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ABSTRACT

A star coloring of a graph G is a proper vertex coloring (no two adjacent vertices of G has the same color) such that
the induced subgraph of any two color classes is a collection of stars. The minimum number of colors needed to star
color the vertices of a graph is called its star chromatic number and is denoted by X, (G). In this research paper, we
present coloring algorithms and find the exact value of the star chromatic number of Middle, Total and Central graph
of Helm graph families.
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1. INTRODUCTION

All graphs considered here are simple, finite and undirected. In the whole paper, the term coloring will refers the vertex
coloring of graphs. A proper vertex coloring of a graph G means the coloring of the vertices of G such that no two
adjacent vertices have the same color.

1.1 Definition: A subgraph H of a graph G is an induced subgraph if it has all the edges that appear in G over the same
vertex set. The subgraph induced by the vertex set {v;,v,,vs,...V} is denoted by <vi,v,,vs,...,V>.

1.2 Definition: A vertex coloring of a graph G is said to be star coloring [9] if the induced subgraph of any two color
classes is a collection of stars. In otherwords, the induced subgraph of any two color classes has no bicolored path of
length 3.

In the whole paper, let us denote a bicolored path, with colors i and j, of length atleast 3 by H;;.

1.3 Definition: A graph G is said to be Hj-free graph if it does not contain any bicolored (i, j)-path of length 3.

1.4 Definition: The minimum number of colors required for star coloring of a graph is said to be its star chromatic
number and is denoted by X, (G).

1.5 Definition: The Helm H,, is the graph obtained from a Wheel graph W,, by attaching a pendent edge at each vertex
of the n-cycle.”

In this paper, we obtain the exact value of the star chromatic number of the Helm graph families.

2. STAR COLORING OF M(H,)

Let G be a graph with vertex set V(G) and edge set E(G).

2.1 Definition: The Middle graph [2], denoted by M(G), of a graph G is the graph obtained from G by inserting a new
\éertex into every edge of G and by joining those pairs of these new vertices with edges which lie on adjacent edges of
In Helm H,, let v be the root vertex and vy, v,, vs,....,v, be the vertices of n-cycle. Let wy, wy, ws, ... W, be the n pendent

vertices of H,. Let e,(k=1 to n) be the newly added vertex on the edge joining v and v, and f(k=1 to n) be the newly
added vertex on the edge joining vy and v,.;. Let gy (k=1 to n) be the newly added vertex on the edge joining vy and w.
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We use these notations for sections 3 and 4 also.
2.2 Structural properties of M (H,)
By definition 2.1, M (H,) has the following structural properties.
(i) <v,e; k=1 to n> form a clique of order n+1.
(ii) For each k=2 to n, the neighbors of v, are {efi.fk.1,0x} and the neighbors of v, are {e, f;, f,,g1}-
(iii) The neighbors of wy is {gx}, k=1to n.

(iv) For each k=2 to n-1, the neighbors of fy are {fi.1,fc+1,86Ek+1:VioVir1,0k:Ok+1} and the neighbors of f; and f, are
respECtlver {fn leiellBZivllVZ,gligz} and{fn-liflnen ,elnvnivlrgn igl}'

(v) For each k=1 to n, e, and gy are adjacent.

We use these structural properties for coloring the vertices of M(H,). First, we present the structure and coloring
algorithm of M(H,) and then we prove that the coloring is a star coloring in theorem 2.5.

2.3 Structure Algorithm of M (H,)
Input: M(H,)

Ve {V,e1,€2,..-,€n,V1,Vo, ... .V, T1,Fo,.0 10,0102, ., 0n We, Wa, ... Wi }
E— {er6),..e)’, g (ISi<j<n) e”e”,...e”, f F . 6, B2 67, 607,007,027,..007,
[ RRo PRI s IRl PR o PR Pl s PRl s P | o s PRSI o FRsi's PRdo PSRN s MR
PR PR Pl Pral PL Mg
fork=1ton
{
Vey«— ek’ X
}
end for
forj=1ton-1

fork=1ton
{

ifj < k,

ejek — e’ ;

}

end for
end for
fork=1ton
{
ek e’ e A Vil g OiWke— g7 s ek di”
}
end for
fork=1ton-1
{
fi1— A
}
end for
fnel‘_fn" ;
fork=1ton-1
{
fifar— A T Oare— A fiVier— &7
}
end for
fofs <= hy; fig1 <y fovie= 177
fork=1ton
{
Okfie— di’ ; Vidf— L5

}
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end for
Output: edge labeled M(H,).

2.4 Coloring Algorithm of M(H,),n>9

Input: M(H,)
V—n+1;
fork=1ton
{
Vi—nt+l ;Wee—n+1
}
end for
fork=1ton
{
e— k:
}
end for
fork=1ton
{
r—k+3;
ifr<n,
fe—r;
else
fee—r-n;
}
end for
fork=1ton
{
S— k+4;
ifs<n,
Oke— s,
else
Ok s-Nn;
}
end for
Output: colored M (H,).

2.5 Theorem: The star chromatic number of M (H,)) is Xs [M (H,)] =n+1,n>9.
Proof:
Case (i): Consider the colors n+1 and k, k=1 to n. The color class of n+1 is {v,v, ,w; k= 1 to n} whereas the color

class of k is {ey,x,0,}(where x= n+k-3,if k < 3 and x= k-3, if k> 3.Similarly, y= n+k-4, if k <4 and y=k-4, if k> 4).

The induced subgraph of these color classes contain the star graphs v ey vy, Vy fyv, (Where z= n+k-2, if k < 2 and z= k-2,
if k > 2) and wy g, vy and the isolated vertices. Thus, M(H,) is Hyn.1-free graph.

Case (ii): Consider the colors k and k+1, k=1 to n-1. The color class of k is {e,f,g,} and that of k+1 is {ex1,f, ,0x}.
The induced subgraph of these color classes contains the bicolored disjoint paths gy fx f,(where x= n+k-3,if k< 3 and
x=k-3, if k > 3 and z= n+k-2,if k< 2 and z= k-2, if k > 2) and e, ex.; and an isolated vertex. Thus, M(H,) is Hy x.1-free
graph.

Case (iii): Consider the colors j and k, 1<j < k <n and k# j+1. The induced subgraph of their color classes contains
bicolored paths of length 2 and 1 and isolated vertices (the paths varies with |j-k[). Thus, M(H,) is H;j -free graph.

Thus, the coloring is a star coloring and as M(H,) has a clique of order n+1, we need minimum n+1 colors for proper
coloring. Therefore,

XJM(Hn)]=n+1,n>09.
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Fig.1.Xs (M (Hq)) = 10

2.6. Remark:

(i) Xs [M(H.)]=7, n= 2,3
(ii)X[M(H.)]=8, n= 4,5 and (i) X;[M(H.)]=9, n=6,7 and X,[M(Hg)]=10.

3. STAR COLORING OF T (Hy)

3.1 Definition: The Total graph [2] of a graph, denoted by T(G), is a graph such that the vertex set of T is V(G)UE(G)
and two vertices are adjacent in T iff their corresponding elements are either adjacent or incident in G.

3.2 Structural properties of T(Hp
By the definition of Total graph, T (H,) has the following properties.
(i) <v,ey; k=1 to n>form a clique of order n+1.

(i) The neighbors of v, (k=2 to n-1) is {v,ex ,\Vi-1,Vik+1,f-1,f Ok, Wi - The neighbors of v, and v, are respectively {v,e;,v,,v,
!flyfn!gliwl} and {V!envvn—l1Vl!fn-l!fnvgnvwn}'

(iii) The neighbors of f, (k=2 to n-1) is {ex ,\Vk ,ex+1,Vk+1,fc-1,fk+1,06.0k+1}- The neighbors of f; and f, are respectively
{€1,v1,01,82 V2,020 f2} and {€4,vn,0n,€1 V1,91, fn0,F1}

(iv) The neighbors of gy (k=2 to n-1) is {ex,Vi.W.fi.1,fc}- The neighbors of g; and g, are respectively {e;,vi,wy,f,,f;} and
{enivnlwnifn-lifn}'

(v) The neighbors of wy is {gx,v}, k=1 ton.

Now, we present the structure and coloring algorithm of T(H,) and then we prove that the coloring is a star coloring of
T(H,) in the immediate following theorem.

3.3 Structure Algorithm of T(H,)

Input: T(H,)

Ve {V,e1,€2,....€nV1,Vo, ...V, 1, Fo, 0 F0,01,02, - Oy W1, Wo, ... Wi }

E— {er6),...e)’, g (1Si<j<n), e”e”,...e”, f f . 6, B2 67,0 67,007,027,..007,
(o RRo PRI s IRl P o PRI Pl s PRl » P | o s PRI o FRsi's PRs PR s MR

Il,alz,y"'1|n,1|l"1|2"1"'1|n"1 Xl,yxz’a"'an’axlnyxzna"'anna yl,yyz’a"'yyn’}

fork=1ton
{

Ver— e Wi Xi'i}
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end for

forj=1ton-1
{

fork=1ton

{

ifj < k,
€j€k < Cjk»

}

end for
end for
fork=1ton

{

eV e ; efe— A5 Vil & s
VIW < X7y QWie— 8”7 el di”

¥

end for
fork=1ton-1

{
[
}
end for
foer— /"5
fork=1ton-1
{
ViVisr—= 25 ficfire— A
fi Q1= M 5 Ve = K7
}
end for
ViV1 <= Yo', fofy < hy';
fngl —hy” fovie— 1"
fork=1ton
{
Ofe— di’ ; widie— I ;
}
end for
Output: edge labeled T(H,).

3.4 Coloring Algorithm of T (H,))

Input : T(H,),n>11
V<—n+1,
for k=1ton

{

ee—k;

}

end for
for k=1ton

{

r—n+k-2:
ifr<n,

Vie— T ;
else

Ve r-n

}
end for
for k=1ton
{

S— k+4;
if s<n,

fe—s;
else

fe— s-n;

}
end for
© 2012, IJMA. All Rights Reserved

3550



MRS. R. ARUNDHADHI* & Dr. K. THIRUSANGU/ STAR COLORING OF HELM GRAPH FAMILIES/ IJMA- 3(10), Oct.-2012.
for k=1ton

{

t— k+5;
if t<n,
Oee—1;

else
gke—t-n;
}
end for
for k=1ton
{
p—k+1;
if p<n,
Wy p
else
Wi p-n ;
}
end for
Output : colored T(H,).

3.4 Theorem: For any Helm graph H,,
X[T(H)]=n+l, n>11.

Proof: The color class of each color in a bicolored path of length 3, should contain atleast two vertices. As v is the only
vertex with color n+1, T(H,) is Hy n.1-free graph, k=1 to n. So, we discuss the following cases.

Case (i): Consider the colors k and k+1, k=1 to n-1. The color class of k is {ex ,V ,fx.4; Oks}(Where m=k+2, if k+2 <n,
else  m=k+2-n) and that of k+1 is {ey.1,Vy ,fk-3 ,Ok-a}(Where u= k+3,if k+3 < n,else u= k+3-n). The subgraph induced by
these color classes is a collection of stars, ey e.1 and vy, vy and gy4fc4fcs.. Thus, T(H,) is Hy x-1-free graph.

Case (ii): Consider j and k, 1<j<k<n, k# j+1. The color class of j is {Vu,€},fj.0,0js}}(Where m’=j+2, if j+2< n,else m’=
j*+2-n) and that of Kk is {ex,Vm, fcs, 9k} The subgraph induced by these color classes contain bicolored paths of length
2 and 1. Therefore, T(H,) is Hj-free graph.

Thus, the coloring given in the coloring algorithm 3.3, is a star coloring. As T(H,) has a clique of order n+1, we need
minimum n+1 colors for proper coloring.

Therefore,
X[T(Hy)]=n+1, n>11.

FIgZ Xs[ T(Hll) ] =12
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3.4 Remark

(i) Xs[T(H,)]=n+2, n=9,10
(iNX[T(H,)]=n+4, n=5,6,7,
(iii) X5[T(Hy)]= n+6, n=3,4

4. STAR COLORING OF C(H,)

4.1 Definition: Let G be a graph with vertex set V(G) and edge set E(G). The central graph of G, denoted by C(G)[ 11],
is obtained from G by subdividing each edge exactly once and joining all the non adjacent vertices of G.

4.2 Structural properties of C(H,)

(i) < v, wy; k=1 to n> form a clique of order n+1.

(i) {v, fy, gk k=1 to n} form an independent set.

(iii) The neighbors of v, is {ey, fi, 9tU{v;;j=1 to n and j#k-1,k+1}u{w;;j=1to n and j#k}.
(iv) The neighbors of ey is {v,v},k=1to n.

(v) The neighbors of gy is {vk, Wi}, k=1 to n.

Now, we present the structure and coloring algorithm of C (H,) and then we show that the coloring is a star coloring of
C(H,) in the immediate following theorem .

4.3 Structure Algorithm of C(H,)

Input: C (Hy)
V<— {VlelieZl"'ienlvliVZI"'ivnlflifZl"'!fnlglIQZI"'igniwllWZi"'IWI"I};
E— {61’192’5“'en’1 61"192”,---ennnll’,lz’:---,In’ fl’ifz’l"'fl’]’i
flnrf2”i---fn”!gl’192’!"!gn’ig1”ig2”i"'!gn”r dij (1 < l’] <n, l;éj)’ llj(lS [ <j < I’l), hlj(lS i< I’l'2,
i<j<njtitl)};
for k=1ton
{
Vee— & 5 e Vie— e V Wi |y
}
end for
fork=1ton
{
Vi fiee— i 5 VieQee— 9 Gk Wiee— 9
}
end for
for k=1ton-1
{
ifk<n,
fiu Vi < A7

end for
fovi —f375
for j=1ton
{
for k=1ton
{
if j#k,
Vj Wy — i ;

¥

end for
end for
forj=1ton

fork=1ton
{
ifj <k,
Wi Wk‘_ljk;
}
}

end for
© 2012, IJMA. All Rights Reserved 3552
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end for
fork=3ton-1
{

ViViee— hy

end for
forj=2ton-2
{

fork=j+2ton

{

Vj Vg < hjk )

end for
end for
Output: edge labeled C(H,).

4.4 Coloring Algorithm of C(H,))

Input : C(H,), n>2.
V—n+1;
fork=1ton
{
fe—n+l; ge—ntl;
}
end for
fork=1ton
{
Wi— k ;
}
end for
fork=1ton
{
Vie— n+k+1 ;
}
end for
fork=1ton
{
r—n+k+2:
ifr<2n+l,
Ey—r;
else
er— r-(n-1) ;
}
end for
Output: colored C(H,)

4.4 Theorem: The star chromatic number of central graph of Helm is
X[C(Hy]= 2n+1, n>2.
Proof:

Case (i): Consider the colors j and k where 1<j, k <n. The color class of j is {w;} and that of k is {w}. So, the induced
subgraph is w; wi and therefore C(H,) is H;- free graph.

Case (ii): Consider the colors n+1 and k, k=1 to n. The induced subgraph of the color classes contain the bicolored
path v wy gy of length 2 and therefore, C(H,) is Hy +1-free graph.

Case (iii): Consider the colors k and k+1,n+2 <k < 2n+1. The color class of k is {Vi.n.1,exno} Whereas the color class of

k+1 is {Vin,exn-1}- The induced subgraph contains the edge ey.n.;Vk.n.1 and isolated vertices. Thus, C(H,) is Hy+1-free
graph.

© 2012, IJMA. All Rights Reserved 3553
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Case (iv): Consider the colors n+1 and k, k= (n+2) to (2n+1). The induced subgraph contain the bicolored paths g;v;f;
and ve, when k= n+2, and bicolored star g,v,f,.1f, and ve,; when k=2n+1. When n+3< k < 2n, the induced subgraph
contains the bicolored star fy . 2Vin.1fkn-19kn1 @nd the edge vex.,.o. Thus, the induced subgraph is a collection of stars
and hence,C(H,) is Hy n.1-free graph.

Case (v): Consider the colors j and k, n+2 < j <k < 2n+1. The induced subgraph contains the edge Vj.n.1 Vicn1 and
isolated vertices. Therefore, C(H,) is Hj-free graph.

By (i) of sec 4.2, X;(C (H,) > n+1. The vertices v, to v, are properly colored with colors n+2 to 2n+1. If , suppose, we
assign the same color, say k, to two vertices v; and vj,;, then g;vifivi., will become a bicolored (k,n+1)-path of length 3.

So, we need minimum 2n+1 colors for star coloring. Therefore,

X[C (H))] =2n+1,n>2.

Fig.3. XS[C (H4) ] =9

CONCLUSION

We have shown that

(i) Xs[M(H)]=n+1,n>09.

(ID)XTHYI=n+1, n>11.

() XJ[C(HW]=2 n+1, n >2.
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