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ABSTRACT

A Graph G = (V, E) with p vertices and g edges is called a Harmonic mean graph if it is possible to label the vertices
x eV with distinct labels from 1,2....g+1 in such a way that when each edge e = uv is labeled with

— _ [2f@)f @) 2f (wf () _— . . .
f(e —- uv) = f(u)+f(v)] (or) lf(u)+f(v)J’ then the edge labels are distinct. In this case f is called Harmonic Mean
labeling of G.

In this paper we prove the Harmonic mean labeling behaviour for some new graphs.
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INTRODUCTION
We begin with simple, finite and undirected graph G = (V, E) with p vertices and g edges. The vertex set is denoted by
V(G) and the edge set is denoted by E(G). For standard terminology and Notations we follow Harary [1].

S. Somasundaram and S. S. Sandhya introduced Harmonic mean labeling of graphs in [2] and studied their behaviour in
[3], [4] and [5]. In this paper, we investigate Harmonic mean labeling for some new graphs.

We will provide brief summary of definitions and other informations which are necessary for the present investigation.

Definition 1.1: A Graph G with p vertices and q edges is called a Harmonic mean graph if it is possible to label the
vertices xeV with distinct labels f(x) from 1, 2.....q+1 in such a way that when each edge e=uv is labeled with

f(e = uv) = [Zf(“)f(v) or lzf(u)”(v)J, then the edge labels are district. In this case f is called Harmonic mean labeling
f@W+f@) f@+f @)

of G.

Definition 1.2: The union of two graphs G; and G, is graph G;uUG, with V(G,UG,) = V(G1)UV(G,) and E(G,UG,) =
E (G)U(Gy)

Definition 1.3: The Corona G;AG; of two graphs G; and G, is defined as the Graph G obtained by taking one copy of
G, (which has p; vertices) and p; copies of G, and then joining the i"" vertex of G, to every vertices in the i copy of G..

Definition: 1.4: The graph P,AK;  vertex of Py, is obtained by attaching K, n, to each vertex of Py,
Definition 1.5: The graph C,AK{ is called a crown.

Definition 1.6: Comb is a graph obtained by joining a single pendant edge to each vertex of a path.
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We shall make frequent reference to the following results.
Theorem 1.7 [2]: Any path is a Harmonic mean graph.
Theorem 1.8 [2]: Any cycle is a Harmonic mean graph.
Theorem 1.9 [2]: Combs are Harmonic mean graphs.
Theorem 1.10 [3]: Crowns are harmonic mean graphs.

2. MAIN RESULTS
Theorem 2.1: C,AK ;U P,AK;) is a Harmonic mean graph.

Proof: Let G = C,AK;UP,AK; be the given graph.
Let us Uy, .....Un, Umat,--..Up@Nd V3,Vo. ...V, Vinsg..n .. v, are the vertices of G.

Define a function f: V(G) —» {1,2....q+1}
by f(u;) = 2i, 1<i<m

f(u;) = 2i-1, m+1<i<n

f(vi) = 2i-1, 1<i<m

f(v;) = 2i, m+1<i<n

Edges are labeled with
f(U1U2) =2
f(uiuisy) = 2i+1, 2<i<m-1.
f(unu,) =4
f(uiuisy) = 2i, m+1<i<n-1
f(UiVi) =2i-1, 1<i<2
f(uivy) = 2i, 3<i<m
f(uivi) = 2i-1, m+1<i<n

Hence G = C,AK;UP,AK is a harmonic mean graph.

Example 2.2: A Harmonic mean labeling CsAK;UPsAK; is given below.

1
15

16

13 14 6 5
12 5
10
1
7

9
15 17 19 21 23
18 18 20 22 24

Figure: 1
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Next we have
Theorem 2.3: A graph obtained by attaching K, , at each pendant vertex of a comb is a Harmonic mean graph.
Proof: Let G; be a comb and G be the graph obtained by attaching K, , at each pendant vertex of G,
Let its vertices be u;, Vi, Vi1, Vi, 1<i<n

Define a function f: V (G) — {1, 2.....q+1}
by f(u;) = 4i-2, 1<i<n

f(vy) =3

f(v;) = 4i-3, 2<i<n

f(vi) =1

f(vi) = 4i-1, 2<i<n

f(vip) = 4i, 1<i<n

Edges are labeled with
f(ujuisy) = 4i, 1<i<n-1

f(U1V1) =2
f(u;v) = 4i-3, 2<i<n
f(vivyy) =1

f(v; vip) = 4i-2, 2<i<n
f(vivip) = 4i-1, 1<i<n

Hence f provide a Harmonic mean labeling for G.

Example 2.4: A Harmonic mean labeling for G is given below

1 4 7 ] 11 12 15 16 19 22

é 6 10 14 18
Figure: 2
The same argument gives the following.

Theorem 2.5: A graph obtained by attaching K, , at each pendant vertex of the crown is a Harmonic men graphs.

Proof: Let G, be the Crown and G be the graph obtained by attaching K, , at each pendant vertex of the crown. Let it
vertices be u;, Vi, Vi1, Vip, 1<i<n

Define a function f:V(G)—{1,2....q+1}
by f(u,) =2

f(u;) = 4i-2, 2<i<n

f(vy) =4

f(v;) = 4i-2, 2<i<n

f(vi)=1

f(vi) = 4i, 2<i<n

f(vip) = 4i+1, 1<i<n

Edges are labeled with

f(U1U2) =3

f(ujuisy) = 4i+1, 2<i<n-1
f(u,uy) =4

f(UiVi) =4i-2, 1<i<h
f(viviy) =1

f(ViVil) = 4i-1, 2<i<n
f(vivip) =5

f(ViVig) = 4i, 2<i<n
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Example 2.6: The following figure shows the Harmonic mean labeling behaviour for G.

Figure: 3

Now we prove the following
Theorem 2.7: A Graph obtained by attaching a triangle at each pendant vertex of a comb is a Harmonic mean graph.

Proof: Let G' be a comb and G be a graph obtained by attaching a triangle at each pendant vertex of a comb. Let its
vertices be uj, v;, Ujp, Ujp, 1<i<n.

Define a function f: V (G) — {1, 2.....q+1}
by f(u;) = 5i-2, 1<i<n
f(v;) = 5i-1, 1<i<n
f(viy) = 5i-4, 1<i<n
f(vip) = 5i-3, 1<i<n
Edges are labeled with
f(ujuisy) = 5i, 1<i<n-1
f(u;v;) = 5i-1, 1<i<n
f(Vi Vil) = 5i-3, 1<i<n
f(ViVig) = 5i-2, 1<i<n
f(Vilviz) = 5i-4, 1<i<n

Hence f provide a Harmonic mean labeling for G.

Example 2.8: Harmonic mean labeling pattem of G is shown below.

. 2 6 7 .1 16
1 o 12 7
3 8 13 18

Figure: 4

Consequently we have the following

Theorem 2.9: A graph obtained by attaching a triangle at each pendant vertex of a crown is Harmonic mean graph.
Proof: Let G, be a crown and G be a graph obtained by attaching a triangle at each pendant vertex of a crown.

Let the vertices of the graph be u;, v; Vi1, Vip, 1<i<n

Define a function f: V(G) —» {1,2.......... gq+1}
by f(u,) =2
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f(u;) = 4i-1, 2<i<n
f(vi) =4

f(vi) = 4i-2, 2<i<n
f(vi) =1

f(viy) =4i,2<i<n
f(vip) = 4i+1, 1<i<n

Edges are labeled with
f(usup) =3

f(U; Ujsy) = 4i+1, 2<i<n-1,
f(u,uy) = 6

f(uivi) = 4i-2, 1<i<n
f(vyviy) =1

f(Vi Vil) =5j-2 2<i<n.
f(vyvip) =3

f(ViVig) = 5i-1, 2<i<n
f(viavio) =2

f(Vilviz) = 5i-3, 2<i<n

Thus f provide a Harmonic mean labeling for G.

Example 2.10: The Harmonic mean labeling pattern of G is shown in the following figure

1

Figure: 5
Next we have

Definition 2.11: Let v be a vertex of a graph G. Then the duplication of v is a graph G(v) obtained from G by adding a
new vertex v' with N(v') = N(v)

Definition 2.12: Let e = uv be an edge of G. Then the duplication of an edge e = uv is a graph G(uv) obtained by
adding a new edge u'v' s.t

N(U") = N(u)u{v'}-{v} and

N(v) = N(v) w{u} - {u}

Now we prove the following

Theorem 2.13: The graph obtained by duplicating each edge in a cycle C, is a Harmonic mean graph.
Proof: Let G be a graph obtained by duplicating each edge in a cycle C,.

Letug, Upevvvevnenninnnnne, unuz be the given cycle.

Leteg, €......... e, are the edges obtained by duplication.

Define a function f: V(G) — {1,2...... q+1}
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by f(u;) = 3i, 1<i<n
f(vy) =1
f(v;) = 3i-1, 2<i<n

Edges are labeled with f (u;u,) =4
f(UiUi+1) = 3i+2, 2<i<n-1

f(u,up) =6

f(UiVi) =3i-1, 1<i<?

f(UiVi) =3i, 3<i<n

f(U1V2) =3

f(UiVi+1) = 3i+1, 2<i<n-1

f(u,vy) =1

Hence G is a Harmonic mean graph.

Example 2.14: The Harmonic mean labeling pattern of G is given below

1

17

12 9

1

Figure: 6
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