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ABSTRACT

This paper introduces the notion of Cauchy sequence, convergent sequence and completeness in Intuitionistic
Euclidean-n-normed linear space (i-e-n-NLS).
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1. INTRODUCTION

S. Gahler [6] introduced the theory of n-norm on a linear space. For a systematic development of n-normed linear space
one may refer to [8, 10, 11, 12]. The detailed theory of fuzzy normed linear space can be found in [2, 3, 4, 7, 8, 10].
The origin and the development of intuitionistic fuzzy set theory can be found in [1, 5, 6, 9, 16]. In [15] they have
discussed the notion of fuzzy n-normed linear space, intuitionistic fuzzy n-normed linear space, Cauchy sequence and
convergent sequence in generalized Cartesian product of intuitionistic fuzzy n-normed linear space.

The purpose this paper is to introduce the notion of intuitionistic Euclidean n-normed linear space as a further
generalization of Cartesian product of intuitionistic fuzzy n-normed linear space and also we provide some result on it.

2. PRELIMINARIES
This section is devoted to the collection of basic definitions and results which will be needed in the sequel.

Definition: 2.1 Let X be a real linear space of dimension greater than one and let ||0,0|| be a real valued function on

X x X satisfying the following conditions:
Q) ||X, y|| =0if and only if x and y are linearly dependent

@ [yl =ly. x|
(3) ||0cX, y|| = |0c| ||X, y|| , Where a0 € R (set of real numbers)
@ [xy+z|<xy]+[x 7.

||0,0|| is called a 2-norm on X and the pair (X, ||0,0||) is called a 2-normed linear space.

Definition: 2.2 Let N € N (natural numbers) and X be a real linear space of dimension d > n. (Here we allow d to be

infinite). Areal valued function ||0,...,0|| on X x..xX=X" satisfying the following four properties:
e
n

1) ||X1,X2,...,Xn||=Oifand only if Xq,X5,..., X, are linearly dependent

(@) [X1,X2,..., Xy is invariant under any permutation

3) ||X1,X2,...,(xxn||=|(x| ||X1,X2,...,Xn||, where o, € R (set of real numbers)
@) X1, X000 X1, Y+ 2 < [Xq, X0 0o X g Y|+ [X10 X 20000 X2, 7|

is called n-norm on X and the pair (X, ||0,...,0||) is called an n-normed linear space.
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Definition: 2.3 A sequence {Xn} in an n-normed linear space (X, ||0,...,0||) is said to converge to an X € X (in n-

norm) whenever lim,_, ||X1, X9 ey X1y X — X|| =0.

Definition: 2.4 A sequence {Xn} in an n-normed linear space (X,||0,...,0||) is called Cauchy sequence if

iMoo [X10 X 20000 X, Xy = X ||=0.

Definition: 2.5 An n —normed linear space is said to be complete if every Cauchy sequence in it is convergent.

Definition: 2.6 Let X be a linear space over a field F . A fuzzy subset N of X" x R (set of real numbers) is called fuzzy
n —normon X iff

(N1)  Forall te R witht<0, N(x,,X,.---X,,t)=0

(N2)  Forall teR witht>0,N(x,,X,.---X,,t)=1 if and onlyif X,,X,.---X, are linearly dependent.
(N3) N (Xl,xz.---xn,t) is invariant under any permutation of X, X,.---X
(N4)  Forall teR witht>0,

n

N(xl,xz.---cxn,t):N(xl,xz.---cxn,%l) if c#0, c eF (field).
(N5) Foralls,teR, N (X;, X, X'n, 5+ )2 min{N (X, X,.---X,,8), N (X;, X, X n, t)}

(N6) N (x,,X,.---X, )isa non - decreasing function of teRand lim _,_ N (x,,X,.---X

t—o0 n

)=1.
Then (X, N) is called a fuzzy n-normed liner space or in short f-n-NLS.

Definition: 2.7 A binary operator * : [0,1] X [1,0] — [1,0] is continuous t-norm if * satisfies the following conditions:

(1) *is commutative and associative

(2) *is continuous

(3) a*l=aforalla €[1,0]

4) axb<c=dwhenevera<candb<danda,b,c,de[1,0]

Definition: 2.8 A binary operator ¢:[0,1]x[L0]— [1,0] is continuous co-norm if * satisfies the following
conditions:

(1) € is commutative and associative

(2) ¢ is continuous

(3) a®o0=aforalla €[1,0]

4) adb<codwhenevera<candb<danda,b,c,dell,0]

Remark:
() Foranyy ,T, €(01)withr; >r,, thereexist r, r, € (0,1)such that *r; >, and 1, > 1,0, .
(b)Forany r,e(0,1),thereexistr,r, €(0,1) suchthatr,*r,> ryandr, Or, <, .

Definition: 2.9 Let * and * be two continuous t — norms. Then = dominates*, and we write *=>=x , if for all
X1,X2,¥1,¥2 € [0,1], (Xl *! Xz) * (yl *! yz) < (Xl * yl) *! (Xz * yz)

Definition: 2.10 Let E be any set. An intuitionistic fuzzy set A of E is an object of the form A = {(X, uA(X),VA(X))‘ Xe E},

where the functions pp :E — [0,1] andva :E— [0,1] Denote the degree of membership and the non-membership
of the element X & E respectively and for every X € E, 0 < (X)+ v o (X)<1.

Definition: 2.11 If A and B are two intuitionistic fuzzy sets of a non-empty set E, then AC B if for all
X eE,up(Xx)<pg(x)and v (x)>vg(x):A=B if and only if for all

XeE,pup(X)=pg(x)and v (x)=vg(x);
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A={(x,1a () valx)] xeEf;
AN B={(x,min(ua (x) ug (x))m max(v a (x), vi (x))) xcE};
AU B = {(x, max(p (x), g (x)), min(v 5 (x), v (x)))| x €E}.

Definition: 2.12 Let A and B be intuitionistic fuzzy sets in E,and E, respectively. Then the generalized Cartesian

product Axg B= {((X, Y), T(ua () g (y))S(va(x)ve (y)))| xeEjandyeE, } T denotes the t-norm
and S denotes the t-co-norm.

Definition: 2.13 An intuitionistic fuzzy n-normed linear space (or) in short i-f-n-NLS is an object of the form

A:{(X,u(xl,xz,---,xn,t),v(Xl,Xz,-u,Xn,t))‘(xl,xz,---,xn)eXn},whereX isa linear space over a

field F, = is a continuous t —norm, ¢ is a continuous t -co-norm and p, v are fuzzy sets on X" x (0,00), p denotes

the degree of membership and y denotes the degree of of non — membership X;,X,,--*,X, € X" ><(O,oo)
satisfying the following conditions:
i (X, Xo, e X 1) H V(X X, X, 1) T
i (X, Xy, X, 1) > 0;
i, p(X,X,, 0, X, t) =1if and only if x,,X,,---, X, are linearlyindependent ;
iv.  u(X;, Xy, X, t)isinvarient under any permutation of Xy, X,,+, X}

n

(XX, e D) :p(xl,xz,---,xn,r;) if ¢ 0, ¢ e F(field);

Vie (Xg, Xy, X ,8) * Xy, Xy, X ) S (X, Xy, e, X + X, S+ 1)
vii.  pu(X,X,, 0, X, 1)1 (0,00) — [0,1] is continuous in t;
viii.  v(Xq,Xp, 1, Xp, 1) > 0;

ix.  V(Xq,Xp,, X, ) =0if and only if x;,X,,---, X, arelinearly dependent ;
X.  V(Xg,X9,:+,X,,t) isinvarientunder any permutation of X;,X,, -+, X,;

n

Mi. (X1, Xpreoe CXe D) = V(X Xpaee X s ) i € 2 0, ¢ € F(field);
1: 72 n 1: 72 n |C|

Xii. V(X1 X9, X2 8) O V(X1, X,y Xy s 1) 2 V(X, X g, o, Xy + Xpy, S + 1)
xiii.  V(Xq,X5, 5, X;, 1) :(0,00) > [0,1] is continuousiin t;

Definition: 2.14 The 5- tuple (R ANOR 2 <>) intuitionistic fuzzy Euclidean n-normed space if = isa t—norm, ¢ is a

n
t co —-norm and (®,¥) is an intuitionistic fuzzy Euclidean n-norm defined by ®(X,t) =Hp(xj,t) and
i)
n n , , , , n
P(x,t) = [ Jv(x; t).-wherex = X;, X,,--,X,. [[aj=ar* -* a, * >+ ,J]a;=a;0---0a,,t>0
=} j-1 =1
and (p,Vv) is an intuitionistic fuzzy norm with respect to * and ¢.

Corollary: Suppose that hypotheses of Definition (2.14) are satisfied. If *is normal and O=max, then
(R",®,W¥,*,9) is an intuitionistic fuzzy normed space.

n

Proof: For (a),let lI’(X, t): max?:l v(xj,t): v(xk , t) in which 1<K < n.since d)(x, t):Hp(Xj,t)S u(xk , t)
j=1

then we have @ (X,t)+Y¥ (X,t) < D(x,t)+¥ (X, t)<1.
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The properties of (ii)-(v),(vi)-(xi) and (xii) are immediate from the definition. For triangle inequalities (vi) and (xii),
suppose that X,y € X and t,s> 0.

(X, y)* D(y,s)= Hu(x ) Hu( t)

I(M(let) * u( no O) % (ulys, t) . # ulyn,t)
S(u(Xli)*u(yli))*'---*'(u(xn,t)*u(yn,t))

!

<u(Xg + Yy t+8)* # u(Xy + Y, t+s)
o(

—ﬁu(x +Yi t+s)

=1

X+Y,t+s)

The proof for (xii) is similar to (vi).
Example: Let (X ||0 ..., 0”) and be an n-normed linear space. Define a*b = min{a, b} and a ¢ b = max {a,b}

n
foralla,be[1,0], HN(X t) ;,‘P(X,tkﬂv(xj,t): X1, X200 X | |
j_

Proof:
()  Clearly®d(x,t)+ ¥(x,1)<1.
(i)  Obviously d(x,t)>0.

n
t
(iii) DX, t)=1<= | |ux~,t =1 =1
(.1 i (’ ) t+ [Xg, X200 Xy

) o t)=] [ulx;.1)= t

j=1

t t
=ﬂ(x1 X0 X t]: i _ o
el i+||x1,x2 ..... Xl t+le] %, %0 X
i q
t t

= (cx,t)
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(v) Without loss of generality assume that
d(x', 1)< D(X,5)
n n
= [ [ulc; )< Tulx;os)
=1 j=1

] ]

= — <
t X1, X0 Xp [ S H[X1, X g0 Xy

= (S [Xq, X0 Xy ) < S(E+ [Xg, X100 X

= X1, X2 ey Xy [ S 5[X 1, X 20000 X

Therefore,
X1, X 2000 Xy [ #]X 10 X 20001 xn||£%||x1,x2 ..... Xn| + X1, X2, X0
s(%+1)||x1,x2 ..... x|
t
<(S+j||x1,x2 ..... 0|
But

t
K1 X e X + X | K X e X [t X x’n||£(s+j||x1,x2 ..... -

S+t
S+t+[Xg,Xg,00 Xy +x’n||<t+||x1,x2 ..... X/,

=
S+t t

S+t t
S+t+ Xy, Xo o X + X0t [Xe, X200 X
= (X, X910, Xy + X5y, S+ 1) >min{u(Xy, X500, Xy, 8) (X g, X500y Xy, 1))

(vi) Clearly d)(x, t) is continuous in t.
(vii)  Clearly ¥(x,t)>0.

n
wii)  P(x,t)>0 ]_[v(x,—,t): 0
j=L
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n
®  Plext)= Hv(cx t) V(Xq,X 5,0 CX s 1)
_ ||x1,x2 ..... X, _ | (%00 Xg e X, _ %0, Xgeee0 X |
L P o B TR T S i %, Yoo Y|
g e
(xi) Without loss of generality assume,
P(x,s)<P(x',t)
:>HV(X S)<Hv(x t)
" N ||x1,x2 ..... n|| ||x1 X5 e, x'n'
S+[X1, Xg xn|| t+ [Xq, X g0 X0
= [[Xq, X g e Xt + [X 2 X 2 X0 [) < (X X 2000y X (8 4 X1, X 210000 X )
= X1, X000 X | S8[X 1, X 5000 X,
Now
Poxoeda x| raxoen] KXo Xa # e Xa e Xn ] e Xp e X3

S+t [Xg, X Xy X0 | Xy X X0 | S HF X X g e X [+ X1 X X |t X1 X0 X |

- X Xy = 500 %,
T A T

By (1)
X1 X200 Xy + X0l X1 X200 X |
S+ t+[X1, X0 Xy + X0 [ tH[Xg X0 ol
Similarly
X1, X 0m Xy + X3 ]| X1 X9 1o X |
S+ L+ X1, X0 Xy + X0 [ tHXg X0 ol

= V(X1, X910 Xy + X}y, S+ 1) <max { v(Xg, X500, Xy, 8) V(Xq, X500, Xy 1) }
(xii) Clearly ‘P(X, t) is continuous in t.This Aisan i-f-e-n-NLS.
Definition: 2.15 A sequence {Xn } in an i-f-e-n-NLS A is said to converge to x if given I > 0,t > 0,0 <r <1 there

n
exists an integer N € N such that d(x, —X,t)=Hp(Xj —X,t)>1— r and
i
n
Y(x, - x,t):Hv(xj - x,t)< r,foralln>n,
j=1

Theorem: In an i-f-e-n-NLS A, a sequence {Xn} converges to x denoted by X, M>X if and only if
®(x, —X,t)—>1and ¥(x, —X,t)—>0,asn — oo,
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Proof: Fix t > 0. Suppose {X }converges to x in A. Then for agiven r,0 <r <1, there exists an integer Ny € N

such that d)(xn =X, t HM(X - X t)>1—r and ‘P n — X, t Hv( X,t)< r. Thus
j-i

1—<I)(Xn—xt =1- HM(X —Xt)<rand‘P —Xt HV( )<r and hence
j i
(I)(Xn - X,t)—)land ‘I’(Xn - X,t)—) 0,asn > .Conversely, if for each t >0,
@(Xn - X, t)—>1and ‘P(Xn - X, t)—) 0,asn — oo, then for every 1,0 < r <1, there exists an integer N such
n

that 1— ®(x, — X, t)<r and ¥(x, —x,t)<r,foralln>ng. Thus ®(x, —x,t)znu(xj—x,t)>l—r
i
n
and ‘P n =X, t HV( - —X,t)< r,foralln >n, Hence {Xn} converges to x in A.

=1
Definition: 2.16 A sequence {Xn}is an i-f-e-n-NLS A is said to be Cauchy sequence if given &> 0, with
n
0<e<1t>0thereexists an integer ny € Nsuch that ®(x, —xk,t):Hu(xj —Xk,t)>l—8and
n

W(X, — X, t Hv( Xj— Xy, t )<8f0ra|l n,k=ng
=

Theorem: In an i-f-e-n-NLS A, every convergent sequence is a Cauchy sequence.

Proof: Let {Xn }be convergent sequence in A. Suppose {Xn }converges to x. Let t>0and €€ (0,1). Choose
re(01)suchthat (1-r)*(1-r)>1—eandrOr<e. Since {X, }converges to x, we have an integer Ny such

A | LIS SR S N

Now,
n n t ot
CD(Xn —Xk,t):HM(Xj —Xk,t):Hu(Xj _X+X_Xk’5+5j
j-i j-i
t t
Z].,l Xl'XZ’-'--’Xn—len —X,E *},l Xl’XZ"""Xn—l'X_Xk’E
>(L-r)*(L-r) foralln,k >n,
>1-¢,foralln,k>ny
and

n

oy x0Ty )= [Ty xxm o
j=1

1

t t
SV[Xl,XZ,....,Xn_l,Xn —x,ﬂ*v(xl,xz,....,xn_l,x—xk,ﬂ

<réor
<g, foralln,k,>ngy

Therefore {Xn } is a Cauchy sequence in A.
Definition: 2.17 An i-f-e-n-NLS A is said to be complete if every Cauchy sequence in A is convergent.
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The following example shows that there may exist Cauchy sequence in an i-f-e-n-NLS which is not convergent.

Example: Let (X,”',',...,'”) be an n-normed linear space and define a*b:min{a,b}and

n
t
a0 b=maxja, by foralla,be|0,1[t>0. d(x,t)=] | ulx;, t)= and
{a,b} [0.1] (x.1) g (J ) t+[Xq, X g 1eens X |
n ||X1,X2,...,Xn||
P(x,t)=] | vix t)= '
(x1) E ;.1 t4 X0, Xg o X |

Then A= {(X, d(x, t), P(x, t))‘ X =(X,, X, X, )€ X" } is an i-f-e-n-NLS by example.

Let {Xn }be a sequence in A.Then
@ {Xn } is a Cauchy sequence in (X, ||0,0,...,0||) if and only if {Xn } is a Cauchy sequence in A.

(b) {X N } is a convergent sequence in (X, ||0,0,...,0||) if and only if {Xn } is a convergent sequence in A.

Proof: (a) {Xn } is a Cauchy sequence in (X, ||0,0,...,0||)

< My g o|X1, X200 X, Xy = X[ =0

: n ( )_ : t =
C”'”‘n,k-mlj}“ Xj =Xy, t)=limg t+[Xq, X g ey X1, Xy —Xk”—l

S | e
and“mn,k—wogvxj_xk’t _t+||X1,X—X2 ..... Xn_Xk”_O

& ®(x, — Xy, t)>1and ¥(x, — X, t)—>0,asn,k =0

& DX, =X, t)>1-rand ¥(x, —x,,t)<r,re(01),foralln,k>ng,
= {Xn} is a Cauchy sequence in A.

(b) {Xn } is a convergent sequence in (X, ||0,0,...,0||).

e limy o [X1, X0 X1, X = X[ =0

n
= I|mn—>oo g“(xj _X’t):“mn_)w t+||X1’X2 '''' Xn-1,Xp _X” -

r——

n
andlimn_m]_[v(xj —x,t): =0

= t+]X1, X =X Xy = X|
& ®(x, -x ,t)>land ¥(x, - x,t)—0,asn - oo
& ®(x, —x ,t)>1-rand ¥(x, —x ,t)<r,re(01) foralln>n,

= {Xn} is a convergent sequence in A.

Thus if there exists an n-normed linear space (X,||0,0,...,0||) which is not complete, then the intuitionistic fuzzy

Euclidean n-norm induced by such a crisp n-norm ||0,0 ..... 0” on an incomplete n-normed linear space X is an
incomplete intuitionistic fuzzy Euclidean n-normed linear space.

Theorem: Let A be an i-f-e-n-NLS, such that every Cauchy sequence in A has a convergent subsequence. Then A is
complete.
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Proof: Let {Xn }be a Cauchy sequence in A and {X n }be a subsequence of {X n } that converges to x. We prove that
{Xn} converges to x. Let t>0and e (0,1).choose re(0,1) such that (1—r)*(1—-r)>1-gandror<e.

since {Xn }is a Cauchy, there exists an integer Ny € N such that
t
@(Xn Xk j Hu( 2j>1—rand lI’(Xn j Hv( J<r forall n,k>nyg.

Since {X Nk }converges to X, there is a positive i, > N such that

t N t t 4 t
D X, —X,— |= X, Xi, —X,—|>1-rand ¥| X,, = X,— |= vl Xi, Xi =X, —|<r
(” zjg“("k zj [ ZJH(‘ zj

Now,
n
@@n—xﬂzII%}j—m +X; —X, +%j
i
ZH(XLXZ’ Xn-1,Xn =X J*H(Xl’XZ’ Xn1: X, X’—j
>A-r)*(@-r)>1-¢
and

n

N =X t) II%:-—X +xk—x%+£)

1

t t
sv(xbxzp_,xn4,xn—»qk,EJOv(xbxzpu,xW4,xm-—X,Ej

<ror<eg

Therefore {X n } converges to x in A and hence it is complete.
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