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ABSTRACT
We introduce a new types of separation axioms say 0.0 T; - spaces, for i = 1/2, b and we study some of their properties. We

define also the class of agd -regular and a.gd -normal spaces and show that oagd -regularity and agd -normality are
preserve under bijective continuous and pre- a.gd -open mappings. Several properties of these spaces are discussed.
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1. INTRODUCTION
In 1998, Devi and et. al [3] defined the notion of o/T}, -spaces, while in 2005, Nasef and EL-Maghrabi [11] introduced
the notion of &T| -spaces. The aim of this paper is to introduce and study some separation axioms, say .8 T, -spaces,

for i = 1/2, b. Also, we construct the regularity and the normality of agd -closed sets.

2. PRELIMINARIES
Throughout the present paper, spaces mean topological spaces (X, t)(or simply, X) on which no separation axioms are
assumed unless explicitly stated. f :(X,t)—)(Y,G) (or simply, f:X —Y) denotes a mapping from a space

(X, ‘C) into a space (Y,G). The closure (resp. the interior, the complement) of A for a space X are denoted by cl(A)
(resp. int(A) , X-A). Some definitions and results which will be needed in this paper are recalled in the following stated.

Definition 2.1. A subset A of a space X is said to be:
(i) regular open [14] if A= int(cl(A)),

(if) o -open [10] if A <int(cl(int(A))),

(iif) 6-open [15] if it is the union of regular open sets.

The complement of a regular open (resp. 6-open, o -open) set is said to be regular closed (resp. 6 -closed, a -closed).
The intersection of all regular closed (resp.d-closed, o -closed) sets containing A is called the regular closure [14]

(resp. d-closure [15], a -closure [2]) of A and is denoted by r-cl(A) (resp. CIB(A), o -cl(A)). The family of all regular
open (resp. &-open, o -open) sets in a space (X,‘C) is denoted by RO(X,T) (resp.7®,Tt%). It is known that

7 ctc 1t andt®, 1° forms a topology on X [10, 15].

Definition 2.2. A subset A of a space (X, t)is called:
(i) a generalized closed (briefly, g-closed) [1,5] set if cl(A) < U whenever AC U and U is open,

(ii) a 0- dezilareneg-closed (briefly, 0g -closed) [4] set if CIS(A) < U whenever AcC U and U is open,
(iii) an 0- generalized -closed (briefly, a.g -closed) [3] set if o - CI(A) < U whenever AcC U and U is open,
(iv) ad- generalized -closed (briefly, ga -closed) [7] set if o - CI(A) < U whenever AC U and U is a -open.
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Definition 2.3. A subset A of a space (X,r) is called generalized open (resp. O - dezilareneg open, o - generalized—
open dezilareneg o - open) set if its complement X-A is g-closed (resp. dg -closed, ag-closed, go -closed) and
denoted by g-open (resp. 0g -open, a.g -open, go.-0pen)

Definition 2.4. A mapping f: (X, r)—> (Y, cs) is called:

(i) -continuous [13] if (V) isan &-open setin (X, r), for each open set V in (Y, G),
(ii) o -continuous [8] if f (V) isan a-open set in (X, 1:), for each open set V in (Y, c),
(iii) - irresolute [6] if f (V) isan o -open set in (X,‘c), for each o -open set V in (Y,cs),
(iv) &-open [9] if (V) isan &-open setin (Y, cs), for each open set V in (X, ‘C),

(v) pre-a -closed [3] if f(V) isan a-closed set in (Y,c), for each o -closed set V in (X,r),

Definition 2.5. A topological space (X, 1:) is said to be:
(i) a T1/2 -space [5] if every g-closed set is closed,

(ii) /2T, -space [3] if every o.g-closed set is o -closed,
(iii) T}, -space [7] if every g o -closed set is o -closed,
(iv) oT, -space [3] if every a.g-closed set is closed,

(v) 6T, -space [11] if every 6 g-closed set is closed,

(vi) a-regular space [3] if for each closed set F of X and each point X € X-F, there exist disjoint o -open sets U and V
suchthat FC U and X €V,

(vii) a-normal [12] if for any pair of disjoint closed sets F and F,, there exist disjoint o -open sets U and V such
thatFf cUand F, cV.

3. MAIN RESULTS
Definition 3.1. A subset A of a space (X, 1:) is said to be:

(i) an o -generalized 6 - closed (briefly, agd -closed) set if o -cl(A) = U whenever AC U and U is & -open,
(ii) an o, -generalized 6 - open (briefly, agd -open) set if its complement X-A is a.gd -closed.

d -closed — closed — dg - closed — g-closed

! b S 0g- closed — agd -closed
o -closed — ga - closed

Definition 3.2. A mapping f: (X, r)—> (Y, cs) is called:

(i) agd -continuous if f (V) is agd -open in (X, r), for each open set V in (Y, cs),

(ii) agd -irresolute if f (V) is agd -open, for each agd -open set V in (Y, G),

(iii) 0gd -closed if f(V) is 0gd -closed in (Y, 0), for each closed set V in (X, ‘C),

(iv) pre- agd -closed if f(V) is agd -closed in (Y, G), for each 0.gd -closed set V in (X, r),

(v) pre- ago -open if f(V) is agd -open in (Y, cs), for each a,gd -open set V in (X, r),

(vi) a-generalized 6 - C - homeomorphism if f is bijective, agd -irresolute and pre - agd -open.

Theorem 3.1. If Alis an 0gd -closed set, then o -cl(A)-A contains no non empty & -closed set.
Proof. Let F be a6 -closed subset of o -cl(A)-A. Then F< a-cl(A) Q)
Let A X-F, where X-F is-open. Since, A is agd -closed, then o-cl(A) < X-F 2

Hence, from (1), (2) we have F < a-cl(A) M (X- a-cl(A))= ¢ and so, F is empty.
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Theorem 3.2. If A'is agd -closed in X and if f: X — Y is pre-a -closed and o -continuous mapping, then f (A) is
agd -closed in Y.

Proof. Let A be an agd -closed set in X and G be a o -open set of Y such that f(A)g G. Then Ac ffl(G).
Hence, o-Cl(A) < f*(G). Then f(a-cl(A)) = G and therefore f(a - CI(A)) is agd -closed set in Y which
implies that a - CI(f(A)) < a - cl(f(a - cl(A))) < G . Hence, (A) is agd -closed setin Y.

Theorem 3.3. The inverse image of each agd -closed set is a.gd -closed under bijective agd -irresolute and §-open
mappings.

Proof. Let B be an agd -closed set in Y andfﬁl(B)g U, where U is a §-open set in X. Then f (U) is §-open and
hence BcCf(U). Since B is 0god-closed, hence a-cl(B)cf(U). Then ffl(a-cI(B))g U. But,

a-cl(f1(B)) c a-cl(f *(a-cl(B))) = (a-cl(B)) = U. Therefore, f ™ (B) is agd -closed.

4. ad Ty, -spaces

Definition 4.1. A space (X, ’C) is called a6 Ty, -space if every agd -closed is o -closed.

Remark 4.1. By Definition 4.1, we have the following diagram.

ad T, -space (- 1/2T -space — o T}, -space.
However, the converses of the above implications are not true in general as is shown by [3] and the following example.

Example 4.1. If X= {a, b, c} with the topology T = {X,(p, {a}, {b}, {a, b}, {b,C}}, then (X,T) is /2T, but it is
notad Ty, .

Theorem 4.1. For a space (X, r), the following are equivalent:
(i) (X, r)is ad Ty,
(ii) for each x € X, then {x} is d-closed or o -open.

Proof. (i) = (ii). Suppose that {x} is not 6-closed, for some x & X. Since, X is the only &-open set containing X-{x}.
Then X-{x} is agd -closed. But (X, t)is ad Ty, , then X-{x} is o -closed. Hence, {x} is o -open.

(i) > (i). Let A be 0,gd -closed with x e o.—cl(A). We consider the following two cases:

Case: 1. Let{x} be o -open. Since, x € a—cl(A) , then {x} A = . This shows that X € A..

Case: 2. Let{x} be &-closed. If suppose that X & A. Then we would have X a—CI(A)—A which cannot happen
according to Theorem 3.1. Hence, X € A . So, in both cases we have a—cI(A)g A . Hence, a—CI(A)z A.Then A
is o -closed and so, (X,’C) isadTy,.

Theorem 4.2. A space (X, r) is a0 Ty, ifand only if every subset of X is the intersection of all o -open sets and all
d-closed sets containing it.

Proof. Firstly. Let X be a6 T, with B C X arbitrary. Then B:{X—{X}:X ¢B } is the intersection of o, -open and § -
closed by Theorem 4.1.

Secondly. For each X € X , then X-{x} is the intersection of all a -open sets and & -closed sets containing it. Thus X-
{x} is either o -open or §-closed and X is a6 Ty, .
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Proposition 4.1. For a mapping f : (X, r) — (Y, 6), then the following statement are equivalent
(i) If Xisanad T, -space, then the concept of o -continuous and agd -continuous are coincident,

(ii) If X, Y are a0 T;;, -spaces, then the concept of o -irresolute and agd -irresolute are coincident.

Proof. (i) Let B any closed set in Y. Since, f is agd -continuous, then f‘l(B) is agd -closed set in X. But X is

a9 T/, - space, then f‘l(B) is o -closed which implies that f is o -continuous.
(ii) Similar to (i).

Theorem 4.3. A space (X, 1:) is 00 Ty, if and only if aO(X, 1:) = 0aGoO(X,1).

Proof. Firstly. Let (X, r) be 08T ,and A e aGSO(X, r). Then X-A is agd -closed. By hypothesis X-A is
a -closed and thus A € aO(X, r). Then aG3O(X,1) = aO(X, r). Hence, aO(X, r) = aGo0(X, 1).

Secondly. Let (xO(X, r): aGoO(X, 1) and let A be agd -closed. Then X-A is agd -open. Hence,
X-Ae OLO(X, 1:). Thus A is o -closed which implies that (X, 1:) is ad T, - space.

Theorem 4.4. If aspace (Y,c) is a8y, andf : (X, r) - (Y, G )is bijective pre o -closed, o - irresolute and 3 -

continuous mappings, then (X, ‘C) isadTy,.

Proof. Let A be anagd -closed set of (X,r). Hence by Theorem 3.2. We have f(A) is agd -closed. And by the
assumption f(A) is o -closed and hence, A is o -closed in X. Therefore, (X,r) isadTy,.

Theorem 4.5. If (X,r) isan 0.0 T, -space and f: (X, 1:)—> (Y,cs) is bijective ag? - irresolute, pre- o -closed and
& -open mappings, then (Y,cs)is ad T, -space.

Proof. Let A be an 0gd -closed set of (Y, G). Then by Theorem 3.3, 1 (A) is agd - closed in (X, r). Since,

(X,t) is adT;;, -space, hence 1 (A) is o -closed and therefore A is o -closed. Hence, (Y,G) is ad T, - space.

5. ad T, -spaces

Definition 5.1. A space (X, r)is called 0.0 T, -space if every agd -closed set is closed.

Lemma 5.1. For a space (X, r), every a0 T, -space is a T, -space.
The converses of above lemma need not be true as is shown by the following example.

Example 5.1. Let X= {a, b, c} with the topologies T ={X, ¢ {a}, {b}, {a, b} ,{b, c}}. Then a space X is aT, , but

not & T, since {b} is o g d -closed but not closed

Theorem 5.1. If f : (X, ‘c) —> (Y, 0) is surjective closed and agd -irresolute mappings, then (Y, cs) is
ad T, -space, if (X,r) is a0 T, -space.

Proof. Let B be an agd -closed subset of (Y,cs). Then fﬁl(B) is agd -closed in (X,‘c). Since, (X,r) is
.0 T, -space, then fﬁl(B) is closed in (X, 1:). Hence, B is closed in (Y,cs) and so, (Y,cs) is a0 T, -space.

Corollary 5.1. A space (X,r) is ad T, ifand only if T =0aG6O(X, 7).

Proposition 5.1. Let f:(X,r)—)(Y,G) be a o0god-closed mapping and (Y,cs) be odT,-space, Then

f: (X, ’E) - (Y, G) is closed.
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Theorem 5.2. Let f : (X, r) - (Y, G) be a mapping and (X, r) be an 0.0 T -space. Then f is continuous if one of

the following conditions are hold:
(i) fis agd -continuous,
(i) fis agd -irresolute.

Proof. (i) Let F be a closed set in (Y,c). Then f’l(F) is agd -closed in(X, 1:). But (X, 1:) isan 0.0 T, -space, then

f’l(F) is closed. Hence, f is continuous.
(ii) Obvious.

Theorem 5.3. Let T : (X, tx)—> (Y, ‘CY) and h:(Y,t,)—(Z,1,) be two mappings and (Y,Iy)be anadT,-
space. Then:
(i) hofis ago -continuous if f and h are 0gd -continuous,

(i) hofis agd -closed if fand h are agd -closed.

Proof. (i) Let V be a closed set of (Z,T,). Then h=*(V) is agd -closed in (Y,‘CY). But, (Y,’CY) is 0.0 T, -space,
thenh (V) is closed in (Y, 7y ). Since fis agd - continuous, then (hof ) (V) is agd -closed in (X,Ty ). hof

is agd - continuous.
(ii) Obvious.

Corollary 5.2. For amapping f : (X,7) = (Y,0) we have:
(i) fispre-ago -closed, if fis agd -closed and (X,r) is adT,-space,

(i) fis agd -irresolute, if fis agd -continuous and (Y,G) is 0. Ty -space.
Theorem 5.4. A space (X, 1:) is a0 T, ifand only if , for each X € X ,{x} is & -closed or open .

Proof. Necessity. Suppose that for some X € X, {x} is not d-closed. Since X is the only & -open containing X-{x}.
Then X-{x} is agd -closed. Hence, {x} is open.

Sufficiency. Let A be agd -closed with x e5—cl(A). If {x} is open, {X} A # @ . Otherwise{x} is & -closed and
o=5—cl({X})nA={NA .Ineither case X € A.Then §-cl(A)c A.Hence, 5-cl(A)=A . ThenAis
0 -closed and so, X is a.d T, .

Theorem 5.5. A space (X, r) is a0 T, if and only if, every subset of X is the intersection of all open sets and all

0 -closed sets containing it.

6. ago - regular spaces
Definition 6.1. A space (X, r) is said to be agd -regular if for each closed set F of X and each point X € X -F , there
exist disjoint 0 gd -open sets U and V such that FC U and X €V.

Lemma 6.1. For a space (X, ’[) every o -regular space is agd -regular space.
The converse of the above lemma is not true as is shown by the following example.

Example 6.1. In Example 4.1, a space X is agd -regular but it is not o -regular.

Remark 6.1. An agd -regular and . T;/, -spaces is o -regular space.

Theorem 6.1. Let X be a space. Then the following are equivalent:
(i) X is agd -regular,
(ii) For each Fc X and pe X-F, there exists an agd -open set U such that pe U < agd -cl(U) < X-F.
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Proof. (i)— (i) Let X be an a.gd -regular space, F< X and p € X-F. Then there exist disjoint ago -open sets U and V
such that pe U and F < V=X- a,gd -cl(U). This implies that ago -cl(U) < X-F and hence, p€ U < agd -cl(U) = X-F.

(i)—(i). Let p e X and F< X -{p} be a closed set. Then there exists an 0gd -open set such that pe U 0gd -
cl(U) = X-F. Then Fc< X-agd -cl(U) which is an ago -open set and UM (X - agd -cl(U)) = ¢ . Hence, (X,r) is
an agd -regular space.

Theorem 6.2. For an agd -regular space, for any two points X, y of X, then either agd -cl({x}) =agd -cl({y}) or
agd -cl(D3) N agd -cl{yh) =¢ .

Proof. Suppose that agd -cl({x}) # ago -cl({y}), then either x & agd -cl({y}) or ye agd -cl({x}). Suppose that
y¢e agd -cl({x}). Since, X is agd -regular, then there exist disjoint an a,gd -open sets G and H such that agd -
cl{x}) =G and ye HC X-G , where X-G is agd -closed this implies that ago -cl({y}) = X-G. Therefore,

agd -cl({x}) N agd cl{yH =GN (X-G) = ¢.

Theorem 6.3. Let f be agd -irresolute, closed mappings and Y be an a.gd -regular. Then X is a.gd -regular space.

Proof. Let V be any closed set of X and x € X-V. Then f(V) is closed in Y and f(x) € Y-f(V). Then there exist disjoint
0gd -open sets G and H such that f(x) € G and ~ f(V) C H. Since, f is agd -irresolute, then f~1(G) and f1(H) is

0gd -open in X. Thenxe f(G), V< f*(H) and f1(G) N f(H) =@ . Hence, X is 0,gd -regular.
The following theorems are shown that a,gd -regular space is preserved under bijective continuous and pre- a.gd -open.
Theorem 6.4. If f is a bijective continuous and pre- agd -open map, then Y is agd - regular, if X is agd -regular space.

Proof. Let F be any closed set of Y and y € Y-F. Thenf’l(F)is closed in X and x ¢ f’l(F). Since, X is ago -regular,
then there exist disjoint 0gd -open sets G and H such that xe G and f’l(F) CH. Then yef(G) and Fc f(H) and
f(G) N f(H)=( . Hence, Y is agd -regular.

Theorem 6.5. The property of being agd -regular space is a topological property.

Proof. Let a mapping f : X — Y be agd C-homeomorphism from an agd -regular space X into a space Y. Then f is
bijective agd -irresolute and pre - 0gd -open. and hence f is bijective continuous and pre- agd -open. then for
Theorem 6.4, a.gd -regular is a topological property.

7. agd - normal spaces
Definition 7.1. A space (X, r) is said to be agd -normal if for any pair of disjoint closed sets F; and F,, there exist

disjoint 0gd -open sets U and V such that F, cUand F, V.

Lemma 7.1. For a space (X, ’C), the following are hold
(i) Every o -normal space is agd -normal,
(ii) Every agd -regular space is agd -normal.

Proof. (i) Let (X,r) be an o -normal space. Then for any pair of disjoint closed sets F; and F, , there exist disjoint
a -open sets U and V such that F; cU and F, V. Then by definition 3.1, there exist disjoint a.gd -open sets U and
Vsuchthat F cUand F, €V and therefore (X, 1:) is gd -normal space.
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(i) Let F;, F, be two disjoint closed sets of X. Then for each xe F; implies x¢ F, . Since, X is agd -regular, then
there exist two disjoint agd -open sets U and Vy such that F, cU and xe V. But, xe i and xe Vy, then,

Fcvand F, cUandU NV =@ . Therefore, (X, 1:) is an a,gd - normal space.
The converse of the above lemma is not true. as is shown by the following examples.

Example 7.1. Let X = {a, b, c} with topologies rl ={X, ¢, {a}, {a b}, {a c}} and 1:2= {X, ¢, {a}, {b}.{a, b}}.

Then

(i) aspace (X,rl) is 0gd -normal but not o -normal. Since, {b}, {c} are disjoint closed sets while there are not exist
disjoint o -open sets U and V such that {b} C U, {c} V.

(ii) a space (X,r 2) is 0gd -normal but not agd -regular. Since, {c} is a closed set and a € X-{c} there are not exist

disjoint 0,gd -open sets U and V such that {c} C U, a€ V.

Proposition 7.1. An agd -normal and 0.6 T, spaces is o -normal space.

Theorem 7.1. For a space (X, ’C), then the following are equivalent:

(i) Xis 0gd -normal,

(ii) For any pair of disjoint closed sets F;, F, of X , there exists an a.gd -open set H such that F; — H and
agd -cl(H) disjoint of F, .

(iii) For any closed set F of X and any open set U containing F, there exists an agd - open set H such that
FCHC agd -cl(H)cU.

Proof. (i)— (ii). LetF and F,be any non-empty disjoint closed sets of an agd -normal space X. Then there exist
two agd -open sets H, W of X such that F; cH, F, cWand WM H =¢ .Then agd -cI(X-W) c X-F, and
agd -cl(H) = X-F, . Hence, F, cHand agd -ciH)N F,= ¢.

(ii)— (iii). Let F be any closed set and U be an open set containing F. Then by hypothesis, there exists an 0gd -open
set H such that F< H and a.gd -cl(H) N (X-U) =@ this implies that FCH< agd cl(H)c U .

(iii)—(i). LetF, andF, be any disjoint closed sets of X. Then X-F, is an open set containing F,. Hence by
hypothesis, there exists an 0gd -open set H such that F; cH< agd -cl(H) = X-F, . If we put V = X- agd -cl(H),

then H and V are disjoint a.gd -open sets such that F; —Hand F, V. Hence, X is 0gd -normal.

Theorem 7.2. If f: (X,t)—»(Y,G) is agd -irresolute and closed mappings, then X is a,gd -normal, if Y is ago -
normal.

Proof. Let F; and F, be any two disjoint closed sets of X. Then f(F;), f(F, ) are disjoint closed sets of Y. By
agd -normality, there exists disjoint a.gd -open sets G, H such that f(F )= G and f(F,) cH. Then K < ft (G),
F, c f1(H)and F @) FL(H) =@ . Hence, X is agd -normal.

Theorem 7.3. If f: (X, ‘c)—> (Y, c) is a bijective continuous and pre- a.gd -open mappings, then Y is ago - normal, if X
is 0gd - normal space.

Proof. Let A and B be any two disjoint closed sets of Y. Then £l (A), £l (B) are disjoint closed sets of X. By

a.gd -normality, there exists disjoint agd -open set G, H such that £ (A)cGand £ (B) < H. and by using a bijective
pre- 0,20 -open mapping, we obtain A < f(G), B  f(H) and f(G) N f(H) =@ . Hence, Y is agd -normal.
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Theorem 7.4. The property of being a.gd -normal space is a topological property.

Proof. Let a mapping f : X — Y be a agd C-homeomorphism from an agd -normal space X into a space Y. Then f is
bijective agd -irresolute and pre- a.gd -open mapping. Then f is bijective continuous and pre- a.gd -open. Therefore by
using Theorem 7.3. a.gd -normal space is a topological property.
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