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ABSTRACTS

Review of classical and exposed results, new results concerning the global existence’s solution of a weakly coupled
system of reaction-diffusion by order n
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INTRODUCTION

Recently, a class of systems of partials differentials equations of the parabolic type, called system of reaction diffusion,
it received a large amount number of interest by the researchers, who are motivated by both the enrichment structure of
the solution as well as it governs several chemical, ecological, biological, metallurgical phenomena and even in
marketing ....

These systems spell in their simplest shape as follows:
Z—j — DAu = F(w), inQ x 0, +oo[ (1a)

where, Q is opened of R", u:Q2x]0,+o0[—>R™, i.e., u (X, t) = (U (X, 1), Up (X, 1), ..., U (X, 1)), F: R"—>R™,

F (u(x, t)) = (F1 (u(x, b)),..., Fn (u(x, 1))) is the term of the reaction (generally nonlinear). The terms of reaction are the
result of any interaction between the constituents of the unknown u.

The objective of this work is contributed to the study of the global existence in times of the solution of (1a) with:

Newmann boundary condition:

Z—Z: 0 on 9Q x 10, +oo| (1b)

which means that there is no immigration.

Initial data:

u(.,0)=u, in Q (1c)
such as uy = (uol, ...,uom) and Vi = 1,m, ug, are a non-negative functions of L'(0).

History of the problem: Most studies which are made about the system of reaction diffusion are essentially based on
some particular cases of (1a), where the mathematical model:

Z—:—oc Au = f(u,v) (22)

Z—: - fAv = g(u,v) (2b)
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ou av
i 0 (2c)
u (.,0) = g, v(.,0) = vg (2d)

where, oo and P are two positive constants, is the most approached by the researchers.

When f and g are « enough regular » and u,, Vo are bounded, the local existence in times of the solution (u, v) is
classical, furthermore, it is not negative if uy and v, too. If the condition of the balance is satisfied i.e., f + g = 0, so by
application of maximum principal, if for example g is not negative, we have the estimation in priori:

lu@®llo < llugll Yt € [0, Trpax [
where, T,,,, the maximal time of the existence is:
lull,, = inf{C > 0:u| < C p.p}

If it was possible to establish estimation in priori for v, the global existence would result from it, but such estimation is
not evident only in the coarse case <= 8 where:

I+ ) (Ol < llug + volle

because:

du
E(u-l—v)—oc Alu+v)=0

M. Medved (1998) consideres this problem and proved a global existence result. He also proved that
Jim ()l = 0.

When f(u,v) = —g(u,v) = —uv?, Alikakos (1979) established the global existence of the solution for 1 < ¢ < nnLZ

following method of « Bootstrap » , based on the injections of sobolev. The extension of this result for ¢ >1 is obtained
by Masuda (1983).Then Haraux and Youkana (1988) Generalized the result of Masuda Via the functional of Lyapunov
by putting f (u,v) = —g(u,v) = —u@(v), where ¢ is a nonlinear function satisfying the condition:

i 08+ @) _

V-0 v

Barabanova (1994) generalize the result of Haraux and youkana concerning the global existence of nonnegative
solutions of a reaction-diffusion equation with exponential nonlinearity

The existence of a global solution is bounded by the problem (2a-d) was introduced by Hollis and al. (1987) with a
method based on the theory of LP-regularity for the operator of the heat and a principle of duality, Kouachi (2001)
looked for the global existence of the solution by using the functional of Lyapunov.

Equally, the existence of a global solution of the problem (2a-d) was established by Pierre (1987) under weak
conditions, by using a technique based on L'-estimation. Bonafede and Schmitt (1998) were able to generalize the
method of Pierre by studying the existence of the nonexistence of a global solution of the problem (2a-d). And M.
Pierre, D. Schmitt (1997) have built examples of reaction-diffusion systems with L* initial data, satisfying only

f(x,t,0,v) 20, g(xtu0)=0 forallu,v=0anda.e.x,t.
and < flx,t,u,v)+glxtuv) <k(u+v+1)
and for which blow-up in finite time of solutions occurs.

Global existence of the solution: We are going to show the global existence of the problem (1a-c) under the following
hypotheses
H;: F is a quasi-positive function
H,: It exists positive constant g, for i = 1,m such as:
m

ZﬁiFi )< C<1 +i€i>
- ;

i= i=1
for everything & € R, where C is a constant independent of &.
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Hs: It exists two nonnegative constants C; and C, such as:

m G2
@< |1 +Z§-l forall £ € R and i = T,m
i=1

Theory 1: Suppose that the hypotheses (H;), i = 1,3 are satisfied, so it exists u = (Uy,..., U) solution of:

((w € C([0, +oo[, L' (1))

FieLl'(Q) where Q = 2 x [0,T[

uy (x, ) = S, (Oug, + J; S; (t = F (w5, .t (5)) s, (32)
I

vt € [0, T[
k1<i<m

where, S;(t) are the semi-groups in L' (22) generatated by —a;A,i = 1,m.
To show this theory, we need following reminders:

Local solution: Let A m-dissipatif operator of dense domain in the Banach space X and S(t) a semi-group engendered
by A, fa function locally Lipchitz, so Vu, € X it exists T(uy) = T, Such as the problem:

u € ¢([0,T],D(A)) n CL([0,T],X)
& — AAu = f(u) (3b)
u(0) = ug

admits a unique solution u verifying:

u(t) = S@uy + f St — s)f(u(s))ds, vt € [0, Ty |
0

Study of a particular system: For all n > 0, we define the functions ug ,i = 1,m, by ug, = min(uoi, n), it is clear that:
ug, € L'(Qand uf, 2 0Vi=1,m
Let us consider the following system:

(%2 — DAu, = F(u,) in2x[0,T]

dun
W_O on&.()x[O,T]
(un(0,.) = uy,
(Sn)

Local existence of the system (S,):
Let us put:

uln F1 alAuln u(TJll

un=<5>, =<E>,A= : anduy =|
umn Fm amAumn ugm

so the system (S,)) can be returned to the shape of the system (3b), thus, if (uln, ...,umn) is a solution of (S,) so it veries
the integral equations:

u, () = S,(Ouf, + f Si(t — $)F, (uln (), o) U, (s)) ds,i=T,m (3c)

Theory 2: It exists T); > 0 and (uln' ooy Uy )a local solution of (S;) for all t € [0, Ty], furthermore u; ,i = 1,m are
positive.

Proof: We know that S;(¢t), i = 1, m are semigroups of contraction and as F is locally Lipschitz 0 < ug, < n,

© 2013, IJMA. All Rights Reserved 124



"Moumeni Abdelkader & *Dehimi Melouka */ Global Existence’s Solution of a System of Reaction-Diffusion /IIMA- 4(1),
Jan.-2013.

i =1,mso we have 3Ty, > 0 and (uln, ...,umn) is a local solution of (S,) on [0, Ty ]. and according to the hypothesis
(H,) and the positivity of ug , the solutions w; are positive, for i = 1,m.

Global existence of the solution of the system (S,): To prove the global existence of the solution of the system (S;)
for all t positive it is enough to find an estimation of the solution for everything t > 0, according to Haraux and Kirane
(1983).

The lemma according to us shows the existence of an estimation of the solution of (S,) in L* (€).

Lemma 1: Let u, the solution of the system (S,) where u, = (“1n' s umn) so it exists M(T) which depends only of
t, such as for all 0 < t < Tj,;, we have:

m

i=1

Proof: We can write the system (S,) under the following shape:

< M(b)

L@

6u1n )

5 > Auy, = Fi(uy) in 2 x ]0, +oof
ou, .

) 6tn =X, AU, = Fp (u,) in 2 X ]0, +oo]

ou;

— 2 =0,i =1,mon 802 x ]0, 40|

on

u;, (0,.) =up, () =20,i=1m

Let us multiply every equation by B;,i = 1, m we obtain:

Juy
B o t = pragAuy, = By Fy(uy,)

Ju,,
.Bm Tn - .Bm amAumn .Bm Fm (un)

By taking into account of (Hz) we have:

Z‘Bl ou, Zﬁlal Au; = Z,BLF (u) <C (1 +§:uln>

Let us integrate on 2 and apply the formula of Green, we find:

m m
ou;
ﬁminf Z—"deCf 1+Zuin dx
23 ot a

i=1

such as B, = ming <, B; SO:

B ‘ f Zz =1 at
Jo (T+Xu )dx
Integrate on [0, t] we find:
14+Y7 u; )dx
ﬁminlogfn ( ! n) <C(Ct
Jo 1+ X uf )dx
Thus:
f (1 + Zuln>dx < exp(Kit) f (1 + Z )dx,forKl = 3
=1 =1 min
Let us put:

M(t) = KyexpiK,t)

m
n
i=1
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Thus:

22, [l gy S M@, 0<t<Ty

We can conclude from this estimation that the solution (”1n' ...,um") given by the theory 2 is a global solution.
Global existence of the solution of the system (1a-c):

Lemma 2: For quite solution (uln, ...,umn) of (Sy), there is a constant K (t) which depends only of t, such as:

m
n
i=1

Proof: To prove this lemma, we use the results given in Bonafede and Schmitt (1998): V8 € C;(Q),0 = 0, there is a
nonnegative function ¢ € C%'(Q) with ¢ a solution of the problem:

m

> u, ©

i=1

< K(t)
IA(®)

+1

IR}

—0¢ A =0 i
— X e

o 1 A in@Q
— ¢)_

——=0 onadN x[0,T]
an

$=0 in 2

furthermore ¢ verify:
3C' = 0, such as [[pll,p o) < C'lIOlLa g

We have according to Bonafede and Schmitt (1998):

9
fn Sy (Bl (x) (a_tqb —x, A(],’))dxdt: L Ul () (x, 0)dx

and that:
f (ftSl (t — s)F(uy,) ds) . (ﬁ —o¢y A¢) dxdt = J- Fi(u,) ¢(x,s)dxds
o \Uo at )
where from:
Jo S1(®) uf, (0)dxdt = [, ug (x)0(x,0)dx (3d)
and
fQ (fot Si(t—s)F, (un)ds) fdxdt = fQ Fi (u)¢ (x,s)dxds (3e)

Let us multiply the Eq. (3c) for i = 1 by 6 and let us integrate on Q by using (3d) and (3e), we obtain:

J, w,0dxdt = fQ Sy (t)ug, Odxdt + fQ (fot Si(t = $)F; (u,(s)) ds) 0 dx
= [, ut, () (x, 0)dx + fQ F; (u,)®(x,s)dxds
< fn ug, (x)¢(x,0)dx + fQ B1F (u)@(x,s)dxds forp; =0
also we find:
f u; Odxdt =f ug, ()P (x, 0)dx+f F;(u,)¢(x,s)dxds
0 0 Q
S fn ugi(x)d)(x, O)dx + fQ ﬁiFi(un)d)(x: S)dXdS

for B; positive constants and i = 2, m. thus:

fn <i uin>0dxdt SL iu&mi)(x, 0)dx + CfQ (1 +iui> ¢(x,s)dxds

i=1 i=1 i=1
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We use the Holder’s inequality:

m

fn (Z uin> fdxdt <

i=1

m

Zuin +1

i=1

AP C0pey + € A=)

m
>
i L) L)

=1
< K (ISl + 15, g + 1) 18l

as 6 is arbitrary in C§(Q) we have:

m m m
Z U, < K Z ug, + Z U, +1
i=1 LN =1 iy Nist L@
We take K(t) = - Kl o we find:
—A1
m m
z U, < K(t) z ug, +1
i=1 ) i=1 IO}

see Hollis and Morgan (1992b)(1992b):

Proof of the theory 1: Let us define the application L by:
t
L:(wy, h) = S, (Dwy + f S, (t —s)h(s)ds
0

where S, (t) the semigroup of contraction generated by o A, according to the compactness of the application L of
LY(Q) x L*(Q) in L' (Q) Baras and al. (1977); there is a subsequence (u{")m< of (ui")1<iSm and

(U)1<i<m € L'(Q) X L}(Q) X ... x L'(Q) such as (u{n)lgSmconverge towards (ui")lg'gn'

Let us show now that (uy, ..., u,,) is a solution of (3c).
We have:

{u{n (x,t)=S5; (t)uéi fot S;(t — s)F; (u{n (s), ...,ufnn (s)) ds
1<is<m

S)
so it is enough to show that (ug, ..., u,,) verify (3a).
It is clear that j — 4o we have the following limits:
Fi(u{n, ...,u{,ln) - F,(uy, .., uy)p.p,i=1,m (3)
and
u{]‘ij Uy, l=1m (39)

and according to the lemma 2 and using the theory of convergence dominated by Lebesgue, we can conclude that
(] ,...,uy, ) converge towards (uy, ..., u,,) in L' (Q):

in?
Thus to show that (uy, ..., u,,) verify (3a) it remains to show that:

Fi(u{n, ...,ufnn) = Fi(uy, ., up) i =1, min L}(Q)

We integrate the equations of (S,) on Q by taking into account that:
—a; [ Ay dxdt =0,1<i<m
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we have:
J- U, dx — f u{)idx = f Fi(u{n, ...,ufnn) dxdt
Q Q Q
where from:

—fQ Fi(ujlln,...,ufnn)dxdt < fQ ug, dx

Let us put:
C2

— |Fi(u{n, ...,u{nn)|,i =1m

m

N, =G [Z w +1

i=1

It is clear that N, is positive according to (Hs) of (3h) we obtain:

m
le-ndxdt < le [z W +1
2 ¢ L=t

G2

+ f up,dx
Q

the lemma 2 gives us:

f Nin dxdt < 4o
Q

Which implies:
C2

m
f|Fi(u{n, ...,u{nn)| dx < le [Z u{n +1| + f N; dxdt < +oo
! Q

Q Q

; c
Let h,, = C1[Z?L1u{n + 1] ‘4 N, ,i=1m

hy,, are in L!(Q) and positive and furthermore |F;(u] , ..., ), )| < hy, p.p,i = T,m.

Let us combine this result with (3f) and we apply the theory of convergence dominated by Lebesgue.

We obtain:
Fi(u{n, ...,uinn) = Fi(uy, .., Up) i =1, min L}(Q)

by passage in the limit j - +oo of (S)) in L' (Q)we find:
t

u;(x, t) = S;(Hug, + f S;(t —s)F(u(s))ds, 1<i<m
0

Theory 3: The problem (1a-c) admits a global solution at time i.e.,T;,, = +o0.
Proof: Comes down from the theory 1 and the lemma 2.
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