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ABSTRACT 
The aim of this paper to provide the simple way for the generalization of a summation due to Ramanujan and then to 
use them to find a curious result by applying the theory of hypergeometric function. The result is derived with the help 
of generalized Dixon theorem available in the literature. The result derived in this research note is simple, interesting, 
easily established and may be potentially useful. 
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1. INTRODUCTION 
In the theory of hypergeometric and generalized hypergeometric series, classical summations such as those of Gauss, 
Gauss second, Kummer and Bailey for the series 2F1; Watson, Dixon, Whipple and Saalschütz for the series 3F2; 
generalized Dixon’s summation theorem for the series 5F4 and others play an important role [6]. Applications of the 
above mentioned classical summation theorems are now well known. We start with the following interesting 
summations due to Ramanujan. 
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4                                                                                                                     (1.1) 

 
As pointed out by Berndt [4] that the above summation due to Ramanujan can be obtained quite simply by employing  
 
following classical Dixon theorem [2]. 
 

 3𝐹𝐹2 �
𝑎𝑎, 𝑏𝑏, 𝑐𝑐

1 + 𝑎𝑎 − 𝑏𝑏, 1 + 𝑎𝑎 − 𝑐𝑐      ; 1� =
Γ�1+𝑎𝑎

2�∙Γ(1+𝑎𝑎−𝑏𝑏)∙Γ(1+𝑎𝑎−𝑐𝑐)∙Γ�1+𝑎𝑎
2−𝑏𝑏−𝑐𝑐�

Γ(1+𝑎𝑎)∙Γ�1+𝑎𝑎
2−𝑏𝑏�∙Γ�1+𝑎𝑎

2−𝑐𝑐�∙Γ(1+𝑎𝑎−𝑏𝑏−𝑐𝑐)
                                                        (1.2) 

 
Provided, R(𝑎𝑎 − 2𝑏𝑏 − 2𝑐𝑐) > −2 
 
By choosing suitable parameters 𝑎𝑎, 𝑏𝑏 and 𝑐𝑐. 
 
The aim of this research note is to provide another natural generalization of the Ramanujan’s Summation (1.1), and a 
curious result (2.1) that gives the value for Γ �1

4
� which is in compact form. For this, the following generalized Dixon’s 

summation theorem [3] will be required in our present investigations. 
 

Generalized Dixon’s Summation Theorem 
 

 5𝐹𝐹4  �
𝑎𝑎,     𝑎𝑎

2
+ 1,    𝑏𝑏,    𝑐𝑐,    𝑑𝑑

 𝑎𝑎
2

, 1 + 𝑎𝑎 − 𝑏𝑏,      1 + 𝑎𝑎 − 𝑐𝑐,     1 + 𝑎𝑎 − 𝑑𝑑      
;    1� = Γ(1+𝑎𝑎−𝑏𝑏)∙Γ(1+𝑎𝑎−𝑐𝑐)∙Γ(1+𝑎𝑎−𝑑𝑑)∙Γ(1+𝑎𝑎−𝑏𝑏−𝑐𝑐−𝑑𝑑)

Γ(1+𝑎𝑎)∙Γ(1+𝑎𝑎−𝑏𝑏−𝑐𝑐)∙Γ(1+𝑎𝑎−𝑏𝑏−𝑑𝑑)∙Γ(1+𝑎𝑎−𝑐𝑐−𝑑𝑑)
                             (1.3) 

 
Provided, Re(𝑎𝑎 − 𝑏𝑏 − 𝑐𝑐 − 𝑑𝑑)  >  −1. 

Corresponding author: S. Ismail Azad1* 

*1General Studies Department, Yanbu Industrial college, Yanbu, P.O. Box 30436, KSA-51000 

http://www.ijma.info/�


S. Ismail Azad1*, Intazar Husain2 and Mohd. Saeed Akhtar1/A Summation Theorem due to Ramanujan and its Application  

in Finding A Curious Result for 𝜞𝜞�𝟏𝟏
𝟒𝟒
�/ IJMA- 4(4), April-2013. 

© 2013, IJMA. All Rights Reserved                                                                                                                                                                       180  

 
Generalized Hypergeometric Summation Theorem 

 

 2𝐹𝐹1 [𝑎𝑎, 𝑏𝑏; 𝑐𝑐: 1] = 1 +
𝑎𝑎𝑏𝑏
1! 𝑐𝑐

𝑧𝑧 +
𝑎𝑎(𝑎𝑎 + 1)𝑏𝑏(𝑏𝑏 + 1)

2! 𝑐𝑐(𝑐𝑐 + 1)
𝑧𝑧2 +

𝑎𝑎(𝑎𝑎 + 1)(𝑎𝑎 + 2)𝑏𝑏(𝑏𝑏 + 1)(𝑏𝑏 + 2)
3! 𝑐𝑐(𝑐𝑐 + 1)(𝑐𝑐 + 2)

𝑧𝑧3 ⋯ 

  
                         = ∑ (𝑎𝑎)𝑛𝑛 (𝑏𝑏)𝑛𝑛

(𝑐𝑐)𝑛𝑛

𝑧𝑧𝑛𝑛

𝑛𝑛 !
∞
𝑛𝑛=0                                                                                                                                    (1.4) 

 
which converges if 𝑐𝑐 is not a negative integer (1) for all of |𝑧𝑧| < 1 and (2) on the unit circle |𝑧𝑧| = 1.   
 
If (𝑐𝑐 − 𝑎𝑎 − 𝑏𝑏) > 0 . Here, (𝑎𝑎)𝑛𝑛   is the Pochhammer symbol or rising factorial. 
 
Pochhammer Symbol 
The Pochhammer symbol or shifted factorial is defined by 
 

(𝑎𝑎)𝑛𝑛 =
Γ(𝑎𝑎 + 𝑛𝑛)
Γ(𝑎𝑎)

= � 1                                                 ;       𝑛𝑛 = 0
𝑎𝑎(𝑎𝑎 + 1)(𝑎𝑎 + 2) … … (𝑎𝑎 + 𝑛𝑛 − 1) ;       𝑛𝑛 = 1,2, … . .

� 

 
𝑎𝑎 ≠ 0,−1,−2, …. and the notation Γ stands for Gamma function. 
 
Note that (0)0 = 1. 
 
Double Factorial 
The double factorial of a positive integer 𝑛𝑛 is a generalization of the usual factorial 𝑛𝑛! defined by 
 

𝑛𝑛!! = �
𝑛𝑛 ∙ (𝑛𝑛 − 2)⋯ 5 ∙ 3 ∙ 1      𝑛𝑛 > 0         odd
𝑛𝑛 ∙ (𝑛𝑛 − 2)⋯ 6 ∙ 4 ∙ 2        𝑛𝑛 > 0          even
 1                                             𝑛𝑛 = −1, 0            

� 

 
Note that (−1)!! = 0!! = 1 , by definition [1], Arfken 1985, p. 547). 
 
Recurrence Relations and Identities 
Γ(𝑥𝑥) ∙ Γ(−𝑥𝑥) = −

𝜋𝜋
𝑥𝑥 sin(𝜋𝜋𝑥𝑥)

 

Γ(𝑥𝑥) ∙ Γ(1 − 𝑥𝑥) =
𝜋𝜋

sin(𝜋𝜋𝑥𝑥)
 

Γ(1 + 𝑧𝑧) = 𝑧𝑧 ∙ Γ(𝑧𝑧) 
Γ(1 − 𝑧𝑧) = −𝑧𝑧 ∙ Γ(−𝑧𝑧) 
Γ(𝑛𝑛) = (𝑛𝑛 − 1)! 

𝑎𝑎 + 𝑝𝑝𝑛𝑛 =
𝑎𝑎 �𝑎𝑎 + 𝑝𝑝

𝑝𝑝 �
𝑛𝑛

�𝑎𝑎𝑝𝑝�𝑛𝑛

                

 
2. MAIN RESULTS 
The following curious summation will be established in this research note. 
 

�
1

(2𝑛𝑛)!
�
(2𝑛𝑛 − 1)!!
 (4𝑛𝑛 + 1) �

2

=
∞

𝑛𝑛=0

�
𝜋𝜋

32
∙ Γ �

1
4
� 

 

Γ �1
4
� = ��3 2 𝜋𝜋⁄ �∑ 1

(2𝑛𝑛)!
�(2𝑛𝑛−1)!!

 (4𝑛𝑛+1)
�

2∞
𝑛𝑛=0                                                                                                                          (2.1) 

Here two aspects can be illustrated. One is the sum of a curious infinite series in terms of Gamma function and the 
other is the value of  Γ �1

4
� in compact form which may be a new entry to the literature of computation of Gamma 

function. 
 
 
 
 
 

http://mathworld.wolfram.com/NegativeInteger.html�
http://mathworld.wolfram.com/UnitCircle.html�
http://mathworld.wolfram.com/PochhammerSymbol.html�
http://mathworld.wolfram.com/RisingFactorial.html�
http://mathworld.wolfram.com/Factorial.html�


S. Ismail Azad1*, Intazar Husain2 and Mohd. Saeed Akhtar1/A Summation Theorem due to Ramanujan and its Application  

in Finding A Curious Result for 𝜞𝜞�𝟏𝟏
𝟒𝟒
�/ IJMA- 4(4), April-2013. 

© 2013, IJMA. All Rights Reserved                                                                                                                                                                       181  

 
It has long been known [8], 𝜋𝜋0.25Γ �1

4
� that is transcendental (Davis 1959), as is Γ �1

3
� (Le Lionnais 1983; [5] Borwein 

and Bailey 2003, p. 138), and Chudnovsky has apparently recently proved that is Γ �1
4
� itself transcendental (Borwein 

and Bailey 2003, p. 138). 
 
There exist efficient iterative algorithms for Γ �𝑘𝑘

4
�  for all integers 𝑘𝑘 (Borwein and Bailey 2003, p. 137). For example, a 

quadratically converging iteration for Γ �1
4
� = 3.6256099⋯  (Sloane's A068466) is given by defining 

𝑥𝑥𝑛𝑛 =
1
2
�𝑥𝑥𝑛𝑛−1

1 2⁄ + 𝑥𝑥𝑛𝑛−1
−1 2⁄ � 

 

𝑦𝑦𝑛𝑛 = �
𝑦𝑦𝑛𝑛−1𝑥𝑥𝑛𝑛−1

1 2⁄ + 𝑥𝑥𝑛𝑛−1
−1 2⁄

𝑦𝑦𝑛𝑛−1 + 1
� 

 
setting 𝑥𝑥0 = √2 and 𝑦𝑦1 = 20.25 , and then 

Γ �
1
4
� = 2(1 + √2)3 4⁄ ��𝑥𝑥𝑛𝑛−1

∞

𝑛𝑛=1

�
1 + 𝑥𝑥𝑛𝑛
1 + 𝑦𝑦𝑛𝑛

�
3

�
1 4⁄

 

 
(Borwein and Bailey 2003, pp. 137-138). 
 
3. DERIVATION ANALYSIS AND SPECIAL CASE 
Without the loss of generality of the generalized Dixon theorem (1.3), one can choose suitable numerator and 
denominator parameters in various ways to apply in (1.3) to get many [7] convergent infinite series and after a little 
algebraic manipulation one can deduce many curious results. For example if we put 𝑎𝑎 = 1

2
, 𝑏𝑏 = 𝑐𝑐 = 1

4
 and 𝑑𝑑 = 𝑥𝑥 in the 

left hand side as well as right hand side of (1.3) and applying the Pochhammer symbol or shifted factorials and the 
Gamma function expansions and the recurrence formulas listed in the introduction part are enough to get (3.1). 
For 𝑥𝑥 < 1:     
 
1 + 1

5
∙ 𝑥𝑥

(3−2𝑥𝑥)
+ 1

6
∙ 𝑥𝑥(𝑥𝑥+1)

(3−2𝑥𝑥)(5−2𝑥𝑥)
+ 5

26
∙ 𝑥𝑥(𝑥𝑥+1)(𝑥𝑥+2)

(3−2𝑥𝑥)(5−2𝑥𝑥)(7−2𝑥𝑥)
+ ⋯ = 𝜋𝜋1.5Γ(1−𝑥𝑥)Γ(1.5−𝑥𝑥)

4{Γ(0.75)}2{Γ(1.25−𝑥𝑥)}2                                                   (3.1) 
 
Let us discuss some of the special cases of each of the equation listed in section 2. 
 
Using 𝑥𝑥 = 0.5 in (3.1) we get (1.1) 
 
Using 𝑥𝑥 = 0.25 in (3.1) we get 
 
1 + 1

50
+ 1

216
+ 5

2704
+ 35

36992
+ ⋯ = 𝜋𝜋1.5

4Γ(0.75)
                                                                                                                     (3.2) 

 
Which gives a interesting and curious results. We will discuss it as special case as follows. 
 
Special Case: 
The most interesting situation is the (3.2) 

1 +
1

50
+

1
216

+
5

2704
+

35
36992

+ ⋯ =
𝜋𝜋1.5

4Γ(0.75)
 

 

1 +
1

50
+

1
216

+
5

2704
+

35
36992

+ ⋯ =
𝜋𝜋0.5Γ(0.25)

4√2
 

 

1 +
31

3! 52 +
3251

5! 92 +
325271

7! 132 +
32527291

9! 172 + ⋯ = �
𝜋𝜋

32
∙ Γ(0.25) 

 

1 +
31

3! 52 +
3251

5! 92 +
325271

7! 132 +
32527291

9! 172 + ⋯ = �
𝜋𝜋

32
∙ Γ(0.25) 

 

1 +
1

2! 52 +
32

4! 92 +
3252

6! 132 +
325272

8! 172 + ⋯ = �
𝜋𝜋

32
∙ Γ(0.25) 
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�
1

(2𝑛𝑛)!
�
(2𝑛𝑛 − 1)!!
 (4𝑛𝑛 + 1) �

2

=
∞

𝑛𝑛=0

�
𝜋𝜋

32
∙ Γ �

1
4
� 

Γ �
1
4
� = ��

32
𝜋𝜋
��

1
(2𝑛𝑛)!

�
(2𝑛𝑛 − 1)‼
 (4𝑛𝑛 + 1) �

2∞

𝑛𝑛=0

 

 
5. SCOPE 
Being open for further work by choosing different possible combinations we can generate many more important and 
curious relations that will add to the existing literature of special functions and its applications. 
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