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ABSTRACT

The Fourier-Mellin transform is a useful mathematical tool for image recognition because its resulting spectrum is
invariant in rotation, translation and scale. This paper generalizes the Fourier-Mellin transform to the Gelfand-shilov
type spaces of generalized function and obtained their topological structure.
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1. Introduction

The magnitude spectrum of a time domain signal has the property of delay-invariance. Similar to the delay-invariance
property of the Fourier transform, the Mellin transform has the property of scale-invariance. By combining these two
transforms together one can form the Fourier-Melllin transform that yields a signal representation which is independent
of both delay and scale change.

Time and frequency represents two fundamental physical variables of signal analysis and processing. The Fourier
transform (FT), which provides a mapping between the time domain and frequency domain representation of signal,
has been used extensively in signal processing applications [4]. It is itself translation invariant and its conversion to log
polar co-ordinates converts the scale and rotation differences to vertical and horizontal offsets that can be measured. A
second FFT called the Mellin transform (MT) gives a transform space image that is invariant to translation, rotation and
scale.

The application of the Fourier-Mellin transform has been studies in digital signal and image processing, pattern
recognition, speech processing, ship target recognition by sonar system [1] and radar signal analysis. Also, Fourier-
Mellin transform is used in detecting watermarks in images regardless of scale or rotation [5].

In the present work Fourier-Mellin transform is generalized in distributional sense. Gelfand-Shilove type testing
function spaces are proved. Also their topological structures are given.

2. S-type spaces
2.1. The space FM j, «
A function @(t, x) defined on 0 < x < 0, 0 <t < oo is said to be a member of FM,, ,  if p(t, x) is smooth.

The space FM,, , . is given by

FMa,b,oc = {(P P € E+| ]/a,b,k,q,l (P(t, x) = Suz|tk Ea,b (x) xq+1DL% Dg(ﬂ(t, X)|
< CpaA* Kk} (2.1)

Where the constant A4 and C;, depend on the testing function ¢.

The Topology of the space FM,, , . is generated by the countable multinorm S = {ya,b,k,q,l} . With this topology

[o2)
k,q,1=0
FM, , » is a countable multinormed space.
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A sequence {(p# }:_1 is said to converge in FM, ;, . to ¢ if for each triplet of non negative integer k, g, [, Va,b,k,q,z(% -

@g—0as p—oo

B
2.2. The space FM,, ,

This space is given by
FMyy, = {920 € EL| 0 pjoqr 9(t.0) = ] [t¥ £, () x7*D DY (t,%)| < Gy B'1) (22)

The constants Cy, and B depends on ¢.

2.3. The space FM?

ab,a

This space is formed by combining the conditions of 2.1 and 2.2

FMP

wha =100 €ELlP upiogr @(6,2) = "] |t* £, () x77D{ D p(t, x)| < CA*K**B'1"} (23)
2.4. The space FM,;, ,

It is given by
Su
FMa,b,y = {(P(P € E+| E a,b,k,q,l (P(t,x) = z|tk ga,b (x) xq+1DL% Dg(ﬂ(t,xﬂ
< CyA%q7} (2.4)

The right hand side of equation (2.1) depends on A4, k, « while the right hand side of equation (2.2) depends on B, L, 3.
Thus it is clear that the spaces FMfyb and FM,, , .. are different from each other. From equation (2.1), (2.2) and (2.3) it

is easy to see that the space FMP, is contained in the intersection of the spaces FM,, ,, , and FMfyb.

a,b,a

The topology of each of the spaces FM, ., FMfyb and FMf'bya iST, o« Tf , and Tf b TESpectively. is generated by
the seminorms {ya'b'k'q'l}k,q,lzo , {pa'b'k'q'l}k,q,lzo and {fa'b'k'q'}k,q,lzol On assigning the topology generated by the

countable multinorms S = {ya’b'k'q'l}:q,lzo etc. , FM,, «, FMf'b and FMfybya becomes countably multinormed
spaces. It can be easily proved that these spaces are Frechet spaces.

3. Subspaces

In this section subspaces of each of the above spaces are introduced, which are used in defining the inductive limits of
these spaces.

3.1 Thespace FM ;. 4

Let FM, , .4 be the space of testing function ¢ is FM, ;, . such that

sup
Yabkgql p(t,x) = g<i<eo |tk $ap (X) xI*1D| Dg(ﬂ(t' x)|
<x<oo
< Cips (A + )< kke, kgq=012....

for any & > 0, where A is the constant depending on the function ¢.

BB
3.2 The space FM,,

Let FMfyB,; be the space of testing function ¢ is FMf'b such that

sup
Oapigl P X) = 0cicen |t &.p(X) xTHDL D] (¢, X))

0<x <o

< Ck,q,u (B + .u)lllﬁ, k,q =012....

for any p > 0, where B is the constant depending on the function ¢.
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3.3 The space FM#?

ab,aA
The space is defined by combining the conditions 3.1 and 3.2 as

Papiar X = gtz [* 0 () 271D} Dl (2, )|
SCs(A+ O B+ kk 1%, kqg=012....
forany § > 0, u > 0and for givenm > 0 and n > 0.
3.4 The space FM

abyp

Let FM be the space of testing function ¢ in FM,, , ,, such that

aby,p

sup
Sapigl PEX) = octco |t &.p(X) xTHIDL D] (¢, X))

0<x <o

< Cyr(p+1)? g7, k,gq=01,2....
For any r > 0, where p is the constant depending on the function ¢.
4. Space of type F*M,, ,
In this section spaces of the functions on the domain R_ X R, is defined.
4.1. The space F*M, j,
A smooth function ¢(t,x) definedon —co <t <0, 0 <x < ooisin F*M,, o, if " (t,x) = @(=t,x) iSINFM,}, o .
fapigt @(EX) = ool (<0 €0, (@) x71D] Dl (2, 1)]
<Gy A KR, kg=012,....
It can be easily proved that F* M, , . is a Frechet space, Also if < p, F*Mp, . © F*M,, .. We define that countable
union space

FEM(w, b, ) = UF#M%M :
v=1

A sequence {(p#} | converges in F*M(w, b, x) to ¢ iff it converges to ¢ in some F* Mg, b,

#:
B
4.2. The space F*M,, ,

A smooth function ¢(t,x) definedon —c0 <t <0, 0 <x < o isin Mﬁa,b Jiff (t,x) = p(—t,x) isin FMP

a,b’

Japigr @t x) = —oiu<€<0|(_t)k &ap(x) x471D} D} o(t, x)|

0<x<oo

Cg BLUE,  kq=012,....

IA

4.3. The space F* Mﬁyba
Combining the conditions of (3.1) and (3.2) we get the space.

if " (t,x) = p(—t,x) isin FMP

ab,a

A smooth function ¢(t,x) definedon —co <t <0, 0 <x < o0 isin FMP

ab,a

sup
Hab kgl p(t,x) = —oo<r<0|(_t)k $ab (%) xqﬂDé D;I(P(t' x)|

0<x<oo

<
< C Ak kB! ['F, k,q=012,....
where the constant A, B, C depend on the testing function ¢.
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4.4. The space FM,, ,

A smooth function ¢(t, x) defined on —o0 < x < 0,0 <t <o isin FM,,, if o*(t,x) = @(t,—x)isin FM,,,

Aapigr @t x) = 0tecn |tk &,5(x) (—x)7*1D} Do (t, x)]

—o0 <x<0

Cq A7 q7

IA

5. The space of the type FM,,

5.1 The space FM*

ab,a

Let F"Mfybya denote the set of all Fourier-Mellin transforms of ¢ € FMfybya. It is easily seen that FM, is a one to one

mapping from FMfybya into F"Mfybya. Since FM,, and FM;! are inverse of each other, FM;! is a one to one mapping
from FM?,  onto FM!, .

The topology FM?

o is generated by the multinorms § = {pa,brk,q,l}:q,ho , Where pp et @) = Taprq (@) and
@ =FM;* ().

Note that the space F"Mayb can be considered to be limiting case of the space FMP

ab,a’

F"Mayb =F b, Where the right hand side is understood to be the countable union space such that

I~ n o0 _ &= rBi
F a,b,c0 — U FMa,b,ai

(li,ﬁizl

5.2 The space FZ M*

ab,a

If (¢, x) is a suitably restricted function on —oo < t < 0, 0 < x < oco. We define the Fourier Mellin transform by

0 o
F(s,p) = FM{f(t,x)} = f f £t x) e 21 dt dx.,
_000

wherea <p < bands > 0.

Let FAMP, . denote the set of all Fourier-Mellin transform of @eF*M?, . The space FEM?,  and FFM,, can now
be defined as we have defined the spaces F‘I\'/Ifybya and FM, ;. The countable union spaces FM (W, b) and F¥M (W, b)

can be defined as FM (W, b) = Uy_ FM,_, and FEM(W,b) = UpP_ FF M, ;.
6. The Dual spaces FM,, , F* M, ,,FM;, ,and FEM;, ,

The space FM, , is the dual space of the space FM,, , and contains set of all continuous linear functions f (¢, x) defined
on FM, . Similarly the spaces F*M, , ,F"M;;yb and FﬁM;;,b are dual spaces of the spaces F* Ma,b'ﬁMa,b and F*¥M,
respectively.

6.1 Distributional Fourier-Mellin transforms

It can be easily sean that e =*x?~! € FM,,, , fora < p < b and s > 0. Now we defined distributional Fourier-Mellin
transform for f(t,x) € FM,, , where FM, , , is the dual space of FM,, ,. We define distributional Fourier-Mellin
transform as

FM{f(t,x)} = F(s,p) = (f(t,x), e™* x*71)

The right hand side has a sense for f € FM;;, , and e “*xP~t € FM,; ,.

a,b,a
7. CONCLUSION

In this paper Gelfand shilov type space and their topological study for distributional generalized Fourier Mellin
transform is proved.
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