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ABSTRACT

In this paper we prove some results on uniform convexity in every direction. Further we prove strong and weak
convergence of Mann iterates and implicit iterates for finite family of mappings in Banach spaces which are uniformly
convex in every direction.
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1. INTRODUCTION
Let X be areal Banach space. The closed unit ball and unit sphere of X are denoted by B(X) = {x € X: || x|| <1}
and S(X) = {x € X : || x|| =1} respectively. The function 6x: [0, 2] — [0, 1] defined by

Oy (¢) =inf {1—|| XLZy |:xyeB(X).[x-y]| 25}

for any ¢ € [0, 2], is called modulus of convexity of Banach space X . If dx(¢) >0, V € > 0, then the Banach space X
is uniformly convex and the Banach space X is strictly convex when 8x(2) =1. For each ¢ > 0, the modulus of
convexity in direction of zeS(X) is defined by

5X(g,z)=inf{1— x;y X,y e B(X),x—y:ﬂz,|x—y|2g}.
A Banach space X is called uniformly convex in every direction if for anyz € S(X) and V ¢> 0,8 (&, 2) > 0. It is

clear that every uniformly convex Banach space is uniformly convex in every direction and every uniformly convex in
every direction Banach space is strictly convex.

Let C be a nonempty closed convex subset of X. Then a mapping T: C — C is called no expansive if

ITx=Ty| <|x-Yl forall x, y € C. Ano expansive mapping T: C — Cis said to be asymptotically regular on C if
limy [T —T"x || =0, for any x € C.

A mapping T on C is said to be A -firmly no expansive if there exists a 4 €(0, 1) such that ||[Tx -Ty|| < [[(I-A)(X —y) +

A (Tx—Ty) ||, for all x,y€ C. It has been observed [2, Proposition 1.2] that every strongly no expansive mapping T:
C — C on a nonempty weakly compact convex subset C of a Banach space X is asymptotically regular.

The existence of fixed points for a no expansive mapping is independently proved by Browder [1], Gohde [4] and Kirk
[6]. Wei-Shih Du, et. al. [3] proved the following result: Let C = Uy_, Cy be a Finite union of nonempty weakly
compact convex subsets Cy of a uniformly convex in every direction Banach space X, and T: C— C is A -firmly no
expansive for some A € (0, 1), then T has an fixed point in C.

For a mapping T on C, we consider the following iteration scheme: x;€ C,

X =0T [BnT Xnt (1 - Bn)xn] + (1 - 0'n)xn, vn>1, (1)

n+1
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where {on} and {B,} are real sequences in [0,1]. Such an iteration scheme was introduced by Ishikawa [5]. We can
also see the Mann iteration scheme [8]: x;€ C,
Xne1 = 00T Xot (L — o)Xy, VN 2> 1, 2

where {a,} and {Bn} are real sequences in [0,1]. Gang-Eun Kim [7] proved the convergence of Mann and Ishikawa
iteration methods to fixed points in a uniformly convex Banach space.

Mann iterative process for common fixed points of a finite family of mappings {Tj: j € J} is as follows:
Xn= O Xn_1+ (1 - 0(n)Tan—li neN, (3)

where T,= Thmoan) and the function modN takes values in J = {1, 2, 3, ....N} the set of first N natural numbers; Xu
and Ori [9] introduced the following implicit iterative process:

Xp=0n X + (1 —0ay)TeXn, N EN, 4)

where T,= Tnmoany for the common fixed points of the finite family {Tj: j € J }. In 2008 Zhao [10] et. al. introduced the
following implicit iteration scheme for the common fixed points of the finite family {T;: j € J};

Xo=0n X, 4 + BaToXn1 + A ToXa, N EN, (5)
where {an} , {Bn}and { A, } are sequences in (0,1). If N = 1, the iteration (5) reduces to
Xn=0n X, ;BT Xo+ A, TXo, NEN, (6)

where {on} , {B.} and {A,} are three sequences satisfying on+ Bt A, = 1, 0 <a<a,, B, 4, <b<1,aandb

being any two real numbers. In first section of this paper, we derive some consequences from the definition of uniform
convexity in every direction.

In section two we show that the iterates {X,}, defined by (2)converges weakly or strongly to a fixed point in a
uniformly convex in every direction Banach space X.

In section three, we prove the convergence of the implicit iteration defined by (6) to a fixed point in uniformly convex
in every direction Banach space X.

2. SOME CONSEQUENCES OF UCED BANACH SPACE
Theorem 2.1 Let X be UCED Banach space. Then we have the following:

(@) For anyrand € withr > €> 0 and elements x, y € X with |X||<r, ||y | |<r, ||X — y|| > €and there isz € S(X)

such that x — y € span({z}) there exists a 6 = 6(z, € /r) > 0 such that

X+Y
2

<r[1-6]

(b) For any r and € with r> € > 0 and elements x, y € X with ||X|| < r,||y|| < r,||x— y|| 2 e and there is z € S(X)
such that x — y € span({z}), then there exists a 8 = d(z, € /r ) > 0 such that

Itx+ (@ —1)y|| <1 - 2min {t, 1 -t} 5] for all t € (0, 1).

Proof. (a) Suppose ||X|| < r,||y|| < I‘,”X— y|| 2eand there is zeS(X) such that x—ye span({z}), then we have ||—|[<1
X S X
Y <land Xy > —>0, and ——Xe span({z}). By the dentition of UCED there exist & = & (z,f) > 0 such
r r r r rr r
X+
that > y <1-6, thisimplies

H—X+ yH <r@—os)
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L

(b) Whent =%, [tx+(1—t)y| = >

<r(1-38) (by (). Ift € (0, 1/2] we have

lltx+ (1 = tyll =[x+ A= t) y| = t(x+ y) + @-2t) ]|

<2t -2y

From part (a) there exist § = (z, € /r) > 0 such that

X+Yy

<r(l-9)

we have
[tx+ (X -ty <2tr [L1-8]+(1—=2t)r=r[1—2t5]

Ift € [1/2, 1) we have,
l[x+ (@ =yl =l (2t = Dx+ (1 - )(x +y)|
<@t-1)x+2(1-1t) |I((x+w2
<(2t— Dr+2(1 —tr(1 =)
=r[1-2(1-t)3].
Therefore, we have
ltx+ @ -ty <r[l-2min{t, 1 -t} 3]

Theorem 2.2. Let X be a UCED Banach space and let {t,} be a sequence of real numbers in (0,1) bounded away
from 0 and 1. Let {x,} and {y,} be two sequences in X such that lim sup, |[X,||<a, lim supy ||y, |<a and lim
Supq|| taXnt (L — ty)yn||=a for some a>0 and there is z € S(X) with X,— y.€ span({z}) for each n, then lim, ||
Xn— Yull= 0.

Proof. a =0 is a trivial case. a>0, suppose for contradiction that {x,— y,} doesnot converge to 0. Then there exists a
subsequence {Xni — Yni} Of {Xn— Yn} such that inf; |[x,i— yni|| > 0. 0 < t,< 1 and there exist two positive numbers o and B
such that 0 < o <t,< p <1 for all n € N. Because limsup,|| X,||< a and limsupy|| Y,|I< a, we may assume r € (a,a +1) for
a subsequence {n;} such that || xul| <r, || Ynil| < 1, a<r. Chooser > & >0 such that 2a(1 — B)3(z, € /r) < 1and

[ IXni-ynil |= € >0 and there is z € S(X) such that x,i— yni€ span({z}) for all i € N. From the above theorem we have

[[tXai + (L = Oynill < r[1-2t(1-t)6(z, €/r)13(z, € /r)]
<r[1-2a(l - B)3(z, €/r)]
<r 9)

Hence contradiction. So we get
lim,|| Xo— ¥a |I= 0.

3. CONVERGENCE OF SEQUENCES IN UCED BANACH SPACES

Theorem 3.1 Let E be a uniformly convex in every direction Banach space satisfying Opial’s condition and
let C= Uin:1C be a union of nonempty weakly compact convex subset Ci of E and4eCT:C be a A -firmly

nonexpansive for some A €(0, 1) and tT x + (- t)x € C for all xe C. and t€(0, 1). Let {a,} be a real sequence
satisfying 0<a <a,<b<1forallne€ N. Pick x;€ C and define

Xne1 =0T Xy + (1 — o)X, foralln eN.

for above sequence {x,} there is zeSyx such that x, —T x, espan({z}) for all neN. Then sequence {x,} converges to a
fixed point of T.

Proof. The existence of fixed point follows from Wei-Shih Du et. al.. Let w be a fixed point of T. Then
[Xnea= W | =] anT Xn + (1 = 0n)X0— W|
Son[[T X =T wll +(1—an) || Xo— W|
S X =W+ (1= an) X0 — Wl

=||x,—w| foralln>1 (10)
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So {x,} is bounded and lim,_...|[x, —w]| exists. Put ¢ = lim,_.., || X,~w(|. Since T is A -firmly nonexpansive for some
A € (0, 1) we obtain
IT X0 =W <[ (1=2) (= W)+ 4 (T X = W) ||
SA=A) =Wl +A4 [X— W]
and

[IT X0 = WII < [[X0 — W] (11)
Taking lim sup,_., in both sides we obtain
limsup [T X,—w|| <limsup |[x,—W| =c.

N—o0 n—oo
Further, we have

lim

n—oo

a, (Tx, —w)+(1-e, )(X, —W)|| =lim|x,,,

n—ow

—w||-0

If 0 <a<a,<b<1by Theorem 2.2 we have lim,_ ||[T X, — Xy|| =0. Now we have to show that the iterates {x,}
converges weakly to a fixed point of T. We know that limn_., |[X, —W]| exists, w € F(T ). Let w, and w; be two weak
subsequential limits of the sequence {xn}. We claim that the conditions xni —»w;and X,; — w, implies w;= w,= F(T).

We first show wq, W€ F (T ). In fact if T w;= wythen by Opial’s condition we have

lim sup || Xoi — wi || < lim sup [[Xsi — T Wa|
n—oo n—oo

Since T is A -firmly nonexpansive for some A € (0, 1), we obtain

limsup [[Toi — Twy ||<limsup|(1 - A)xni —w)+ A (T X —T wy)||

|—00 |—00

<(1—=A)limsup |[Xyi— Wy ||+ A lim sup ||T Xpi- T wy || (12)
and thus
[im sup imoo|Xni™ T Wa| < lim supi —o||T Xnim T Wy||< lim supio || Xni— Wil|

hence we have 1lim SUPi_«|| Xni— T Wa|| < lim supi_ || Xnim Wy ||
This is contradiction. Hence we have T w;=w;. Similarly, we have T w,= w,. Next, we have to show that wy= ws,.
If not, i.e. wy=w,by Opial’s condition.

iMoo {| X Wa[= 1Mo | Xai— Wal|< 1M || Xoi— Wall= 1Mo [| Xn= Wal|=1imjo || Xo— Wl
< limjs || Xnj= Wal|= 1iMn_yo || X -wa]|.

This is a contradiction. Hence we have w;= w,. This implies that {x,} converges weakly to a fixed point of T.

Theorem 3.2 Let E be a uniformly convex in every direction Banach space. LetC=U?:10ibeaunion of

nonempty weakly compact convex subsets C; of E with Cic Cy.;. Suppose that T: C—C is A -firmly nonexpansive for

some A € (0, 1) such that T (C) is contained in compact subset of C. Then for any initial data x,€ C the iterates {x,}
defined by
Xne1=0n T Xpt (1 — o)X, foralln € N,

where {a,} are choosen so that a,€ [a, b] for some 0 <a <b < 1, and for above sequence {x,} there is z € S(X) suchthat
Xn— T Xo€ span({z}) for all n € N, converges strongly to a fixed point T .

Proof. {x,} is well ddined. The existence of fixed point follows from Wei -Shih Du etal. By Mazur’s theorem CO
({x} U T (C)) is compact subset of C containing {X,}. There exist a subsequence {xm} of the sequence {X,} and a

point z € C suchthat X,— z. As in proof of abo® theorem {x,— TX,} — 0 as n— oo. Since T is A -firmly
nonexpansive for some A4 € (0, 1), we obtain
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lz=Tz|=z—=Xwt Xn= T Xt T Xem T Z || < | 2 = Xuol[F]| Xerm T Xl + || T Xeim T 2|

<2||z = Xl[H|| Xm— T X || = 0 as m — oo.

Hence Tz=1z
X+l =z || = flonT Xo* (1 = an)Xn= Zl| < e T| Xo= Zl| +(1=0) [| Xo— 2l| = awnlXn= Z | + (1 = @) | Xi= 2 [| = [IXe—2]]-
This implies

[Xne1— 2 || < |IXo—2|| foralln > 1.

So {x,} is bounded and lim,_,,, || X,— z || exists. Hence we have lim,_,, || x,—z]|=0.

Theorem 3.3 Let E be a uniformly convex in every direction Banach space and Let C = UL C ; be a union of nonempty

weakly compact convex subsets Ci of E with C;c C;+1. Suppose that T: C — C is A -firmly nonexpansive for some
A € (0, 1) then for any initial data x,in C the iterates {x,} defined by

Xne1 = 0T X+ (1 —ap) X,foralln € N.

where {05} are choosen so that a,€ [a, b] for some 0 < a<b < 1 and for above sequence {x } there is z € S(X) such
that x,— T X,€ span({z}) for all n € N, converges weakly to a fixed point of T.

Proof {x,} is well defined. The existence of fixed point follows from Wei-Shih Du et al. C is weakly compact subset
of E. There exist a subsequence {xn} of the sequence {x,} and a point z € C such that x,— z. as in proof of theorem

(1) {X,—Tx,}—0 as n—oo. Since T is A - firmly nonexpansive for some A € (0, 1), we obtain from Theorem 3.2 z = Tz.
and lim,_ |[X,— z || exists. Hence we have weak-lim,_., || X,— z|| = 0. Hence sequence {X,} converges weakly to a fixed
point of T.

4. CONVERGENCE OF IMPLICIT ITERATION
Zhao et al. introduced the following implicit iterate for finite family of mappings {7: j € J} is as follows

Xn= OnXn-1 T PnTnXn-1+ ¥ nToXe, NEN (13)
where T,= Tymogn - If N =1, the iteration (13) reduces to

Xn= 0nXy—1 + BT X1+ T Xy, NEN (14)
where {an},{Bn}.{ 7 n} are three sequence satistying o+ Bnt 7 n=1,0<a <oy, fn, yn<b <1l

Lemma 4.1. Let E be a UCED Banach space and K be a nonempty weakly compact convex subset of E. Let T: K —
K be a A - firmly nonexpansive mappings with nonempty fixed point set F. Let {on}, {Bn}, {7 n} be three real
sequences satisfying a,+ Bot 7 n=1, 0 <@ < dy, B, ¥ n<b < 1. From arbitrary xo € K, define the sequence {x,} by (14)

for the above sequence {x,}there isz € Sysuch that x,— T x,& span({z}) for all n € N. Then
(i) limy_ || X,—p|| exist for each p € F.
(i) limy_, || X— T X,||=0

Proof. The existence of fixed point follows from Wei-Shih Du etal. Letp € F.
IXh— Pl = llotwXn—1 + BnT Xq1 + Vol Xo— pl|
= [Jon(Xa—1 = Pl H| Ba(T Xo1 = p) + 7 (T Xa= Pl
< onl[Xn-1 = p [+ BallTXa-1= Pl + 7 n [[TX0— Pl
< onlXn-1 = p [ BullXo1 =P [+ pn |l Xa—p |l
= (ot Bo) [ Xn1 =PI+ 7n [ %P |

=7 %= PlI=@ = yn) [Pl
[X0= Pl < [[Xa-1 = pIl

because y n€ (0, 1) Thus lim,_., || X,— p || exists for each p € F.
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(ii) From (i) limp_., || X;— p || =d. Then

lim,,, [%, - p| = lim

nN—w

nN—ow

%, _ ﬂn
(1_}/n)[1_yn (Xn—l p)+1—}/n

(TXn—l - p)] 7 (TXn - p)H :

Since T is A -firmly nonexpansive so nonexpansive and F = ¢, we have||T x,— p ||<|| x,— p|| for each p Taking lim
sup on both sides, we obtain lim supn_. || T Xo— p|| <lim supn_. || X,—p || = d. Now, we have

. a, B, . a, B,
limsup,,,. [——(X,., — p) + (T, — P)|| <limsup, _,, {—II X = PI+——Tx, =P II}
~7n l_}/n 1_7n 1_7/n
+
=limsup n—oo —an ﬂn [ 1Xn-2-p | |
1- Vn
= limsup n—o | X0 a-p| |
=d.
. - an ﬂn
Using Lemma (a), we get lim___ [——(X,, — p) + 1 (Tx,, — p)—(Tx, — p)|| =0.

This means that

|an Xog ﬂnTXn—l — (1_ Vn )TXn
| 1-7, |

lim =0.

n—oo

Since0<a<y,<b<lwehavel—-a>1—- y,>1-b. Hence we get,
1 1 1

< < .

l1-a 1-y,  1-b

Therefore, we have
lim || opXi=1 + BT Xo=1 + 0T X— T Xo|= 0.

nN—oo

This implies lim || x,— T x, || =0.
nN—oo

Theorem 4.2. Let E be a UCED Banach space which satisfies Opial’s condition and K anonempty weakly
compact convex subset of E. Let T: K — K be A - firmly nonexpansive mappings with a nonempty fixed point set F.
Let {on}, {Bn}, {7 n} be three real sequencessatisfying an+ Bnt 7 n=1,0<a <o, P, ¥ o< b < 1. From arbitrary x, € K,
define the sequence {x,} by (2). For the sequence {x,} there is z € Sgsuch that x,—T x,€ span ({z}) for all n € N. Then
sequence {x,} converges weakly to a fixed point of T.

Proof. The existence of fixed point follows from Wei-Shih Du et al. Let g be dixed point of T. From the Lemma
(4.2) limn_,, || x,— q|| exists. We prove that {x,} has a unique weak subsequential limit in F. Since {X,} is sequence in
weakly compact subset of UCED Banach space E, there exists two weakly convergent subsequences {Xi} and {X;} of
{x}.Let wy and w;, be two weak subsequential limits of the sequence {x,}. We first shows that wy, w, € F (T). In fact
if T wy# w; then by Opial’s condition, we have

limsup|| Xni— Wa|| < limsup || Xai— T Wy|-
j—o0 1—00

Since T is A -firmly nonexpansive for some A € (0, 1) we obtain

limsup i—o0 || T xyi— T wa|| limsup i—o0 [|(1=A )(Xni— W1) + A (T Xoi— T Wy)]|
< (1= A) limsup i—o0|| xqi— Wi|[+ A limsup i—oo||Txqi— T wi|
and thus
limsup||T Xqi— Twy|| = limsup||TXai— Twy|| < limsup|[xni-Wy].
j—o0 j—o0 1—0
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Since we have 1M sup oo |[Xni— T Wy || < 1im SUP 0| [Xn-W4 |-

This contradicts the Opial’s condition. Hence we have T w; = wy. Similarly we have T w, = w,. Next, we have to show
that wy = w,. If not (i.e wy =w,). Then by Opial’s condition, we have

1Moo [[Xn =W | = Timi o [Xni-Wa |
< limpo||X ni-Wo|
= iMoo | [Xn-Wa |
= 1im;_, [
<1imy_ [
= 1imn o |[Xn-Wy|

which is contradiction. Then {x,} converges weakly to a fixed point of T.

Theorem 4.3. Let E be UCED Banach space and K be a nonempty weakly compact convex subset of E. Suppose T: K

— K is A -firmly nonexpansive for some A € (0, 1) such that T (K) is contained in compact subset of K. Then the
implicit iterative algorithm {x,} defined by

Xn=0nXy—1 + BaT X=1 + T X,foralln € N.
with initial arbitrary x, € K. Where {a.}, {Bn}, {7 n} be three real sequence satisfying o, t ot yn=1,0<a< an,
Bn, ¥ n<b < 1. For the sequence {x,} there is z € Sgsuch that x,— T x,€ span ({z}) for all n € N, converges strongly to
a fixed point of T .

Proof. {x,} is well defined. The existence of a fixed point follows from Wei-Shih Du et al. By Mazur’s theorem g (X
U T (K)) is compact subset of K containing {x,}. There exists a subsequence {x.} of the sequence {x,} and a point z €
K suchthat X,— z as in proofoflemma (2.1) {x,— T X,} — 0 as n— o. Since T is A -firmly nonexpansive for
some A € (0, 1) we obtain

1Z=Tz|=|z— Xn+ Xm— T X+ T Xp— TZ||
<1z = Xml[+|| Xmi— TXal[HT Xei— T Z]|
<z = Xnll + [Xm— TXm [+ (X 2|
=2/|Z = Xnl| +|| Xm— T Xm||— 0 asn — o0

Hence
Tz=z
%= zl[ = [| anXa-1 + BnT Xn-1 + 7T X0— 2|
= [lan(%0=2) + Bn(T Xn-1 —2) + (T X0 2)|
<o X =z +BallT X1 =z || + pallT X0 2|l
S aplXnt =z || + BallXn-1 =z || + 7 nlXe— 2]
This implies

(1- 7/n) | Xo—= Zl| < (ot Bo) [ Xn-1 — 2 [ = (1 = 7n) I X1 = 2|l
[IXn—z || <||xn—1-2| foralln>1.
So {x,} is bounded and lim,_, || x,— z || exists. Hence we have lim,_|| Xx,—z | = 0.
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