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1. INTRODUCTION 
S. Gähler [6] introduced the theory of n-norm on a linear space. For a systematic development of n-normed linear space 
one may refer to [8, 10, 11, 12]. The detailed theory of fuzzy normed linear space can be found in [2, 3, 4, 7, 8, 10]. 
The origin and the development of intuitionistic fuzzy set theory can be found in [1, 5, 6, 9, 16]. In [15] they have 
discussed the notion of fuzzy n-normed linear space, intuitionistic fuzzy n-normed linear space, Cauchy sequence and 
convergent sequence in generalized Cartesian product of intuitionistic fuzzy n-normed linear space.  
 
The purpose this paper is to introduce the notion of intuitionistic Euclidean n-normed linear space as a further 
generalization of Cartesian product of intuitionistic fuzzy n-normed linear space and also we provide some result on it. 
 
2. PRELIMINARIES 
This section is devoted to the collection of basic definitions and results which will be needed in the sequel. 
 
Definition: 2.1 Let X be a real linear space of dimension greater than one and let ••,  be a real valued function on 

XX × satisfying the following conditions: 
(1) 0y,x = if and only if x and y are linearly dependent 

(2) x,yy,x =  

(3) y,x y,x α=α , where R∈α (set of real numbers) 

(4) z,xy,xzy,x +≤+ . 

••,  is called a 2-norm on X and the pair ( )••,,X  is called a 2-normed linear space. 
 
Definition: 2.2 Let Nn∈ (natural numbers) and X be a real linear space of dimension .d n≥  (Here we allow d to be 

infinite). Areal valued function ••,...,  on n

n
XX...X =××



 satisfying the following four properties: 

(1) 0x,...,x,x n21 = if and only if n21 x,...,x,x are linearly dependent 

(2) n21 x,...,x,x  is invariant under any permutation 

(3) n21n21 x,...,x,x x,...,x,x α=α , where R∈α (set of real numbers) 

(4) z,x,..,x,xy,x,..,x,xzy,x,..,x,x 1n211n211n21 −−− +≤+  

is called n-norm on X and the pair ( )••,...,,X  is called an n-normed linear space. 
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Definition: 2.3 A sequence { }nx  in an n-normed linear space ( )••,...,,X  is said to converge to an Xx∈  (in n-

norm) whenever 0xx,x,...,x,xlim n1n21n =−−∞→ . 
 
Definition: 2.4 A sequence { }nx  in an n-normed linear space ( )••,...,,X  is called Cauchy sequence if 

0xx,x,...,x,xlim kn1n21k,n =−−∞→ . 
 
Definition: 2.5 An n – normed linear space is said to be complete  if every Cauchy sequence in it is convergent. 
 
Definition: 2.6 Let X be a linear space over a field F . A fuzzy subset N of Xn x R (set of real numbers) is called fuzzy 
n – norm on X iff   
(N1) For all ( ) 0,., N 0,   with t 21 =≤∈ txxxRt n  

(N2)  For all ( ) n21n21 x.x,x ifonly  and if  1t,x.x,x N 0,   with tRt  =>∈  are linearly dependent. 

(N3)      ( )t,x.x,x N n21    is invariant under any permutation of  n21 x.x,x     
(N4) For all   0,   with tRt >∈  

( ) 







=

|c|
t,cx.x,x Nt,cx.x,x N n21n21  ,  Fc 0,c if ∈≠ (field). 

(N5)      For all s, t ∈ R, ( ) ( ) ( ){ }t,x.x,x N,s,x.x,x Nmints,x.x,x N n
'

21n21n
'

21  ≥+    
( ) offunction  decreasing-non a is x.x,x N   (N6) n21  ( ) .1x.x,x Nlim and Rt n21t =∈ ∞→   

 
Then (X, N) is called a fuzzy n-normed liner space or in short f-n-NLS. 
 
Definition: 2.7 A binary operator [ ] [ ] [ ]0,10,11,0: →×∗  is continuous t-norm if * satisfies the following conditions: 
(1) * is commutative and associative 
(2) * is continuous 
(3) a*1=a for all a ∈[1,0] 
(4) [ ].1,0dc,b,a, and db and ca whenever dcba ∈≤≤∗≤∗  
 
Definition: 2.8 A binary operator [ ] [ ] [ ]0,10,11,0: →×◊  is continuous co-norm if * satisfies the following 
conditions: 
(1) ◊ is commutative and associative 
(2) ◊  is continuous 
(3)  a ◊ 0=a for all a ∈[1,0] 
(4) [ ].1,0dc,b,a, and db and ca whenever d  cb  a ∈≤≤◊≤◊  
 
Remark:  
(a) For any ( ) ( )such that  1,0r,rexist   there,rr with 1,0r,r 43212  1 ∈>∈ . r rr and rrr 241231 ◊≥≥∗   

( ) ( ) ( )5 6 7 6 6 5 7 7 5b For any 0,1  , there exist r , 0,1  such that r  r  and r   r   r  .r r r∈ ∈ ∗ ≥ ◊ ≤  
 
Definition: 2.9 Let ∗ and  ∗′ be two continuous t – norms. Then ∗′ dominates∗, and we write ∗′≫∗ , if for all 
x1 , x2, y1, y2  ∈ [0,1], )yx()yx()yy()xx( 22112121 ∗∗′∗≤∗′∗∗′  

 
Definition: 2.10 Let E be any set. An intuitionistic fuzzy set A of E is an object of the form ( ) ( )( ){ }Ex  x,x,xA AA ∈νµ= , 

where the functions [ ] [ ]0,1E :  and 0,1E : AA →ν→µ Denote the degree of membership and the non-membership 

of the element Ex∈ respectively and for every ,x E∈ ( ) ( ) 1xx0 AA ≤ν+µ≤ . 
 
Definition: 2.11 If A and B are two intuitionistic fuzzy sets of a non-empty set E, then A⊆B if for all 

( ) ( ) ( ) ( ): xx and xx,Ex BABA ν≥νµ≤µ∈ A=B if and only if for all 

( ) ( ) ( ) ( ); xx and xx,Ex BABA ν=νµ=µ∈  
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( ) ( )( ){ }; E x x,x,xA AA ∈νµ=  

( ) ( )( ) ( ) ( )( )( ){ }; E  x x,xmax,x,xmin,xBA BABA ∈ννµµ=∩  

( ) ( )( ) ( ) ( )( )( ){ }. E  x x,xmin,x,xmax,xBA BABA ∈ννµµ=∪  
 
Definition: 2.12 Let A and B be intuitionistic fuzzy sets in 1E and 2E  respectively. Then the generalized Cartesian 

product ( ) ( ) ( )( ) ( ) ( )( )( ){ }21BABAS,T Ey and E x y,xS,y,xT,yx,BA ∈∈ννµµ=× , T denotes the t-norm 
and S denotes the t-co-norm. 
 
Definition: 2.13 An intuitionistic fuzzy n-normed linear space (or) in short i-f-n-NLS is an object of the form   

},X)x,,x,x())t,x,,x,x(),t,x,,x,x(,X{(A n
n21n21n21 ∈νµ=  where X is a  linear space over a 

field F, ∗ is a continuous t –norm, ◊ is a continuous t -co-norm and  νµ,  are fuzzy sets on ),0(Xn ∞× , µ  denotes 

the degree of membership and γ  denotes the degree of of  non – membership  ),0(Xx,,x,x n
n21 ∞×∈  

satisfying the following conditions: 
i. ;1)t,x,,x,x()t,x,,x,x( n21n21 ≤ν+µ   

ii. ;0)t,x,,x,x( n21 >µ   

iii. ;t  independenlinearly  are x,,x,x ifonly  and if 1)t,x,,x,x( n21n21  =µ  

iv. any under invarient  is )t,x,,x,x( n21 µ  permutation of ;x,,x,x  n21   

v. F(field);c 0,c if )
|c|

t,x,,x,x()t,cx,,x,x( n21n21 ∈≠µ=µ   

vi. );ts,xx,,x,x()t,x,,x,x()s,x,,x,x( '
nn21

'
n21n21 ++µ≤µ∗µ   

vii. in t; continuous is [0,1])(0,: )t,x,,x,x( n21 →∞µ   

viii. ;0)t,x,,x,x( n21 >ν   

ix. ; dependent linearly  are x,,x,x ifonly  and if 0)t,x,,x,x( n21n21  =ν  

x.   )t,x,,x,x( n21 ν any under invarient  is permutation of ;x,,x,x n21   

xi. F(field);c 0,c if )
|c|

t,x,,x,x()t,cx,,x,x( n21n21 ∈≠ν=ν   

xii. );ts,xx,,x,x()t,x,,x,x(  )s,x,,x,x( '
nn21

'
n21n21 ++ν≥ν◊ν   

xiii. in t; continuous is [0,1])(0,: )t,x,,x,x( n21 →∞ν   
 
Definition: 2.14  The 5- tuple ),,,,R( n ◊∗ΨΦ  intuitionistic fuzzy Euclidean n-normed space if ∗ is a  t –norm, ◊ is a  

t co –norm and ),( ΨΦ  is an intuitionistic fuzzy Euclidean n-norm defined by ∏
=

µ=Φ
n

1j
j )t,x()t,x(  and 

.)t,x()t,x(
n

1j
j

=

ν=Ψ Where .x,,x,xx n21 =  0t,aaa , aaa n1

n

1j
j

''
n

''
1

n

1j
j >◊◊=∗>>∗∗∗=

==
∏ 



  

and ),( νµ  is an intuitionistic fuzzy  norm with respect to ∗ and ◊. 
 
Corollary: Suppose that hypotheses of Definition (2.14) are satisfied. If ∗ is normal and max  =◊ , then 

),,,,R( n ◊∗ΨΦ is an intuitionistic fuzzy normed space. 
 

Proof: For (a),let ( ) ( ) ( )t,xt,xmaxt,x kj
n

1j ν=ν=Ψ =  in which .nk1 ≤≤ since ( ) ( ) ( )t,xt,xt,x k

n

1j
j µ≤µ=Φ ∏

=
  

then we have ( ) ( ) ( ) ( ), , , , 1.k kx t x t x t x tΦ +Ψ ≤ Φ +Ψ ≤   
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The properties of (ii)-(v),(vi)-(xi) and (xii) are immediate from the definition. For triangle inequalities (vi) and (xii), 
suppose that Xy,x ∈  and .0s,t >  

 ( ) ( ) ( ) ( )∏∏
==
µ∗µ=Φ∗Φ

n

1j
j

n

1j
j t,yt,xs,yy,x  

                                              ( ) ( )( ) ( ) ( )( )t,y...t,yt,x...t,x n1n1 µ∗′∗′µ∗µ∗′∗′µ=  

                                              ( ) ( )( ) ( ) ( )( )t,yt,x...t,yt,x nn11 µ∗µ∗′∗′µ∗µ≤  

                                              ( ) ( )st,yx...st,yx nn11 ++µ∗′∗′++µ≤  

                                              ( ) ( )st,yxst,yx
n

1j
jj ++Φ=++µ=∏

=
 

 
The proof for (xii) is similar to (vi). 
 
Example: Let  ( )••• ,......,,,x  and be an n-normed linear space. Define { }b,aminba =∗  { }and a  b max a,b◊ =

[ ]for all a,b 1,0 ,∈ ( ) ( )
1 1 2

, , ,
, ,...,

n

j
j n

tx t x t
t x x x

µ
=

Φ = =
+∏ ( ) ( )

n21

n21
n

1j
j x,...,x,xt

x,...,x,x
t,xt,x

+
=ν=Ψ

=


. 

Then A= ( ) ( )( ) ( ){ }n
n21 Xx,....,x,x x t,x , t,x . x ∈=ΨΦ  is an i-f-e-n-NLS. 

 
Proof: 
(i) Clearly ( ) ( ) 1t,xt,x ≤Ψ+Φ . 

(ii) Obviously ( )t,xΦ >0. 

(iii) ( )t,xΦ =1⇔  ( )∏
=
µ

n

1j
j t,x =1⇔

n21 x,...,x,xt
t

+
=1 

             ⇔ t= n21 x,...,x,xt + ⇔ n21 x,...,x,x =0 

             ⇔ n21 x,...,x,x are linearly dependent. 
 

(iv) ( ) ( )
n21

n

1j
j x,...,x,xt

tt,xt,x
+

=µ=Φ ∏
=

 

                            
1 2 1, ,..., ,n n

t
t x x x x −

=
+

 

                            ( )1 2 1, ,..., , ,n nx x x x tµ −=  

                            ...=  
 

∏
=











µ=










Φ

n

1j
j c

t,x
c
t,x  

                         1 2
1 2

1 2

, ,... ,
 , ,...,, ,...,

n
n

n

t t
c ctx x x t t c x x xc x x x

c c

µ
 

= = =   +  +
   

 

                                ( )1 2,
1 2 1 2

, ..., ,
 , ,..., , ,..., n

n n

t t x x cx t
t c x x x t x x cx

µ= = =
+ +

 
 

                                ( ),cx t= Φ
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(v) Without loss of generality assume that  

           ( ) ( )s,xt,x Φ≤′Φ  

( ) ( )∏∏
==
µ≤′µ⇒

n

1j
j

n

1j
j s,xt,x  

n21n21 x,...,x,xs
s

x,...,x,xt
t

+
≤

′+
⇒  

( ) ( )n21n21 x,...,x,xtsx,...,x,xst ′+≤+⇒  

n21n21 x,...,x,xsx,...,x,xt ′≤⇒  

n21n21 x,...,x,x
t
sx,...,x,x ′≤⇒  

Therefore, 

                     n21n21n21n21 x,...,x,xx,...,x,x
t
sx,...,x,xx,...,x,x ′+≤′+  

                                                                                  n21 x,...,x,x 1
t
s ′






 +≤  

                                                                                   n21 x,...,x,x 
t

ts ′





 +

≤  

But 

       n21n21n21nn21 x,...,x,x
t

tsx,...,x,xx,...,x,xxx,...,x,x ′





 +

≤′≤′+
 

  t
x,...,x,x

ts
xx,...,x,x n21nn21 ′

≤
+

′+
⇒

 

t
x,...,x,x

1
ts

xx,...,x,x
1 n21nn21 ′

+≤
+

′+
+⇒

 

t
x,...,x,xt

ts
xx,...,x,xts n21nn21 ′+

≤
+

′+++
⇒

 

n21nn21 x,...,x,xt
t

xx,...,x,xts
ts

′+
≥

′+++
+

⇒
 

( ) ( ) ( ){ }t,x,...,x,x,s,x,...,x,xmints,xx,...,x,x n21n21nn21 ′µµ≥+′+µ⇒  
 
(vi) Clearly ( )t,xΦ  is continuous in t. 

(vii) Clearly ( ) .0t,x >Ψ  

(viii) ( ) ⇔>Ψ 0t,x ( ) 0t,x
n

1j
j =ν

=


 

                  0
x,...,x,xt

x,...,x,x

n21

n21 =
+

⇔  

                  0x,...,x,x n21 =⇔  

                  ⇔ n21 x,...,x,x are linearly dependent. 

(ix) ( ) ( )
n21

n21
n

1j
j x,...,x,xt

x,...,x,x
t,xt,x

+
=ν=Ψ

=


 

                                                      = 
1nn21

1nn21

x,x,...,x,xt
x,x,...,x,x

−

−

+
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                                                      = ( )t,x,x,...,x,x 1nn21 −ν    
                                                     ...=  

(x) ( ) ( ) ( )t,cx,...,x,xt,cxt,cx n21

n

1j
j ν=ν=Ψ

=


 

                               1 2 1 2 1 2

1 2 1 2
1 2

, ,...,  , ,...,  , ,...,
, ,...,  , ,...,  , ,...,

n n n

n n
n

x x cx c x x x x x x
tt x x cx t c x x x x x x
c

= = =
+ + +

== 

                               1 2, ,..., , ,n
t tx x x x
c c

ν
   

= = Ψ      
   

= 

(xi) Without loss of generality assume, 
                         ( ) ( )t,xs,x ′Ψ≤Ψ  

                  ( ) ( )
 

n

1j

n

1j
jj t,xs,x

= =

′ν≤ν⇒                                                                                                                            

(1)    
n21

n21

n21

n21

x,...,x,xt
x,...,x,x

x,...,x,xs
x,...,x,x

′+

′
≤

+
⇒  

                  ( ) ( )n21n21n21n21 x,...,x,xsx,...,x,xx,...,x,xtx,...,x,x +′≤′+⇒  

                  n21n21 x,...,x,xsx,...,x,xt ′′≤⇒  

 
Now  

n21

n21

nn21

nn21

x,...,x,xt
x,...,x,x

xx,...,x,xts
xx,...,x,x

′+

′
−

′+++

′+

n21

n21

n21n21

n21n21

x,...,x,xt
x,...,x,x

x,...,x,xx,...,x,xts
x,...,x,xx,...,x,x

′+

′
−

′+++

′+
≤  

                                                             ( )( )
1 2 1 2

1 2 1 2 1 2

, ,..., , ,...,
, ,..., , ,..., , ,...,

n n

n n n

t x x x s x x x
s t x x x x x x t x x x

′−
=

′ ′+ + + +  
By (1) 

                             
n21

n21

nn21

nn21

x,...,x,xt
x,...,x,x

xx,...,x,xts
xx,...,x,x

′+

′
≤

′+++

′+
 

Similarly 

                             
n21

n21

nn21

nn21

x,...,x,xt
x,...,x,x

xx,...,x,xts
xx,...,x,x

+
≤

′+++

′+

 
 

( ) ( ) ( ){ } t,x,...,x,x,s,x,...,x,x  maxts,xx,...,x,x n21n21nn21 ′νν≤+′+ν⇒  
 

(xii) Clearly ( )t,xΨ  is continuous in t.This A is an  i-f-e-n-NLS. 
 
Definition: 2.15 A sequence { }nx in an i-f-e-n-NLS A is said to converge to x if given 0r > , 1r0,0t <<>  there 

exists an integer ( ) ( ) r1t,xxt,xxsuch that  Nn
n

ij
jn0 −>−µ=−Φ∈ ∏

−
 and      

( ) ( )


n

1j
. 0jn nn allfor  ,rt,xxt,xx

=
≥<−ν=−Ψ  

 

Theorem:  In an i-f-e-n-NLS A, a sequence { }nx  converges to x denoted by ( ) xx ,
n  → ΨΦ  if and only if  

( ) ( ) .n as ,0t,xx and 1t,xx nn ∞→→−Ψ→−Φ  
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Proof: Fix .0t > Suppose { }nx converges to x in A. Then for a given  ,1r0,r << there exists an integer Nn 0 ∈

such that  ( ) ( ) r1t,xxt,xx
n

ij
jn −>−µ=−Φ ∏

−
 and ( ) ( )



n

1j
jn .rt,xxt,xx

=
<−ν=−Ψ Thus 

( ) ( ) rt,xx1t,xx1
n

ij
jn <−µ−=−Φ− ∏

−
and ( ) ( )



n

1j
jn rt,xxt,xx

=
<−ν=−Ψ , and hence 

( ) ( ) 0t,xx and 1t,xx nn →−Ψ→−Φ , ∞→n as .Conversely , if for each ,0t >
( ) ( ) 0t,xx and 1t,xx nn →−Ψ→−Φ , ∞→n as , then for every ,1r0,r << there exists an integer 0n such 

that ( ) rt,xx1 n <−Φ−  and ( ) .nn allfor  ,rt,xx 0n ≥<−Ψ Thus ( ) ( ) r1t,xxt,xx
n

ij
jn −>−µ=−Φ ∏

−
 

and ( ) ( )


n

1j
0.jn nn all for,rt,xxt,xx

=
≥<−ν=−Ψ Hence { }nx  converges to x in A. 

 
Definition: 2.16 A sequence { }nx is an i-f-e-n-NLS A is said to be Cauchy sequence if given  with ,0>ε

such that  Nninteger an  exists  there0t,10 0 ∈><ε< ( ) ( ) ε−>−µ=−Φ ∏
−

1t,xxt,xx
n

ij
kjkn and 

( ) ( )


n

1j
kjkn t,xxt,xx

=
ε<−ν=−Ψ  for all .0nk,n ≥  

 
Theorem: In an i-f-e-n-NLS A, every convergent sequence is a Cauchy sequence. 
 
Proof: Let { }nx be convergent sequence in A. Suppose { }nx converges to x. Let 0t > and ( ).1,0∈ε  Choose 

( ) ( ) ( ) .r r  and 1r-1r-1such that  1,0r ε<◊ε−>∗∈ Since { }nx converges to x, we have an integer 0n  such 

that r1
2
t,xx

2
t,xx

n

ij
jn −>






 −µ=






 −Φ ∏

−
and 



n

1j
jn r

2
t,xx

2
t,xx

=
<






 −ν=






 −Ψ . 

 
Now, 

 ( ) ( ) ∏∏
−−







 +−+−µ=−µ=−Φ

n

ij
kj

n

ij
kjkn 2

t
2
t,xxxxt,xxt,xx  

                                          





 −µ∗






 −µ≥ −− 2

t,xx,x,....,x,x
2
t,xx,x,....,x,x k1n21n1n21  

                                          ( ) ( ) 0nkn, allfor  ,r1r1 ≥−∗−>  

                                          0nkn, allfor  ,1 ≥ε−>  
and 

             ( ) ( )


n

1j
kj

n

1j
kjkn 2

t
2
t,xxxxt,xxt,xx

==






 +−+−ν=−ν=−Ψ  

                                        





 −ν∗






 −ν≤ −− 2

t,xx,x,....,x,x
2
t,xx,x,....,x,x k1n21n1n21  

                                        r  r ◊<  
                                        0.nk,n, allfor , ≥ε<  

Therefore { }nx  is a Cauchy sequence in A. 
 
Definition: 2.17 An i-f-e-n-NLS A is said to be complete if every Cauchy sequence in A is convergent. 
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The following example shows that there may exist Cauchy sequence in an i-f-e-n-NLS which is not convergent. 
 
Example: Let ( )••• ,...,,,X  be an n-normed linear space and define { }b,aminba =∗ and 

{ } [ ] .0t,0,1ba, allfor  ,ba,maxb  a >∈=◊ ( ) ( ) and 
x,...,x,xt

tt,xt,x
n21

n

1j
j +

=µ=Φ ∏
=

 

 

( ) ( ) .
x,...,x,xt

x,...,x,x
t,xt,x

n21

n21
n

1j
j +

=ν=Ψ
=


 
 
Then  ( ) ( )( ) ( ){ }n

n21 Xx,...,x,xX  t,x,t,x,XA ∈=ΨΦ=  is an i-f-e-n-NLS by example. 

 
Let   { }nx be a sequence in A.Then 

(a)  { }nx  is a Cauchy sequence in ( )••• ,...,,,X  if and only if { }nx  is a Cauchy sequence in A. 

(b)  { }nx  is a convergent sequence in ( )••• ,...,,,X  if and only if { }nx  is a convergent sequence in A. 
 
Proof: (a) { }nx  is a Cauchy sequence in ( )••• ,...,,,X  

0xx,x,...,x,xlim kn1n21k,n =−⇔ −∞→  

( ) 1
xx,x,...,x,xt

tlimt,xxlim
kn1n21

k,n

n

1j
kjk,n =

−+
=−µ⇔

−
∞→

=
∞→ ∏  

( ) 0
xx,...,xx,xt

xx,...,x,x
t,xxlimand

kn21

kn21
n

1j
kjk,n =

−−+

−
=−ν

=
∞→ 

 

( ) ( ) ∞→→−Ψ→−Φ⇔ kn, as ,0t,xx and 1t,xx knkn  
( ) ( ) ( ) 0.knkn nkn, allfor  ,1,0r ,rt,xx andr -1t,xx ≥∈<−Ψ>−Φ⇔  

{ }nx⇔  is a Cauchy sequence in A. 
 
(b){ }nx is a convergent sequence in . 

0xx,x,...,x,xlim n1n21n =−⇔ −∞→  

( ) 1
xx,x,...,x,xt

tlimt,xxlim
n1n21

n

n

1j
jn =

−+
=−µ⇔

−
∞→

=
∞→ ∏  

                    

( ) 0
xx,...,xx,xt

xx,...,x,x
t,xxlimand

n21

n21n

1j
jn =

−−+

−
=−ν

=
∞→ 

 

( ) ( ) ∞→→−Ψ→−Φ⇔ n as ,0t,xx and 1t,xx nn  
( ) ( ) ( ) 0.nn nn allfor  ,1,0r ,rt,xx andr -1t,xx ≥∈<−Ψ>−Φ⇔  

{ }nx⇔  is a convergent  sequence in A. 
 
Thus if there exists an n-normed linear space ( )••• ,...,,,X  which is not complete, then the intuitionistic fuzzy 

Euclidean  n-norm induced by such a crisp n-norm ••• ,...,,  on an incomplete n-normed linear space X is an 
incomplete intuitionistic fuzzy Euclidean n-normed linear space. 
 
Theorem: Let A be an i-f-e-n-NLS, such that every Cauchy sequence in A has a convergent subsequence. Then A is 
complete. 
 
 
 

( )••• ,...,,,X
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Proof: Let { }nx be a Cauchy sequence in A and { }nx be a subsequence of { }nx  that converges to x. We prove that 

{ }nx  converges to x. Let ( )0,1 and 0t ∈ε> .choose ( )1,0r∈  such that ( ) ( ) .r r  and 1r1r1 ε<◊ε−>−∗−
since { }nx is a Cauchy, there exists an integer Nn 0 ∈ such that  

r1
2
t,xx

2
t,xx

n

ij
kjkn −>






 −µ=






 −Φ ∏

−
and 

1

, , ,
2 2

n

n k j k
j

t tx x x x rν
=

   Ψ − = − <   
   



 

for all 0nk,n ≥ .  

 
Since { }knx converges to x, there is a positive 0k ni > such that  

 

r1
2
t,xx,x

2
t,xx

n

ij
kijn −>






 −µ=






 −Φ ∏

−
and 



n

1j
ijn r

2
t,xx,x

2
t,xx

k

=
<






 −ν=






 −Ψ

 
 
Now, 

( ) ∏
−







 +−+−µ=−Φ

n

ij kikijn 2
t

2
t,xxxxt,xx  

                         





 −µ∗






 −µ≥ −− 2

t,xx,x,...,x,x
2
t,xx,x,...,x,x

ki1n21kin1n21  

                         ( ) ( ) ε−>−∗−> 1r1r1  
and   

( )


n

1j kikijn 2
t

2
t,xxxxt,xx

=






 +−+−ν=−Ψ  

                        





 −ν◊






 −ν≤ −− 2

t,xx,x,...,x,x  
2
t,xx,x,...,x,x

ki1n21kin1n21

 

                        

ε<◊< r  r
  

Therefore  { }nx  converges to x in A and hence it is complete. 
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