
International Journal of Mathematical Archive-3(10), 2012, 3864-3871 
 Available online through www.ijma.info ISSN 2229 – 5046 

International Journal of Mathematical Archive- 3 (10), Oct. – 2012                                                                                             3864 

 
CONVERGENCE OF MANN ITERATES AND IMPLICIT ITERATES 

 
Julee Srivastava1* & Neeta Singh 

 
Department of Mathematics, University of Allahabad, Allahabad-211002, India 

 
(Received on: 25-07-12; Revised & Accepted on: 28-08-12) 

 
 

ABSTRACT 
In this paper we prove some results on uniform convexity in every direction. Further we prove strong and weak 
convergence of Mann iterates and implicit iterates for finite family of mappings in Banach spaces which are uniformly 
convex in every direction. 
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1. INTRODUCTION 
Let X be a real Banach space.  The  closed  unit  ball  and unit sphere  of  X  are  denoted by B(X) = {x ∈ X:  || x|| ≤ 1} 
and S(X) = {x ∈ X : || x||  = 1}  respectively.  The function δX: [0, 2] → [0, 1] defined by 
 

( ) inf 1 : , ( ),
2X

x y x y B X x yδ ε ε+ = − ∈ − ≥ 
   

 
for any   ε ∈ [0, 2], is called modulus of convexity of Banach space X .  If δX(ε) > 0, ∀ ε  > 0, then the Banach space X  
is uniformly convex and the Banach space X  is strictly convex when δX(2) =1.  For each ε > 0, the modulus of 
convexity in direction of z∈S(X) is defined by 
 

( , ) inf 1 : , ( ), , .
2X

x yz x y B X x y z x yδ ε λ ε +
= − ∈ − = − ≥ 

 
 

A Banach space X is called uniformly convex in every direction if for any z ∈ S(X) and ∀ ε > 0, δ (ε , z) > 0. It is 
clear that every uniformly convex Banach space is uniformly convex in every direction and every uniformly convex in 
every direction Banach space is strictly convex. 
 
Let C be a nonempty closed convex subset of X.  Then a mapping T: C → C is called no expansive if   
 
||T x − T y || ≤ || x – y||, for all x, y ∈ C. A no expansive mapping T: C → C is said to be asymptotically regular on C if 
limn→∞   ||Tnx − Tn+1x || = 0, for any x ∈ C. 
 
A mapping T on C is said to beλ -firmly no expansive if there exists aλ ∈(0, 1) such that ||Tx –Ty|| ≤ ||(1−λ )(x − y) +
λ  (T x − Ty) ||, for  all  x, y ∈ C. It has been observed [2, Proposition 1.2] that every strongly no expansive mapping T: 
C → C on a nonempty weakly compact convex subset C of a Banach space X is asymptotically regular. 
 
The existence of fixed points for a no expansive mapping is independently proved by Browder [1], Gohde [4] and Kirk 
[6]. Wei-Shih Du, et.  al.  [3] proved the following result:  Let C = n

k i=∪ Ck be a Finite union of nonempty weakly 
compact convex subsets Ck of a uniformly convex in every direction Banach space X, and T: C → C is λ -firmly no 
expansive for some λ  ∈ (0, 1), then T has an fixed point in C. 
 
For a mapping T on C, we consider the following iteration scheme:  x1∈ C, 
 

1nx +   = αnT [βnT xn+ (1 − βn)xn] + (1 − αn)xn, ∀n ≥ 1,                                                                                                      (1) 
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where {αn} and {βn} are real sequences in [0,1].  Such an iteration scheme was introduced by Ishikawa [5].  We can 
also see the Mann iteration scheme [8]:  x1∈ C, 

xn+1  = αnT xn+ (1 − αn)xn, ∀ n ≥ 1,                                                                                                                      (2) 
 

where {αn} and {βn} are real sequences in [0,1].  Gang-Eun Kim [7] proved the convergence of Mann and Ishikawa 
iteration methods to fixed points in a uniformly convex Banach space. 
 
Mann iterative process for common fixed points of a finite family of mappings {Tj: j ∈ J} is as follows: 

xn= αn 1nx − + (1 − αn)Tnxn−1, n ∈ N,                                                                                                                    (3) 
 

where Tn= Tn(modN )  and the function modN  takes values in J  = {1, 2, 3, ....N} the set of first N natural numbers; Xu 
and Ori [9] introduced the following implicit iterative process: 
 

xn= αn 1nx −  + (1 − αn)Tnxn, n ∈ N,                                                                                                                       (4) 
 

where Tn= Tn(modN)  for the common fixed points of the finite family {Tj: j ∈ J }. In 2008 Zhao [10] et.  al. introduced the 
following implicit iteration scheme for the common fixed points of the finite family {Tj: j ∈ J}; 
 

xn= αn 1nx −  + βnTnxn−1  + nλ Tnxn, n ∈ N,                                                                                                         (5) 

where {αn} , {βn} and { nλ } are sequences in (0,1).  If N = 1, the iteration (5) reduces to 

     xn= αn 1nx − + βnT xn+ nλ T xn, n ∈ N,                                                                                                                           (6) 
 
where {αn} , {βn}  and  { nλ }  are three sequences  satisfying  αn+ βn+ nλ =  1,  0  < a ≤ α n, βn, nλ  ≤ b < 1, a and b 
being any two real numbers.  In first section of this paper, we derive some consequences from the definition of uniform 
convexity in every direction. 
 
In section two we show that the iterates {xn}, defined  b y (2 ) converg es weak ly or strongly to a fixed point in a 
uniformly convex in every direction Banach space X. 
 
In section three, we prove the convergence of the implicit iteration defined by (6) to a fixed point in uniformly convex 
in every direction Banach space X. 
 
2. SOME CONSEQUENCES OF UCED BANACH SPACE 
Theorem 2.1 Let X be UCED Banach space.  Then we have the following: 
(a) For any r and ∈  with r ≥ ∈> 0 and elements x, y ∈ X with ||x||≤r, ||y ||≤r ,  x y−  ≥ ∈and there is z ∈ S(X) 
such that x − y ∈ span({z}) there exists a δ = δ(z, ∈/r) > 0 such that 

[ ]1
2

x y r δ+
≤ −

 
 

(b) For any r and ∈  with r ≥ ∈  > 0 and elements x, y ∈ X with , ,x r y r x y≤ ≤ − ≥∈
 
and there is z ∈ S(X) 

such that x − y ∈ span({z}), then there exists a δ = δ(z, ∈/r ) > 0 such that    
 

(1 )tx t y+ −  ≤ r[1 − 2min {t, 1 − t} δ] for all t ∈ (0, 1). 
 

Proof. (a) Suppose , ,x r y r x y≤ ≤ − ≥∈and there is z∈S(X) such that x−y∈ span({z}), then we have 1x
r
≤  

1y
r

≤ and
x y
r r
− ≥

r
∈

> 0,  and  
yx

r r
− ∈ span({z}). By the dentition of UCED there exist δ = δ (z,

r
ε

) > 0 such 

that 1 ,
2

x y δ+
≤ − this implies    

(1 )
2

x y r δ+
≤ −
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(b) When t = ½,  (1 ) (1 )
2

x ytx t y r δ+
+ − = ≤ −    (by (a)). If t ∈ (0, 1/2] we have 

 
                                                ||tx + (1 − t)y|| = (1 ) ( ) (1 2 )tx t y t x y t y+ − = + + −  

                                                                               
2 (1 2 )

2
x yt t y+

≤ + −
 

 
From part (a) there exist δ = δ (z, ∈/r) > 0 such that 

 

(1 )
2

x y r δ+
≤ −  

we have 
||tx + (1 − t) y|| ≤ 2tr [1 − δ] + (1 − 2t) r = r [1 − 2tδ] 

 
If t ∈ [1/2, 1) we have, 

||tx + (1 − t) y|| = || (2t − 1)x + (1 − t)(x + y)|| 
                                ≤ (2t − 1) x + 2(1 − t)   ||(x + y)/2|| 

                      ≤ (2t − 1)r + 2(1 − t)r(1 − δ) 
        = r [1 − 2(1 − t) δ]. 

Therefore, we have 
||tx + (1 − t) y|| ≤ r [1 − 2min {t, 1 − t} δ]. 

 
Theorem 2.2.  Let X  be a UCED Banach space and let {tn} be a sequence of real numbers  in  (0,1)  bounded  away  
from  0  and  1.   Let  {xn}  and  {yn}  be  two  sequences  in  X  such  that  lim supn  ||xn||≤ a, lim supn ||yn  ||≤ a  and  lim 
supn|| tnxn+ (1 − tn)yn||=a  for  some  a ≥ 0  and   there  is  z  ∈  S(X)  with  xn− yn∈  span({z})  for  each  n,  then  limn  || 
xn− yn||= 0. 
 
Proof.  a = 0 is a trivial case. a>0, suppose for contradiction that {xn− yn} doesnot converge to 0. Then there exists a 
subsequence {xni − yni} of {xn− yn} such that infi ||xni− yni || > 0. 0 < tn< 1 and there exist two positive numbers α and β 
such that 0 < α ≤ tn≤ β < 1 for all n ∈ N. Because limsupn|| xn||≤ a and limsupn|| yn||≤ a, we may assume  r ∈ (a,a +1) for  
a subsequence {ni} such that  || xni||≤ r,  || yni ||≤  r, a < r. Choose r ≥ ∈  > 0 such that 2α(1 − β)δ(z, ∈/r) < 1 and  
||xni-yni||≥ ∈  > 0 and there is z ∈ S(X) such that xni− yni∈ span({z}) for all i ∈ N. From the above theorem we have 
 
                                                       ||txni + (1 − t)yni||  ≤ r[1-2tni(1-tni)δ(z, ε/r)]δ(z,∈/r)] 
                                                                                   ≤ r [1 − 2α(1 − β)δ( z, ∈/r)] 
                                                                                   < r                                                                                                   (9)                                                                                                                                                                      
 
 Hence contradiction.  So we get 

limn|| xn− yn  ||= 0. 
 

3. CONVERGENCE OF SEQUENCES IN UCED BANACH SPACES 
 
Theorem 3.1  Let  E  be  a  uniformly  convex  in  every  direction  Banach  space  satisfying  Opial’s  condition  and  
let C= 1

n
i=∪ C be a union of nonempty weakly compact convex subset Ci of E and let T:C→C  be a λ -firmly  

nonexpansive for  some λ ∈(0, 1) and  tT x + (1 − t)x ∈ C for all  x∈ C.  and t∈(0, 1). Let {αn} be a real sequence 
satisfying    0 < a ≤ αn ≤ b < 1 for all n ∈ N. Pick x1∈ C and define 
 
                                                xn+1  = αnT xn + (1 − αn)xn   f or all n ∈ N. 
 
for above sequence {xn} there is z∈SX such that  xn −T xn ∈span({z}) for all n∈N. Then sequence {xn} converges to a 
fixed point of T. 
 
Proof. The existence of fixed point follows from Wei-Shih Du et. al.. Let w be a fixed point of T. Then 
 
                                                         ||xn+1− w || = || αnT xn + (1 – αn)xn− w|| 
                                                                          ≤ αn ||T xn  − T w||  + (1 – αn ) || xn– w|| 
                                                                          ≤ αn   ||xn − w || + (1 − αn)  ||xn  − w|| 
                                                                          = || xn − w||   f or all n ≥ 1                                                                    (10) 
 



Julee Srivastava
1*

& Neeta Singh / Convergence of Mann iterates and implicit iterates/ IJMA- 3(10), Oct.-2012. 

© 2012, IJMA. All Rights Reserved                                                                                                                                                                   3867  

 
So {xn} is bounded and limn→∞||xn −w|| exists.  Put c = limn→∞ || xn−w||. Since T isλ -firmly nonexpansive for some  
λ  ∈ (0, 1) we obtain 
                                           ||T xn – w|| ≤ || (1 −λ ) (xn − w) +λ  (T xn − w) || 
                                                             ≤ (1 −λ ) ||xn − w || +λ   ||xn − w||  
and 
                                        
                                       ||T xn – w|| ≤ ||xn − w||                                                                                                             (11) 

            
Taking lim supn→∞   in both sides we obtain 
 

lim sup  ||T xn – w||   ≤ lim sup  ||xn − w ||  = c. 
                                                                        n→∞                           n→∞ 
Further, we have 
 

( ) ( )( ) 1lim 1 lim 0n n n n nn n
Tx w x w x wα α +→∞ →∞

− + − − = − −  

 
If 0 < a ≤ α n ≤ b <1 by Theorem 2.2 we have limn→∞ ||T xn – xn|| =0.  Now we have to show that the iterates {xn} 
converges weakly to a fixed point of T.  We know that limn→∞   ||xn – w||   exists, w ∈ F(T ). Let w1 and w2 be two weak 
subsequential limits of the sequence {xn}. We claim that the conditions xni →w1and xnj → w2   implies w1= w2= F(T). 
 
We first show w1, w2∈ F (T ). In fact if T w1= w1then by Opial’s condition we have 
 

lim sup || xni  − w1 || < lim sup  ||xni  − T w1|| 
 n→∞                          n→∞ 

 
Since T is λ -firmly nonexpansive for some λ  ∈ (0, 1), we obtain 
 
   lim sup  ||Tni  − T w1   || ≤ lim sup||(1 − λ )(xni  − w1) + λ  (T xni  − T w1)|| 
   i→∞                                  i→∞ 
 
                                        ≤ (1 −λ ) lim sup ||xni − w1 ||+ λ  lim sup ||T xni − T w1  ||                                                                                      (12)  
and thus 

lim sup i→∞||xni− T w1|| ≤ lim supi →∞||T xni− T w1||≤    lim supi→∞ || xni− wi|| 
 

 hence we have                          lim supi→∞||  xni− T w1|| ≤  lim supi→∞ || xni− w1  || 
     
This is contradiction.  Hence we have T w1= w1.  Similarly, we have T w2= w2. Next, we have to show that w1= w2. 
 
If not, i.e.  w1= w2by Opial’s condition. 
 
                    limn→∞ || xn− w1||= limn→∞ || xni− w1||< limi→∞ || xni− w2||= limn→∞ || xn− w2||=limj→∞ || xn− w2||  
                                                                              < limj→∞ || xnj− w1||= limn→∞ || xn -w1||. 
 
This is a contradiction.  Hence we have w1= w2.  This implies that {xn} converges weakly to a fixed point of T. 
 
Theorem 3.2  Let  E  be  a  uniformly  convex  in  every  direction  Banach  space.   Let C = 1

n
i= Cibe a union of 

nonempty weakly compact convex subsets Ci of E with Ci⊂ CI+1. Suppose that T: C→C is λ -firmly nonexpansive for 
some λ  ∈ (0, 1) such that T (C) is contained in compact subset of C. Then for any initial data x1∈ C the iterates {xn} 
defined by 

xn+1 = αnT xn+ (1 − αn)xn  f or all n ∈ N, 
 

where {αn} are choosen so that αn∈ [a, b] for some 0 <a ≤ b < 1, and for above sequence {xn} there is z ∈ S(X) suchthat 
xn− T xn∈ span({z}) for all n ∈ N, converges strongly to a fixed point T . 
 
Proof. {xn} is well defined.  The existence of fixed point follows from Wei -Shih Du etal.  By Mazur’s theorem co
({x1}∪ T (C)) is compact subset of C  containing {xn}.  There exist a subsequence {xm} of the sequence {xn} and a 
point z ∈ C suchthat xm→  z. As in  proof of ab o ve theorem {xn− Txn} →  0 as n → ∞. Since T  is λ -firmly 
nonexpansive for some λ  ∈ (0, 1), we obtain 
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              ||z − T z || = ||z − xm+ xm− T xm+ T xm− T z || ≤ || z − xm||+||  xm− T xm|| + ||  T xm− T z||  
 
                                                                                      ≤ 2 ||z − xm||+|| xm− T xm || → 0 as m → ∞. 
 
Hence                                                                    T z = z. 
 
||xn+1 − z ||  =  ||αnT xn+ (1 − αn)xn− z|| ≤ αn|T| xn− z||  +(1−αn) || xn− z|| = αn||xn− z || + (1 − αn) || xn− z ||  =  ||xn− z||. 
 
 
This implies 

||xn+1− z || ≤ ||xn− z|| f or all n ≥ 1. 
 

So {xn} is bounded and limn→∞  || xn− z ||  exists.  Hence we have limn→∞   || x n− z || = 0. 
 
Theorem 3.3 Let E be a uniformly convex in every direction Banach space and Let C = 1

n
i=∪ C i be a union of nonempty 

weakly compact convex subsets Ci of E with Ci⊂ Ci+1. Suppose that T: C → C is λ -firmly nonexpansive for some  
λ  ∈ (0, 1) then for any initial data x1in C the iterates {xn} defined by 
 

xn+1  = αnT xn+ (1 − αn) xnf or all n ∈ N. 
 

where {αn} are choosen so that αn∈ [a, b] for some 0 < a ≤ b < 1 and for above sequence {x n} there is z ∈ S(X) such 
that xn− T xn∈ span({z}) for all n ∈ N, converges weakly to a fixed point of T. 
 
Proof {xn} is well defined.  The existence of fixed point follows from Wei -Shih Du et al. C is weakly compact subset 
of E. There exist a subsequence {xm} of the sequence {xn} and a point z ∈ C such that xm→ z. as in proof of theorem 
(1) {xn−Txn}→0 as n→∞. Since T isλ - firmly nonexpansive for some λ ∈ (0, 1), we obtain from Theorem 3.2 z = Tz. 
and limn→∞ ||xn− z || exists.  Hence we have weak-limn→∞ || xn− z|| = 0. Hence sequence {xn} converges weakly to a fixed 
point of T. 

 
4. CONVERGENCE OF IMPLICIT ITERATION 
 
Zhao et al. introduced the following implicit iterate for finite family of mappings {Tj: j ∈ J} is as follows 
 
                                    xn=   αnxn−1  + βnTnxn−1 + γ nTnxn,  n ∈ N                                                                                    (13) 

 
where Tn= TnmodN . If N = 1, the iteration (13) reduces to 
 
                                  xn= αnxn−1 + βnT xn−1 +γ nT xn,  n ∈ N                                                                                       (14) 
 where {αn},{βn},{γ n} are three sequence satisfying αn+ βn+ γ n= 1, 0 < a ≤ αn, βn, γ n ≤ b < 1. 

 
Lemma 4.1.  Let E be a UCED Banach space and K be a nonempty weakly compact convex subset of E.  Let T: K → 
K be a λ - firmly nonexpansive mappings with nonempty fixed  point set F. Let {αn}, {βn}, { γ n} be three real 
sequences satisfying αn+ βn+γ n=1, 0 < a ≤ αn, βn, γ n≤ b < 1.  From arbitrary x0  ∈ K, define the sequence {xn} by (14) 
for the  above sequence  {xn} there  is z  ∈ SXsuch that  xn− T xn∈ span({z}) for all  n ∈ N. Then 
(i) limn→∞  || xn− p||   exist for each p ∈ F. 
(ii) limn→∞   || xn− T xn||=0 
 
Proof. The existence of fixed point follows from Wei-Shih Du et al.  Let p ∈ F. 
                                                              ||xn− p|| = ||αnxn−1 + βnT xn−1 + γ nT xn− p|| 

                                  = ||αn(xn−1 − p)|| +|| βn(T xn−1 − p) + γ n(T xn− p)|| 
                            ≤ αn||xn−1 − p || + βn||Txn−1– p|| + γ n ||Txn− p|| 
                            ≤ αn||xn−1 − p  ||+ βn||xn−1 − p || + γ n  ||  xn−p || 

              = (αn+ βn) || xn−1 − p || + γ n  || xn−p || 
 

                                             (1 − γ n) || xn− p|| ≤ (1 − γ n)  ||xn− p|| 
                                                              ||xn− p|| ≤ ||xn−1 – p|| 
 
because γ n∈ (0, 1) Thus limn→∞ || xn− p || exists for each p ∈ F. 
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(ii) From (i) limn→∞ || xn− p || = d.  Then                                   

1 1lim lim (1 ) ( ) ( ) ( )
1 1

n n
n n n n n n n n

n n

x p x p Tx p Tx p
α β

γ γ
γ γ→∞ →∞ − −

 
− = − − + − + − − − 

 .     

 
Since T  is λ -firmly nonexpansive so nonexpansive and F = φ, we have||T xn− p || ≤ || xn− p||   f or each p Taking lim 
sup on both sides, we obtain lim supn→∞ || T xn− p||  ≤ lim supn→∞ || xn−p || = d. Now, we have   
 

1 1limsup ( ) ( )
1 1

n n
n n n

n n

x p Tx p
α β
γ γ→∞ − −− + −

− − 1 1limsup || || || ||
1 1

n n
n n n

n n

x p Tx p
α β
γ γ→∞ − −

 
≤ − + − − − 

 

                                                                                                       =limsup n→∞ 
1
n n

n

α β
γ

 +
 − 

||xn-1-p|| 

                                                                                             = limsup n→∞ ||xn-1-p|| 
                                                                                             = d. 
 

Using Lemma (a), we get   1 1lim ( ) ( ) ( ) 0.
1 1

n n
n n n n

n n

x p Tx p Tx p
α β
γ γ→∞ − −− + − − − =

− −
 

This means that 
 

     

1 1 (1 )
lim 0.

1
n n n n n n

n
n

x Tx Txα β γ
γ

− −
→∞

+ − −
=

−
 

 
Since 0 < a ≤ γ n ≤ b < 1 we have 1 − a ≥ 1 − γ n ≥ 1 – b. Hence we get,           

1 1 1 .
1 1 1na bγ

≤ ≤
− − −

 
 
Therefore, we have 
                                                               lim || αnxn−1 + βnT xn−1 + γ nT xn− T xn||= 0. 
                                                               n→∞ 
 
This implies                                          lim  || xn− T xn || = 0. 
                                                              n→∞ 
 
Theorem 4.2. Let E be a UCED Banach space which satisfies Opial’s condition and K anonempty weakly             
compact convex subset of E.  Let T: K → K be λ - firmly nonexpansive mappings with a nonempty fixed point set F.  
Let {αn}, {βn}, {γ n} be three real sequencessatisfying αn+ βn+ γ n= 1, 0 < a ≤ αn, βn, γ n≤ b < 1. From arbitrary x0 ∈ K, 
define the sequence {xn} by (2).  For the sequence {xn} there is z ∈ SEsuch that xn−T xn∈ span ({z}) for all n ∈ N. Then 
sequence {xn} converges weakly to a fixed point of T. 
 
Proof.  The existence of fixed point follows from Wei -Shih Du et al.  Let q be a fixed point of T.  From the Lemma 
(4.1) limn→∞ || xn− q|| exists. We prove   that {xn} has a unique weak subsequential limit in F.  Since {xn} is sequence in 
weakly compact subset of   UCED Banach space E, there exists two weakly convergent subsequences {xni} and {xnj} of 
{xn}.Let w1 and   w2 be two weak subsequential limits of the sequence {xn}. We first shows that w1, w2 ∈ F (T). In fact 
if T w1≠ w1 then by Opial’s condition, we have 
 
limsup|| xni− w1|| < limsup || xni− T w1||. 
i→∞                       i→∞ 
Since T is λ -firmly nonexpansive for some λ  ∈ (0, 1) we obtain 
 
 limsup i→∞ ||T xni− T w1|| limsup i→∞  ||(1−λ )(xni− w1) +λ (T xni− T w1)|| 
                                                     ≤ (1−λ ) limsup i→∞|| xni− w1||+λ  limsup i→∞||Txni− T w1|| 
and thus 
                                        limsup||T xni− Tw1|| = limsup||Txni− Tw1|| ≤ limsup||xni-w1||. 
                                        i→∞                             i→∞                           i→∞ 
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Since we have                 lim sup i→∞ ||xni− T w1 || ≤ lim sup i→∞||xn-w1||. 
 
This contradicts the Opial’s condition. Hence we have T w1 = w1. Similarly we have T w2 = w2.  Next, we have to show 
that w1 = w2.  If not (i.e w1 = w2).  Then by Opial’s condition, we have 
 
                                                limn→∞ ||xn –w1|| = limi→∞||xni-w1|| 
                                                                          ≤ limn→∞||x ni-w2|| 
                                                                          = limn→∞||xn-w2|| 
                                                                          = limj→∞ ||xnj-w2|| 
                                                                          < limj→∞ ||xnj-w1|| 
                                                                          = limn→∞ ||xn-w1|| 
                            
which is contradiction. Then {xn} converges weakly to a fixed point of T. 
 
Theorem 4.3. Let E be UCED Banach space and K be a nonempty weakly compact convex subset of E.  Suppose T: K 
→ K is λ -firmly nonexpansive for some λ  ∈ (0, 1) such that T (K) is contained in compact subset of K. Then the 
implicit iterative algorithm {xn} defined by 
 

xn= αnxn−1 + βnT xn−1 + γ nT xnf or all n ∈ N. 
with initial  arbitrary  x0   ∈  K.   Where {αn}, {βn}, {γ n} be three real sequence satisfying αn+ βn+ γ n= 1, 0 < a ≤ αn, 
βn, γ n≤ b < 1.  For the sequence {xn} there is z ∈ SEsuch that xn− T xn∈ span ({z}) for all n ∈ N, converges strongly to 
a fixed point of T . 
 
Proof. {xn} is well defined.  The existence of a fixed point follows from Wei-Shih Du et al. By Mazur’s theorem co (x 
∪ T (K)) is compact subset of K containing {xn}.  There exists a subsequence {xm} of the sequence {xn} and a point z ∈ 
K suchthat xm→ z as  in  proof of lemma  (2.1)  {xn− T xn}  → 0  as  n → ∞.  Since T   is λ -firmly nonexpansive for 
some λ  ∈ (0, 1) we obtain 
 

||z − T z|| = || z − xm+ xm− T xm+ T xm− Tz|| 
                   ≤ ||z − xm||+|| xm− Txm||+||T xm− T z|| 

               ≤ ||z − xm|| + ||xm− Txm ||+ ||xm− z|| 
                          = 2|| z − xm|| +|| xm− T xm||→ 0 as n → ∞ 

 
Hence 

T z = z 
 

||xn− z|| = || αnxn−1 + βnT xn−1 + γ nT xn− z|| 
                           = ||αn(xn− z) + βn(T xn−1 − z) + γ n(T xn− z)|| 

                                   ≤ αn ||xn−1 – z ||   + βn||T xn−1 − z ||  + γ n||T xn− z|| 
                         ≤ αn||xn−1 − z || + βn||xn−1 − z || + γ n||xn− z|| 

This implies 
 

(1 − γ n) || xn− z|| ≤ (αn+ βn) || xn−1 − z || = (1 − γ n) || xn−1 – z|| 
 
                                                             ||xn− z || ≤ || xn−1 – z||   f or all n ≥ 1. 

 
So {xn} is bounded and limn→∞ || xn− z ||   exists.  Hence we have limn→∞|| xn− z || = 0. 
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