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ABSTRACT

In this paper, we prove the existence of extremal solution for the first order initial value problem of random
differential equation through random fixed point theory.
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1. DESCRIPTION OF THE PROBLEM
Let R denote the real line and let J =[0,T]be a closed and bounded interval in R. letC*(J, R) denote the class of

real - valued functions defined and continuously differentiable on J . Given a measurable space (€2, A) and for a given

measurable function (], : €2 — R, consider the initial value problem of first order ordinary random differential
equation ( in short RDE),
X'(t,w)=f(t,x(t,w),w) a.etel,

X(0,0) = g, (@),
forall @ € Q , where f :JxRxQ—)R_

(1.1)

By a random solution of the RDE. (1.1), we mean a measurable function X:Q — AC'(J,R)that satisfies the

equation in (1.1) where AC'(J,R)is the space of real valued functions defined and absolutely continuously
differentiable on J .

The RDE (1.1) is not new to the theory random differential equations. When the random parameter o is absent, the
RDE (1.1) reduces to the classical RDE of first order ordinary differential equations (ODE),
X'(t)= f(t,x(t)) aeteld,

X(0) = x,,

where f : JxR—>R.

(1.2)

The classical ODE (1.2) has been studied in the literature by several authors for different aspects of the solutions. See
for example, Heikkild and Lakshikantham [7] and the references therein. In this paper, we discuss the RDE (1.1) for

existence of extremal solution under suitable conditions of the non-linearity f which thereby generalize several

existence results of the RDE (1.2) proved in the above papers, through non-linear alternative of Leray-Schauder
type(Dhage[4,5] and an algebraic random fixed point theorem of Dhage[4] and also see D. S. Palimkar [10, 11].
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2. AUXILIARY RESULTS
Theorem 2.1: (Carath’eodory) Let Q : Qx E — E be a mapping such that Q (., X ) is measurable for all x € E

and Q (®, .) is continuous for all @ € Q. Then the map (@, X ) = Q(@, X ) is jointly measurable.

The following lemma is useful in the study of first order initial value problems of ordinary random differential
equations via fixed point techniques.

Lemma 2.1: For any functionh:J — L*(J,R), a function X:J — C'(J,R) is a solution to the differential
equation,

x'(t)=h(t) aetel,
x(0)=qy, (2.1)

if and only if it is a solution of the integral equation.

x(t):qo+j h(s)ds. (2.2)
0

3. EXISTENCE RESULTS
Definition 3.1: A Function f :JxRxQ — Ris called random Carathe’odory, if the following conditions are
satisfied:-

(i) the map (t, @) — (t, X, @) is jointly measurable for all X € R, and
(ii)the map X — T (t, X, @) is continuous forall te J and w e Q.

Definition 3.2: A Carathe’odory function f :JxRxQ — Ris called random L'-Carathe’odory, if for each real
number r > 0 there is a measurable and bounded function h_: Q — L'(J,R) such that

[ftxo)|<h(teo) aetel

forall @€ Q and X € R with |X| <. Similarly, a Carathe’odory function f is called random LlR -Carath’eodory if
there is a measurable and bounded function h : Q — L' (J, R) such that

|f(t,x,co)|£h(t,a)) ae.tel
forall we Q and XeR .

Definition 3.3: A closed set K of the Banach space E is called a cone if:
(i) K+ KcK,

(i) AK K forall A €R, ,and
(i) {K}nK ={6},

where @ is the zero element of E . We introduce an order relation< in E with the help of the cone K in E as
follows. Let X, Y €E, then we define

X<y y-xekK.

A cone K in the Banach space E is called normal,if the norm || : || is semi-monotone on K i. e, if X,y € K ,then

|| X+y || < ||x||+||y|| Again a cone K is called a regular, if every non decreasing order buounded sequence in E

converges in norm. The details of different types of cones and their properties appear in Deimling [3], Heikilla and
Lakshmikantham [7].

Definition 3.4: An operator Q : Qx E — E s called non-decreasing if Q(w)X < Q(@)y for all @ € Q and for all
X,y € E forwhich x<vy.
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We use the following random fixed point theorem of Dhage [4, 5] in follows.

Theorem 3.1: (Dhage [4]) Let (€2, A) be a measurable space and let[@,b] be a random order interval in the
separable Banach space E .LetQ:Qx[a,b]—[a,b] be a completely continuous and nondecreasing random

operator. ThenQ has a least fixed point X, and a greatest random fixed point y*in[a,b]. Moreover, the sequences

{Q(®)x,} with x, =a and {Q(w)Y,} with Y, =a convergesto X. and Yy respectively.
We need the following definitions in the sequel.

Definition 3.6: A measurable function a:Q — C(J,R) is called a lower random solution for the PBVP (1.1) if
a't,w)< f(t,a(t,w),w) ae.tel,

a(0,0) < gy(@),

for all @ € Q). Similarly, a measurable function b:Q — C(J,R) is called an upper random solution for the 1VP
(1.1) if

b'(t,w)> f(t,b(t,w),w) ae.tel,

b(0, w) > q, (@),
forall w e Q).

Note that a random solution for the random RDE (1.1) is lower as well as upper random solution for the random RDE
(1.1) defined on J.

Definition 3.7: A random solution I, for the random RDE (1.1) is called maximal if for all random solutions of the

random RDE (1.1), one has X(t,w) <1, (t,®) allt € J and @ € Q. Similarly, a minimal random solution to the IVP
(1.1)on J is defined.

Definition 3.8: A function f :J x RxQ — R is called random non-decreasing Carathe’odory if:
(i) The map (t, @) — f (t, X, ) is jointly measurable,
(ii) The map X — f (t, X, @) is continuous and non-decreasing for allt € J andw € Q..

Definition 3.9: A function f (t, X, @) is called random non-decreasing L*-Carathe’odory if for each real number r > 0
there exists a measurable function h, : Q — L*(J, R) such that for for all @ € Q
|f(t,x,0)|<h, (t,0) aetedforalxeR with [x|<r.

We consider the following set of assumptions:
(A;) The functions f is random Carathe’odory on J x Rx Q2.

(A,) There exists a measurable and bounded function y : €2 — Ll(J , R) and a continuous and non- decreasing
function 7 : R, — (0,0) such that
|f (t, X,a))| < y(t,a))y/(|x|) aetel

0

r
forall @ € QQ and X € R .Moreover, we assume that T =oo forallC >0
cwlr

(A;) The function f is random non-decreasing Carathe’odory on J x Rx Q).
(A,) The RDE (1.1) has a lower random solution a and upper random solution b with a<bonJ.

(As) The function h:J xQ — R, defined by
h(t,w) = | f(t a(t, ), a))|+| f(t,b(t, ®), a))| is Lebesgue integrable in t forallw € Q
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Remark 3.1: If the hypotheses (A) and (As) hold, then for each@ € Q|
| (t,a(t, ), w)| < h(t, )
forallt € J and X €[a,b] and the map @ — h(t, ®) is measurable on Q .

Remark 3.2: Hypothesis (A3) is natural and used in several research papers on random differential and integral
equations (see Dhage [4, 5] and the references given therein). Hypothesis (A;) holds, in particular, if there exist

measurable functionsu, Vv : Q — C(J, R) such that for each @ € Q|
u(t,m) < f(t,x,m) <v(t,m)
forall t € J and X € R .In this case, the lower and upper random solutions to the random RDE(1.1) are given by

a(t,mw)=q,(w)+ ju(s, ) ds
and 0
b(t, ) = dy (@) + [u(t, S)V(s, ) ds

respectively. The details about the lower and upper random solutions for different types of random differential equations
may be found in Ladde and Lakshmikantham [9].Finally, hypothesis (As) remains valid if the function f is -
Carathe’odory on J x Rx Q2.

Theorem 3.2: Assume that the hypothesis (As), (As)  (As) 114 Then the RDE (1.1) has a minimal random solution

X*(w) and maximal random solution y (a)) defined on J. Moreover,
X(t,0) =limX,(t, @) ag Yy (t, @) =limy. (t, )
N—w n—oo
forallteJ and @ € Q) ,where random sequences {Xn (CO)} and {yn (60)} are given by,
t
X1 (t, @) = 0y (@) + [ X, (5,0), @) ds ,n >0 with x, =a,
0
and
t
Yo (t, ) = o (@) + [ ¥, (5, @), @) ds ,n >0 with y, =b,
0
forallte Jandw e Q|
Proof: Set E =C(J,R) and define a mapping Q : @x[a,b] — [a,b] by
Q()x(t) = (@) +[ (s, X(s, @), ) ds (3.1)
0
forallteJ and w € Q.

Now the mapt — g, (@) is continuous for all @ € Q). Again, as the indefinite integral is continuous on J, Q()
defines a mapping Q : Q2 x[a,b] —[a,b]

We show that Q satisfies all the conditions of Theorem 3.1 on [a,b].

First, we show that Q is random operator on E . Since f (t, X, @) is random Carathe’odory, the map @ — f (t, X, »)

is measurable in view of Theorem 2.1 Similarly, the product f (S, X(S, @), ®) of a continuous and a measurable
function is again measurable. Further, the integral is a limit of a finite sum of measurable functions, therefore, the map

t

w—>q0(w)+jf(s,x(s,w),w) ds =Q(w)x(t) is measurable. As a result, Q is a random operator on
0

Q:Qx[a,b]—[a,b].
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Then, it is random non-decreasing L' -Carathe’odory. First, we show that Q()is non-decreasing on [a,b].Let

x,y:Q —[a,b] be arbitrary such that X <y on €2.Then,

Q(@)x(t) £ qy(®) +Jt' f (s, x(s,w))ds

< qo(w)+j f(s,y(s @) ds

<Q(a)y(t)

forallteJand @ € Q As a result, Q(@)X < Q(w)y forall @€ Q and that Q is non-decreasing random operator
on [a,b].
Secondly, by hypothesis (H,)

a(t, ) <Q(w)a(t)
< qo(a))+j f(s,a(s,w))ds

<q,(w) +_tf f (s, x(s,w))ds
<Q(@)x(t)
< Q(w)b(t)
< qo(w)+j f (s,b(s, ®)) ds

<b(t, )
forallteJand @ € Q Asaresult Q defines random operatorQ : Q2x[a,b] —[a,b].

Next, since (As) | 11 ihe hypothesis (A,) is satisfied with 7 (t, @) = h(t,®) forall (t,w) € JxQ and w(r)=1

for all real number r >0 .Now ,we show that the random operator Q(w) is completely continuous on[a, b] in to

itself.
Let B be a bounded subset of [a, b] , then there is real number r >0 such that”x” <r forall X e B. Next, we show

that the random operator Q(w) is continuous on B. let {Xn} be a sequence of points in B converging to the point

X € B. Then it is enough to prove that lim Q@) x, (t) =Q(w) x(t) forall te Jand w € Q. By the

dominated convergence theorem, we obtain,

lim Q@) x, ©) = dy(@) + lim][ f (5., (5. @), @) ds

nN—o0 n—w o

= go(@)+ [ liM[F(s,%,(s,0), )] ds

nN—oo

=0 (@) +_t[ [ f (s, X(s, @), ®)]ds
=Q(@)x(t)

forall teJ and @ e Q. This shows that Q(w) is a continuous random operator on [a, b] .

Now, we show that Q(w) is a totally bounded random operator on [a,b]. We prove that Q()(B)is a totally
bounded subset of [a,b] for each bounded subset B of[a,b]. To finish, it is enough to prove that Q(@)(B)is a
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uniformly bounded and equi-continuous set in E for eachw € Q. Since the map @ — ¥(t, ) is bounded, by

hypothesis (A;) , there is a constant C such that ||7(a))

i <C forall Q). Letw €2 be fixed. Then for any
X:Q — B, one has

Q()x(®) | < |ag ()| + j | (s.%(s,0), @) |ds
< s (@) + [ 75 @) ([x(5 @) [)ds
<Q,+ j y(s, @)y (|x(s, w)||) ds

<Q+ | y(s, @)y (r)ds

0
<Q, +||7/(a))
<K,

forall t € J, where K, =Q, +Cy/ (I). This shows that Q(@)(B) is a uniformly bounded subset of [a,b] for each
wel).

s (r)

Next, we show that Q(@)(B)is an equi-continuous set in [a,b]. Let X € B be arbitrary. Then, for any t,,t, € J
one has

Q(@)x(t) - Q@)x(t,)| <

tj f (S’X(S,w),a))dS—tj f (s,X(s, ), ®)ds

0 0

<

'Tf f (s, X(s,w), ) ds

+ tj f (s, X(s,w), ) ds

< j y(s, o)y |x(s, )| ds + j ¥ (s, o)y |x(s, @)|ds

t

<y (@), w(r) +|plt, @) - p(t,, )
<cy (1) +|p(t, ®) - p(t,, »)| 2

t
forall @ € Q, where p(t,w) = I]/(S, o)y (r)ds.
0

Hence, forall t,,t, € J,
Q(a)X(4) - Q@)X(t,)| >0 as t, > 1,

uniformly for all x€ Band weQ . Therefore, Q(@)(B)is an equi-continuous set in[a,b]. As Q(w)(B) is

uniformly bounded and equi-continuous, it is compact by the Arzela-Ascolli theorem for each @ € €2 . Consequently,
Q(w) is a completely continuous random operator on B

w) satisfied all the conditions of Theorem3.1and so the random operator equation
Thus, the random operator Q(w) P q

Q(w)x = X(w) has a least and a greatest random solution in [a, b]

Consequently, the RDE(1.1) has a minimal and a maximal random solution defined on J

This completes the proof.
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