn-2, TBXon.1)
d(X 2n-2? TBX 2n-1)
< cp.max{ d(Xzn-2,Xzn-1), A(Xan-2,SAX2n.2), d(X2n.1, TBXon.1), €(AXan-2, BXan.a), > ,
d(SAXZn-Z' X2n-1) d(XZn-Z’ TBXZn-l) + d(SAXZn-Z ! X2n-1) }
2 ’ 2
Ad(Xp00,X50)  A(Xp01s Xon.
= ¢1. max{ d(Xan-2,X2n-1), A(Xan-2, X2n-1), A(X2n-1, X2n), €(Yan-1,Y2n), ( an : ) ) ( : 12 2 l) )
d(XZn-Z' X2n) + d(XZn-1' X2n-1)
2
A(X 05 Xp01) F AKX 15 X
= ¢1. max{ d(Xan-2,X2n-1), A(Xan-2, X2n-1), A(X2n-1, X2n), €(Yan-1,Y2n), ( et 1)2 ( e )
0 d(XZn-Z ! X2n-l) + d(XZn-I’ X2n)
, > }
< ¢;. max{ d(Xzn-2,X2n-1), €(Yan-1:Y2n)}
Now
e(yZnayZn-l) = e(BSYZn-la ATyZn-Z)
e VATY,
< co.max{ e(Yan-1, Yan-2), €(Yzn-1, BSY2n-1), €(Yon-2, ATY2n-2), Ad(SYan-1, TY2n-2)s Vans 5 Yarz) ,
e(BSyZn—li y2n—2) e(yZn—11 ATyZn—Z) + e(BSyZn—l ' yZn—Z) }

2 2
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e(yZn—11 y2n—1)
—2 y
e(yZn ! y2n-2) e(yZn-1' y2n-1) + e(yZn ' y2n-2) }
' 2 ' 2
= C.max{e(Yan-1, Yan-2), €(Yan-1, Yan)s €(Yzn-2: Yon-1)s A(Xan-1, X2n-2), O
e(yZn ! y2n—1) + e(yZn—l! y2n—2) e(y2n ' y2n—1) + e(yZn—l! y2n—2)

= co.max{e(Yan-1, Yon-2), €(Yan-1r ¥2n), €(Yzn-2, Yon-1), d(Xon-1, Xon-2),

1 }
2 2
< co.max{e(Yan1, Yan-2), d(Xon-1, Xon-2)} 5)
Hence
d(Xzn, Xzn-1) < €1C2. Max{ d(Xzn.1,X2n-2), €(Yzn-1,Y2n-2)} (6)

From inequalities (3), (4), (5) and (6), we have
d(Xn+1,Xn) < €a(C2)". max{ d(x1,Xo), €(y1, Yo)} — 0 as n—oo
e(Yn+1,Yn) < (c2)". max{ d(x1,Xo), e(y1, Yo)} — 0 as n—oo

Thus {x,}and {y,}are Cauchy sequences in (X, d) and (Y, e) respectively. Since (X, d) and (Y, e) are complete, {x,}
converges to a point z in X and {y,} converges to a pointw inY.

Suppose A is continuous, then

lim Axzn = Az = 1im yong = W.
Nn—o0

n—oo
Now we prove SAz = z.
Suppose SAz # z.

We have
d(SAz, z) = lim d(SAz, TBXzn.1)
n—oo

) d(z, TBX,,,)
< lim ¢y max{d(z, Xon.1), d(z, SAZ), d(Xon.1, TB Xon-1), €(AZ, BXpp.1), ————————,

n—w 2
d(SAZ, X;,,) d(z, TBX,,,) +d(SAZ,X,,,) )
2 , 2
: d(z, X5,)
= rIllm c1. max{d(z, Xon.1), d(z, SAZ), d(Xan-1, Xon), €(AZ, Yan), T
d(SAZ ! X2n—1) d(Z, XZn) + d(SAZ’ X2n—1)
2 ’ 2 }

d(z,z) d(SAz,z) d(SAz,z)
= ci.max{ d(z, 2), d(z, SAZ), d(z, z), e(w, w), , , }

2 2 2
d(SAz,2)
= ¢;.max{ 0, d(z, SAz), 0, 0, 0, T}

<c1.d(z, SAZ)

<d(z, SAz) (Since 0<c;<1)
Which is a contradiction.
Thus SAz = z.

Hence Sw = z. (Since Az = w)
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Now we prove BSw = w.

Suppose BSw # w.

We have
e(BSw, w) = lim e(BSw, Yan.1)
n—o0
= lime(BSw, ATy,,)

n—o0

. e(w, ATy, )
< lim ¢, max{e(w, Yan), e(w, BSW), e(Yon, ATYan), d(SW, Ty,,), ——————

N0 2

E(BSW, y2n) e(W1 ATyZn) + e(BSy' y2n)

2 2
e(w,w) e(BSw,w) e(BSw,w)

2 2 2

}

= c,.max {e(w, w), e(w, BSw), e(w, w), d(z, 2),

<e(w,BSw) (Since0<c,<1)
Which is a contradiction.
Thus BSw = w.
Hence Bz = w. (Since Sw = z)
Now we prove TBz = z.

Suppose TBz # z.
d(z,TBz) = lim d(Xyn+1, TB2)
n—oo

= |lim d(SAXx,,, TB2)

n—o

. d(x,,, TBz) d(SAX,,,z)
< lim ¢y max{ d(Xan,2), d(Xon,SAX2,), d(z, TBZ), e(AXyn, B2), , ,

n—o 2 2
d(x,,, TBz) + d(SAX,,,2) )
2
= ¢;,. max{d(z, 2), d(z, 2), d(z, TBz), e(w, W), d(z, TBz) | d(z,2) | d(z, TBz) +d(z,2) )
2 2 2
d(z, TBz) _ d(z, TBz)
=¢;. max{0, 0, d(z, TBz), 0, > , 0, 5 }

<d(z, TBz) (Since 0 <c¢;<1)
Which is a contradiction.
Thus TBz = z.
Hence Tw=1z. (Since Bz =w)
Now we prove ATw = w.

Suppose ATwW £ w.
e(w, ATw) = lim e(ya, ATw)
nN—o0

= lim e(BSyz,.1 ATW)

(Y0, ATW)

o,

e(BSY,01: W) €(Y,0, ATW) +(BSY,,;, W) 3
2 , 2
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e(w,ATw) e(w,w)
= cp. max{ e(w, w), e(w, w), e(w, ATw), d(z,2), ) ,

2 2
e(w, ATw) +e(w, w)
2
e(w,ATw)  e(w,ATw)
=c,. max{ 0, 0, e(w, ATw), 0, 5 , 0, > }

<e(w, ATw) (Since0<c,<1)
Which is a contradiction.
Thus ATw =w.
The same results hold if one of the mappings B, S and T is continuous.

Uniqueness: Let ' be another common fixed point of SA and TB in X, w' be another common fixed point of BS and
ATInY.

We have d(z, ') = d(SAz, TBz')

d(z, TBz') d(SAzZ')
<c¢y. max{ d(z, ), d(z,SAz), d(z',TBZ'), e(Az,BZ’), ,

2 2
d(z, TBz') + d(SAz,Z')
> }
= ¢y max{ d(z, Z), d(z, z), d(z',2)), e(w,w"), dz.2) , d@.7) , dz.7) +d@2) }
2 2 2
d(z,z")
= ¢1. max{d(z, 2'), d(z, 2), d(z, z'), e(w,w'), 5 ,d(z, 2')}
d(z,z")
= ¢;. max{d(z, z'), 0, 0, e(w,w’), 5 d(z, z')}
< e(w, W)
e(w, W) = e(BSw, ATW')
e(w, ATw') e(BSw,w')
< ¢, max{ e(w, W), e(w, BSw), e(w’, ATW'), d(Sw, TwW'), 5 , ) ,
e(w, ATw') +e(BSw ,w") )
2
= ¢, max{e(w, W), e(w, w), e(W', w'), d(z, z), e(w, W) , e(w, W) , e(w, W) + e(w, w') }
2 2 2
e(w, w")
= ¢, max{e(w, w'), 0, 0, d(z, z’),T ,e(w, w)}
<d(z, 2"

Hence d(z, ') < e(w, W) < d(z, Z)
Which is a contradiction.
Thusz=7".

So the point z is the unique common fixed point of SA and TB. Similarly we prove w is a unique common fixed point
of BS and AT.

Remark 2.11: If we put A =B, S =T in the above theorem 2.10, we get the following corollary.

Corollary 2.12: Let (X,d) and (Y,e) be two complete metric spaces. Let A be a mapping of X into Y and T be a
mapping of Y into X satisfying the inequalities.

© 2013, IJMA. All Rights Reserved 267



T. Veerapandi, T. Thiripura Sundari* and J. Paulraj Joseph/SOME COMMON FIXED POINT THEOREMS IN TWO METRIC SPACES/
IUMA- 4(5), May-2013.

d(x, TAX") d(TAx,x")
d(TAX, TAX') < cg. max{ d(x, X'), d(x, TAX), d(x’, TAX'), e(Ax, AX’), 5 , > .
d(x, TAX') +d(TAX, x") )
2

e(y, ATY) e(ATY. v’
e(ATy, ATy) < cs. max{ e(y, ¥, <(y, ATY), e(y's ATy, d(Ty, Ty, <O . y) 2y y),
e(y, ATY') +e(ATy,y") )
>

for all x, X' in X and y,y" in Y where 0 < c¢;< 1 and 0< ¢, < 1. If one of the mappings A and T is continuous , then TA
has a unique fixed point z in X and AT have a unique fixed pointwinY. Further, Az=wand Tw=2z.

Theorem 2.13: Let (X, d) and (Y, €) be complete metric spaces. Let A, B be mappings of X into Y and S, T be
mappings of Y into X satisfying the inequalities.

d(x,TBx') d(SAx,x')
d(SAX, TBX') < ¢;. max{ d(x,X"), d(x, SAX), d(X, TBX'),e(Ax, Bx’), , ,

2 2
d(x, TBx') + d(SAX, x') d(x,SAx)+d(x',TBX')} )
2 ’ 2
e(y, ATy') e(BSy,y'
e(BSy, ATY') < co. max{ e(y, y), e(y, BSY), e(y’, ATy)), d(Sy, Ty), b 2 n) = 2y 2.

e(y. ATy) +e(BSy.y) ely.BSy)+e(y,ATy), ®
2 ' 2

for all x, X' in X and y,y" in Y where 0 < c¢;< 1 and 0 < c,< 1. If one of the mappings A, B, S and T is continuous , then
SA and TB have a unique common fixed point z in X and BS and AT have a unique common fixed point w in Y.
Further, Az=Bz=wand Sw=Tw =z

Proof: Let X, be an arbitrary point in X and we define the sequences {X,} in X and {y,} in Y by
AXon2 = Yon-1, SYon1 = Xone1, BXon1 = Yon. TYan = Xon for n=1,2,3... ..

Now we have
d(Xan+1, Xon) = d(SAXZn, TBXon-1)

d (Xz, TBX;04)
< cp.max{d(Xzn, Xzn-1),d(X2n,SAXzn), d(Xzn.1, TBXzn-1), €(AX20,BX2n.1 ), 5 )

d (SAXZn ' X2n—1) d(XZn ’ TBXZn-l) + d(SAXZn ' X2n-1)

2 2
00, SAXz, ) + A0, TBXz04)
2

d(x,,,x d(X, ., X%,
= C1. max{ d(Xan, X2n-1), d(Xan, X2n+1), A(Xan-1, X2n), €(Yan+1,Y2n), (Xzn: Xzn) \ (Xon.1: Xon1) ,

2 2

d(XZn’ XZn) + d(X2n+l’ XZn—l) d(XZn’ X2n+1) + d(XZn—l’ X2n) }
2 ' 2

d(X,,.,, X, )+ (X, X0
< c.max{ d(Xan, Xan-1), d(Xan, Xons1), d(Xan-1, Xan), €(Y2n+1,Y20), 0., (X Xan) + A, 2”1),

2

d(XZn—l’ XZn) + d(XZn ' X2n+1) d(XZn’ X2n+1) + d(XZn—l’ XZn) }
2 ' 2

< g max{d(Xan-1, X2n), €(Yan+1,Y2n)}

Now
e(yZn’ an+1) = e(BSyZn-li ATan)
< Cz. max{ e(Yan-1, Yan), (Yzn-1, BSY2n1), €(Yan, ATY2n), d(SYzn1, TYzn),
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e(yZn—l’ ATyZn) e(BSyZn—11 yZn) e(y2n—11 ATyZn) + e(BSyZn—l ’ y2n)

2 2 2
e(yZn-l’ BSyZn-l) + e(yZn 'ATyZn) }
2
e +Yons
= cz.max{e(Yzn-1, Yzn), €(Yan-1, Yan)s €(Yan, Yan+1), d(Xan-1, Xan), W )
e(Y2n Yon) €V Yoni) T €Van s Yon) €WVonas Yon) +€Van » Yona) )
2 ' 2 ' 2
€ ' Y 2n te nt Y 2n+
< Co.max{e(Yzn-1, Yan), €(Yzn-1, Yon), €(Yan, Yon+1), d(Xan-1, Xon), (yzn-l Y2 ) 5 (y2 Y, 1) ,
0 e(yZn—l! y2n) + e(yZn ’ y2n+1) e(yZn—l’ yZn) + e(yZn ' y2n+1) }
’ 2 ’ 2
< Co. max{e(Yan-1, Y2n), d(Xzn-1, X2n)} 3)
Hence
d(Xan+1, Xon) < €1Co. Max{ d(Xzn-1, X2n)  €(Yan-1, Y2n)} (4)
We have

d(Xzn, Xzn-1) = d(Xzn-1, Xan)
= d(SAXzn., TBXan.1)

< cp.max{ d(Xan-2,Xan-1), d(Xan-2,SAXan2), d(Xan.1, TBXzn1), €(AXzn-2, BXan.1)
d(X 00, TBX,01) d(SAX 5, Xona)  A(X 000 TBX500) + A(SAX 50 X 500)
2 , 2 , 2 ’
d(Xp0.5, SAXy05) + d(X504, TBX504) 3
2
d(X 025 X20) (X0, X504)
2 , 2 ,
d(X 021 X ) + A(SAX 4, X5n4) | d(Xzp2: Xon4) T A(X 504, X50)
2 2

= ¢1. max{ d(Xzn-2.X2n-1), d(Xzn-2, Xzn-1), d(X2n-1, X2n), €(Yzn-1,Y2n).

}

= €. max{ d(Xzn-2,Xzn-1), d(X2n-2, Xan-1), d(Xzn-1, X2n), €(Yan-1,Yz2n),
d(XZn—Z ! X2n—1) + d(XZn—l' X2n) 0 d(XZn—Z ! X2n—1) + d(XZn—1' X2n) }
2 o 2
< c1. max{ d(Xzn-2,:Xz2n-1), €(Yan-1,Y2n)}

Now
e(yZnayZn-l) = e(BSYZn-la ATyZn-Z)

< ¢z max{ e(Yan-1, Yon-2), €(Yon-1, BSY2n1), €(Yon-2, ATY2n-2), A(SYan-1, TY2n-2),
e(yZn—1’ ATyZn—Z) e(BSyZn—l’ y2n—2) e(yZn—1' ATyZn—z) + e(BSyZn—l ! y2n—2)
2 ’ 2 ' 2 '
€21 BSYons) + €Yoz ATYin2)
2
e(yZn—l’ y2n—1)
—2 ,
eWans Yonz) €Wanss Yons) ¥ €Van s Yona) €Vanas Yon) ¥ €Vons s Yons) 3
’ 2 ’ 2 ’ 2

e v Yona) T eVYonar Yon.
= camax{e(Yan1, Yan2): €(Yon-1, Yon), €(Y2n-2, Yan-1), d(Xon-1, X2n-2),0 SERES 2 Vars Yors) .

= co.max{e(Yan-1, Yan-2), €(Yan-1: Y2n), €(Yan-2, Yon-1), A(Xan-1, Xon-2),
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e(yZn ’ y2n—1) + e(yZn—li y2n—2) e(y2n—11 yZn) + e(yZn—l ’ y2n—1) }
2 ' 2
< Cz. max{e(Yzn1, Y2n-2), d(Xan-1, Xan-2)} ®)

Hence
d(Xzn, Xan-1) < €1C2. Max{ d(Xzn-1,X2n-2), €(Yan-1,Y2n-2)} (6)

from inequalities (3), (4), (5) and (6), we have
d(Xn+1,%n) < €1(C2)" max{ d(x1, %), €(y1, Yo)} — 0 as n—o
e(Yn+1,Yn) < (c2)". max{ d(X1,Xo), e(y1, Yo)} — 0 as n—oo

Thus {x,}and {y,}are Cauchy sequences in (X,d) and (,e) respectively. Since (X,d) and (Y,e) are complete, {x.}
converges to a point z in X and {y,} converges to a pointw inY.

Suppose A is continuous, then
lim Axzn = Az = 1im yoneg = W.
nN—o0

N—o0
Now we prove SAz = z.
Suppose SAzZ # z.
We have
d(SAz, z) = lim d(SAz, TBXyn.1)

n—oo

IN

||m Cq. maX{ d(Z, X2n_1), d(Z, SAZ), d(XZn_l,TB X2n_1), E(AZ, BXZn—l)v
0z, TBX ) O(SAZ,%,0,) d(z, TBX,,,) +d(SAZXy.)

2 2 2
d(z,SAz) + d(X,, 4, TBX,,,) )
2
= lim ¢y max{d(z, Xzn-1), d(z, SAZ), d(Xzn-1, Xon), €(AZ, Yan), d(Z,2X2n) , d(SAZZ’ Xan1) ,
d(Z1 XZn) + d(SAZ, X2n-1) d(Z, SAZ) + d(XZn—l’ XZn) }

2 ’ 2

d(z,z) d(SAz,z) d(SAz,z) d(z,SAz)
= ¢, max{ d(z, ), d(z, SAz), d(z, z), e(w, w), > > , > , > }

d(SAz,z) d(SAz,z) d(z,SAz)

=c¢;. max{ 0, d(z, SAz), 0, 0, 0, > , > , > }

<cy. d(z, SAZ)
<d(z, SAz) (Since 0<c;<1)
Which is a contradiction.
Thus SAz = z.
Hence Sw = z. (Since Az = w)
Now we prove BSw = w.
Suppose BSw # w.

We have
e(BSw, w) = lim E(BSW ) YZn+1)
n—o0
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= lime(BSw, ATy,,)

n—o0

i e(w,ATy,, )
< lim ¢, max{ e(w, Yan), e(w, BSW), e(Yan, ATY2n), d(SW, Tyan), f
e(BSw,y,,) e(Ww, ATy,,) +e(BSy,y,,) e(w,BSw)+e(y,,, ATy,,) )
2 ' 2 ' 2
e(w,w) e(BSw,w) e(BSw,w) e(BSw,w)
= co.max{e(w, w), e(w, BSw), e(w, w), d(z, 2), > , > , 5 , > }
<e(w, BSw) (Since0<c,<1)
Which is a contradiction.
Thus BSw = w.
Hence Bz = w. (Since Sw = z)
Now we prove TBz = z.
Suppose TBz # z.
d(z,TBz) = lim d(Xyn+1, TB2)
= |lim d(SAXx,,, TB2)
. d(X,,, TBz) d(SAX,,,2)
< lim ¢y max{ d(Xan,2), d(X2n,SAXon), d(z, TBZ), e(AXan, BZ), > , >
d(x,,, TBz) +d(SAX,,,z) d(x,,,SAX,,)+d(z, TBz) )
2 ’ 2
d(z, TBz) d(z,z) d(z,TBz)+d(z,2)
= ¢,.max{d(z, z), d(z, 2), d(z, TBz), e(w, Bz), 5 . 2 )
d(z,z) +d(z,TBz)
> }
d(z, TBz)  d(z,TBz) d(z,TBz)
=¢;.max{0, 0, d(z, TBz), 0, , 0, > , > }
<d(z, TBz) (Since 0 <c¢;<1)
Which is a contradiction.
Thus TBz = z.
Hence Tw=1z. (Since Bz=w)
Now we prove ATw = w.
Suppose ATw # w.
e(w, ATw) = lim e(ya,, ATw)
= lim e(BSyzn.1, ATW)
< Iim e(yZn-l’ ATW)
< lim co.max{ e(Yzn-1, W),&(Yzn-1, BSY2n.1), €(W, ATW), d(Syzn1, TW), o,
e(BSyZH—l'W) e(yZn—l’ ATW) + e(BSyZn—l’ W) e(yZn—l’ BSy2n—l) + e(W! ATW) }
2 ' 2 ’ 2

e(w,ATw) e(w,w)
2 2

= ¢, max{e(w, w), e(w, w), e(w, ATw), d(z,2),
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e(w, ATw) +e(w,w) e(w,w) +e(w,ATw)
2 ’ 2
e(w,ATw) 0 e(w,ATw) e(w,ATw) )

2 2 2

=c, max{ 0, 0, e(w, ATw), 0,
<e(w, ATw) (Since0<c,<1)
Which is a contradiction.
Thus ATw = w.
The same results hold if one of the mappings B, S and T is continuous.

Uniqueness: Let ' be another common fixed point of SA and TB in X, w' be another common fixed point of BS and
ATInY.

We have d(z, z') = d(SAz, TBz')

d(z, TBz') d(SAz,z")
<cy.max{ d(z, 2'), d(z, SAz), d(z', TBZ'), e(Az, BZ'), , ,

2 2
d(z, TBz') +d(SAz,z') d(z,SAz)+d(z',TBz") )
2 ' 2
d(z,z') d(z,2)
<ci.max{ d(z, 2'), d(z, z), d(Z, Z'), e(w, W), 5 T,
d(z,z')+d(z,Z') d(z,z)+d(z',Z)
: }
2 2
d(z,z") d(z,z)
=c.max{d(z, ), 0, 0, e(w, w"), T ,d(z,2),0}

<e(w, w)
e(w, w) = e(BSw, ATwW)

< ¢, max{ e(w,w'), e(w, BSw), e(w’, ATwW'), d(Sw, Tw'),

e(w, ATw') e(BSw,w') e(w,ATw') +e(BSw,w')

2 2 2
e(w, BSw) +e(w', ATw') )
2
e(w,w') e(w,w")
= ¢, max{e(w, w'), e(w, w), e(W', w'), d(z, Z'), > , > ,
e(w,w) +e(w',w') e(w,w')+e(w,w)
2 ’ 2
e(w,w") e(w,w")

= ¢, max{e(w, w'), 0, 0, d(z, z), > , > , 0, e(w, w)}

<d(z, 2"
Hence d(z, ') < e(w, W) <d(z, Z)
Which is a contradiction.
Thusz=72".

So the point z is the unique common fixed point of SA and TB. Similarly we prove w is a unique common fixed point
of BS and AT.

Remark 2.14: If we put A =B, S =T in the above theorem 2.13, we get the following corollary.
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Corollary 2.15: Let (X, d) and (Y, €) be two complete metric spaces. Let A be a mapping of X into Y and T be a
mapping of Y into X satisfying the inequalities.
d(x, TAX')
> ,
d(x, TAX) + d(x', TAX") )

d(TAX, TAX') < ¢y max{ d(x, X), d(x, TAX), d(X’, TAX'),e(Ax, AX'),

d(TAX,x") d(x, TAX') +d(TAXx,X")

2 2 2
e(AT r r 7 r r e(y' ATy')
Yy, ATY') <co. max{ e(y, '), e(y, ATy), e(y’, ATy"), d(Ty, Ty"), > ,
e(ATy,y') e(y,ATY')+e(ATy,y') e(y,ATy)+e(y',ATy") )
2 ’ 2 ' 2

forall x, X in X and y, ¥ in Y where 0 < ¢;< 1 and 0<c, < 1. If one of the mappings A and T is continuous , then TA
has a unique fixed point z in X and AT have a unique fixed pointwin Y. Further, Az=wand Tw=2z.

REFERENCES

[1] Abdulkrim Aliouche, Brain Fisher, A related fixed point theorem for two pairs of mappings on two complete
metric spaces, Hacettepe Journal of Mathematics and Statistics 34, (2005), 39-45

tZ] Cho Y.J., Kang S.M,. Kim S.S, Fixed points in two metric spaces, NoviSad J. Math., 29(1), (1999), 47-53.

[3] Cho Y.J, Fixed points for compatible mappings of type Japonica, 38(3), (1993), 497-508.

[4] Constantin A., Common fixed points of weakly commuting Mappings in 2- metric spaces, Math. Japonica, 36(3),
(1991), 507-514

[5] Constantin A., On fixed points in noncomposite metric spaces, Publ. Math. Debrecen, 40(3-4), (1992), 297-302.
[6] Fisher B., Fixed point on two metric spaces, Glashik Mate., 16(36), (1981), 333-337.
[7] Fisher B., Related fixed point on two metric spaces, Math. Seminor Notes, Kobe Univ., 10 (1982), 17-26.

[8] Valeriu Popa A., General fixed point theorem for two pair of mappings on two metric spaces, Novi Sad J. Math.,
35(2), (2005), 79-83.

[9] Veerapandi T., Thiripura Sundari T., Paulraj Joseph J., Some fixed point theorems in two complete metric spaces,
International Journal of mathematical archive, 3(3), (2012), 826- 837.

[10] Xianjiu Huang, Chuanxi Zhu, Xi Wen, Fixed point theorem on two complete cone metric Spaces, Ann Univ
Ferrara 57, (2011), 431-352.

Source of support: Nil, Conflict of interest: None Declared

© 2013, IJMA. All Rights Reserved 273



