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ON THE ZEROS OF A CERTAIN CLASS OF POLYNOMIALS
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ABSTRACT

In this paper we prove some results on the location of zeros of a certain class of polynomials. These results generalize
some known results in the theory of the distribution of zeros of polynomials.
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1. INTRODUCTION AND STATEMENT OF RESULTS
Regarding the location of zeros of polynomials, B. A. Zargar [8], recently proved the following results:

n
Theorem A: Let P(z) = Z a;z ! be a polynomial of degree n. If for some real number k >1,

j=0
Max‘z‘:l‘(kan —a,,)+@,,—a,,)Z+...+ (a8, —a,)2"" +a,2"| <M, then all the zeros of P(z) lie in
the disk

n
Theorem B: Let P(z) = z a; z' be a polynomial of degree n. If for some positive real numbers tand k >1,
j=0

ax‘ | JH@)| <M,
Tt

where
H(z) =(tka, —a,,)+(a,, — aH)z + e+ (8, —4)2"" +@,2", then all the zeros of P(2) lie in the disk

|2 +t(k - < —

n
Theorem C: Let P(z) = Z a;z ! be a polynomial of degree n. If for some positive real numberstand k >1,
j=0
Max‘z‘:R|H (7)) <M,
where
H(z)=(tka, —a, )+ (ta, , —a, ,)Z+ ...+ (ta, —a,)z" " +1ta,z", then all the zeros of P(z) lie in the
disk

[z +t(k =)< —.if M >[kt+(— t)]a,|

7] st(2k—1)+(%—tj, if M <{kt+(%—tﬂ|an|.

and in
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The aim of this paper is to give generalizations of the above mentioned results. More precisely, we prove the following
results:

n
Theorem 1: Let P(z)= Z a;z ! be a polynomial of degree n. I for some real numbers t>0 and p >0,

j=0

Max, _o[H(z)| <M,
where
HZ) ={t(p+a,)-a, ,}+(ta,, —a, ,)Z+...+(ta —a,)z"" +ta,z", then all the zeros of P(z) lie in
the disk
t a
Z+ ﬁ , if | |
R

1 2tp

2|

Remark 1: For different values of the parameters R and t, we get many interesting results. Taking o = (k —1)an ,
Theorem 1 reduces to Theorem C.

and in

2,
>

1
Taking R :E , Theorem 1 gives the following result, which reduces to Theorem B by taking p = (K —1)an :

n
Theorem 2: Let P(2) = Z a;z ! be a polynomial of degree n. If for some real numbers t>0 and p=>0,
j=0

ax‘ ‘_}|H (Z)| <M, where

HZ) ={t(p+a,)-a, ,}+(ta,, —a, ,)Z+...+(ta —a,)z"" +ta,z", then all the zeros of P(z) lie in
the disk
M
Z+ tﬁ <—
2|

Taking t =1in Theorem 2, we get the following result, which reduces to Theorem A by taking p = (k —1)a,,:

n
Theorem 3: Let P(2) = Z a;z ! be a polynomial of degree n. If for some real number p=>0,
j=0

Max‘z‘:l|H (2™,

where
Hz)={(p+a,)—a, + (@, —a, ,)Z+..+ (8, —a,)2"" +a,z"", then all the zeros of P(z) lie in the
disk
M
2+ <
a,| |a,|

2. PROOFS OF THE THEOREMS

Proof of Theorem 1: Let
F(z) = (t-2)P(2)
=(t-2)@,z"+a, 2" +...+3Z+3a,)

n+l

=-a,2"" +(ta, —a,,)2" +.....+(ta, —a,)z +a,
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Then we have
1
G(2)=z""F(9)
Z
n n+1
=-a,+(ta, —a,,)z+....+({a, —a,)z" +ta,z

=-a, —toz+{t(p+a,)-a, )}z +...+(ta —a,)z" +ta,z""
=-a, —tpz +zH(z).

Since H(z) is analytic for |Z| <R and |H (Z)| <M for |Z| =R, it follows by Maximum Modulus Theorem that
IH(2)| <M for |7 <R.

Hence for |Z| <R,
G(2)|2a, +tpz|—|z|M
>0

M|z| <|a, +tpo7]
i.e. if

n

M|Z| < 1+t'0Z .
2| a

Thus for |Z|S R, |G(Z)| >0 for ze A,

i el

l+t'0Z
2|

a

<

where A= {Z;

n

We show if We A, then |W|S R if

M th+@.
Let we A, then
M| |, tow
2| a,
<1 tp|W|
o
Which implies
['V' ‘tp}|w|<1
2]
o <t
M —-tp
<R
if
la,| < MR -toR
orif
M th+w.
R
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Thus for |W| <R,
M|z|

<1+th )
2| a

G(z)|>0 if

n

This shows that all the zeros of G(z) lie in the region defined by

Miz| |

_1+t’0Z
2|

an

1 1
Replacing z by — and noting that F (z) = "G (=) , it follows that all the zeros of F(z) lie in
YA VA

2+ 2l M
2, [a|

n n

Since all the zeros of P(z) are also the zeros of F(z) , we conclude that all the zeros of P(z) lie in the disk

Z+—|< M ,iszt,o+m
a,| |a,| R

Now, suppose that
M <tp+ m.
R
Then, for |Z| <R,
G(2)|=|-a, —toz + zH (2)|

> 2, | - [tolz] +[2]H )]

Z|an|{1_ lZ|(tp + M)}

2|
a
|Z|(tp +to + | F;|)
>a,[1-
2|
a
|Z|(2tp + |F\:|)
:|an| 1-—
2|
>0
if
2|
2| < T
2tp + |F\:|
This shows that all the zeros of G(z) lie in the region
o2 —
> |an| .
2tp + R
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- 1 - n+1 1 -
Replacing z by — and as before noting that F (z) = 2" G| — |, it follows that all the zeros of F(z) and hence all the
z z

zeros of P(z) lie in

ie. 7| <=+

That proves Theorem 1.
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