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ABSTRACT
The purpose of this paper is to show that four self maps on a complete fuzzy metric space which satisfy a certain
control condition turn out to be equal and constant. From this result,we show that the theorem of Saluja and Mukesh
Kumar Jain [8] follows as a corollary, even under a weaker condition.
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1. INTRODUCTION:

The concept of fuzzy sets introduced by Zadeh [12], was the foundation of fuzzy metric space. Fuzzy metric spaces
have been introduced by Kramosil and Michalek [5], and George and Veeramani [3] modified the notion of fuzzy
metric spaces with the help of continuous t-norms. Recently many authors such as [1], [2], [6] and [11] have proved
fixed point theorems involving fuzzy sets. Recently Singh and Jain [10] have introduced semi compatibility of maps in
fuzzy metric spaces.

Using this concept Saluja and Mukesh Kumar Jain [8] proved a common fixed point theorem for six maps in fuzzy
metric spaces. In this paper, we prove a fixed point theorem and obtain the result of Saluja and Mukesh Kumar Jain [8]
as a corollary.

We start with

Definition: 1.1 (Schweizer. B and Sklar. A [9]) A binary operation *:[0,1] x [0,1] = [0,1] is a continuous
t —norm if = satisfies the following conditions:

(i) *is commutative and associative

(if) * is continuous

(iiax1=aforalla €[01]

(iv)a*b <cx*dwhenevera <candb <danda,b,c,d €[0,1]

Definition: 1.2 (Kramosil. | and Michelek. J [5]) A - triple (X, M,*) is said to be a fuzzy metric space (FM sapce,
briefly) if X is a nonempty set, * is a continuous t-norm and M is a fuzzy set on X? X [0,00) i.e M:X? X [0,00) —
[0.1] satisfying the following conditions: for all x,y,z € X and s,t > O.
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i M(xyt)>0

(i) M(x,y,t) = lifandonlyifx =y

@iy M(x,y,t) =M (y,x,t)

(iv) M(x,y,t)*M(y,z,5) < M(x,z,t + s)

(v) M(x,y,t):[0,00) — [0,1] it left continuous

(vi) limie, M(x,y,t) =1

Then M is called a fuzzy metric space on X.

The function M (x, y,t) denotes the degree of nearness between x and y with respect to t.

Definition: 1.3 (George. A and Veeramani. P [3]) Let (X, M,*) be a fuzzy metric space.Then,

(i) A sequence {x,} in X is said to be convergent to a point x £ X
if lim, ., M(x, ,x,t)=1Vt>0.

(i) A sequence {x, } in X is called a Cauchy sequence if
lim, e M(%,4p,%,,t) =1 VEt>0and p=12,..

(iif) An F.M —space in which every Cauchy sequence is convergent is said to be complete.

Definition: 1.4 (G. Jungck [4]) Two maps F and G of a fuzzy metric space (X, M,*) into itself are said to be
compatible if lim,, ., M(FGx, ,GFx,,t) =1 V t > 0 whenever {x,} is a sequence in X such that

lim,, L Fx, = lim,_, Gx,, = x for some x € X.

Definition: 1.5 (G. Jungck [4]) Two self maps F and G of a fuzzy metric space (X, M,*) are said to be weak
compatible if F(x) = G(x) = FG(x) = GF (x).

The following lemma is due to Mishra. S. N, Sharma. N and Singh. S.L [7].

Lemma: 1.6 (Mishra. S. N, Sharma. N and Singh. S.L [7]) Let (X, M,*) be a fuzzy metric space. If there exists k > 1
suchthat M (x,y,kt) <M (x,y,t) thenx = y.

Saluja and Mukesh Kumar Jain [8] proved the following result.

Theorem: 1.7 (Saluja and Mukesh Kumar Jain [8], Theorem 3.1): Let A, B, S, T, I and ] be self maps of a complete
fuzzy metric space (X, M,*) with * = min (so that = in continuous) and

(i) ABX) cJ(X), STX) cI(X)

(i) AB,I are continuous

(iii) pair (AB, 1) is compatible

(iv) pair (ST,J) is weak compatible

(v) There exists k > 1 and ae(1,2) such that forall x,y € Xandt >0

M(ABx, STy, kt) < M(Ix,ABx,t) * M(Jy,STy, t) * M(ABx, STy, t) * M(Ix, ]y, t) * M(ABx, ]y, (a- 1)t)
* M(Ix, STy,aZ—t)

forallx,y € X,lim,,, M(x,y,t) =1 Vt>0

Then AB, ST, I and ] have a unique common fixed point in X.

2. MAIN RESULTS:

Now we state our main result and obtain Theorem 1.7 as a corollary.

Theorem: 2.1 Let A, B,C,D be self mpas of a complete fuzzy metric sapce (X, M,*) with x= min . Suppose
(i) AX) cC(X)and B(X) c D(X),

(i) pairs (4, D), (B, C) are weakly compatible,

(iii) forsome k > 1,a € (0,1) and forall x,y € X,andt > 0

M(Ax, By, kt) < M(Dx, Ax,t) * M(Cy, By, t) * M(Ax, By, t) * M(Dx, Cy,t) * M(Ax, Cy, at) * M(Dx, By, at).
© 2012, IJMA. All Rights Reserved 748
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Then A is a constant function, A = B = C = D is constant and hence 4, B, C, D have unique common fixed point.
Proof: Let x, € X . From (i) there exist xi, x5, x3, ... X, ... in X such that
Axy =Cx; = y; and Bxy = Dx; = y,,
Ax, = Cx3 =y3 and Bx3 = Dx, =y,
In general, Ax,, = CX3,41 = Yon41 and  Bxyp11 = DXopys = Yony2,n = 0,1,2 ...
Now for x = x,,,, ¥ = x,,41 in (iii) we have, for t > 0,
M(Axzn, Bxgpi1,kt) < M(DXgn, AXop,t) * M(CXopp1, BXony1,t) * M(AXgp, BXopy1,t) * M(DX2p, CXgppa, t)
* M(Axzn, Cxoppy, at) * M(Dxyp, Bxyy s, at).
MY2n+1, Yons2 kt) < MY2n, Yont1:t) * MV2ns1, Yoni2 ) * MVzni1, Yons2r t) * M(YV2n, Yons1, )
* M(Yont1, Yons1, @) * M(Y2n, Yan2, at).
< MY2n, Y2n+1,8) * M(Vani1, Yant2:t) * M(Y2n, Yani2, at)
S MY2n41,Y2n42, 8 * MOoni1, Yoniz, T+ a@)t) (w14 a > 1)
< M(Yant1, Yoni2 t)

“ MYans1, Yons2: kt) < MYani1,Yansait), fort >0 (2.1.1)

Again for x = x5,,15, ¥ = Xa,41 in (iii) we have, for t > 0,

M(Axy 42, BXon i1, kt) < M(DXgp ) AXon g2, t) * M(CXopiq, BXon 41, 1) * M(AXgp 42, BXon 41, t)
* M(Dxyp 12, CXon 1, 8) * M(AXon 2, CXonyr, at) x M(Dxgp o, Bxon 41, at)

i.6. M(Yan43: Yona2 kt) < M(Vans2,Yan+3:t) * M(YVani1, Yans2,t) * M(V2ni3, Yans2,t) * M(YVapi2: Yont1,t)
* M(y2n+3' Yon+1s at) * M(y2n+2' Yon+2, at)

S MY2n42,Y2n43 0) * MV2ni1, Yont2o t) * M(Vani3, Yans1, at)
S MVan+2:Y2n+3:8) * MVni2,Yonsz, L+ a)t) (< 1+ a > 1)
S MYVan+2 Yan+3, £)-
i.6 M(Y2n+3, Y2n+2, kt) < M(V2n42, Yon+3,t)  fore >0 (2.1.2)
Thus from (2.1.1) and (2.1.2), we have M (yy,, V41, kt) < MV, Yns1,t) VR ENand ¢t > 0.
Hence y, = y,41 ¥ n € N (by Lemma 1.6) (2.1.3)
Hence {y.} is a constant sequence, say, z in X. So it is Cauchy in X and converges to z in X.
Thus the sequences {Axy, }, {Cxop 41}, {Dx2, } and {Bx,,,1} also converge to z.
Now we have Ax, = Cx; =y; and Bx; = Dx; =y,,
= Axg =Cx; = y1 =y, = Bx; = Dx;
Therefore Ax, = Cxy =y; = Bx; =Cx; =y; = BCx; = CBxy
=B(Bx;) = C(Bx;) = By, = Cy, [ by (ii) B, C are weak compatible] and Ay, = Dy,
[by (ii) A,D are weak compatible]
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By taking x = x,,y = y; in (iii), we get

M(Ax,, By, kt) < M(Dx,, Ax,,t) * M(Cyy, Byy,t) * M(Axy, By, t) *
M(Dx3,Cyy,t) * M(Ax,, Cyy, at) * M(Dx,, By, at)

= M(yy, Byy, kt) < M(yy,y1,t) * M(Byy, Byy, t) * M(y1, Byy, t) * M(y1, Byy, t) * M(yy, Byy, at) * M(y1, Byy, at)
= M(yy, By1, kt) < M(yy, By1, t) * M(y1, By, at)
< M(y,, By,, at) [+ a<1]
<My, By, t)Vt>0
Therefore by Lemma 1.6, we have By; = y; = Cy,
By taking x = y;,y = y; in (iii), we get

M(Ay,, By, kt) < M(Dy;, Ay, t) * M(Cyy, Byy, t) * M(Ay,, Byy, t) *
M(Dyli Cyl: t) * M(Aylt Cyl:at) * M(DyliBylﬂat)

= M(Ayy, y1,kt) < M(Ay;, Ay, t) * M(y1, 1, t) * M(Ayy, y1,t) * M(Ayy, yy,t)
* M(Ayy,y1, at) * M(Ayy, yq, at)

< 1% 1 M(Ayy, y1,t) * M(Ayy, ¥4, at)
< M(Ay,,y1,at) [va<1]
< M(Ayy, y1,0)
= M(Ayy, yi, kt) < M(Ay,,y1,t) VE> 0
Therefore by Lemma 1.6, we have Ay; = y; = Dy,
~ y, is afixed point of A,B,C and D.
By (iii), 4, B, C and D cannot have more than one fixed point.
Hence 4, B, C, D have a unique common fixed point in X and also Ax, = y, everyx, € X.
Thus we have shown that for any x, € X, Ax, = y; is the unique fixed point of A,B,C and D.
Hence A is a constant function.
From (i) of Theorem 2.1, we have A(X) c C(X)and B(X) c D(X)
For x, € X, construct the sequences {x,,} and {y, } as follows
Bxy =Dx; = y; and Axy =Cx, = y,,
Bx, =Dx3 =y3 and Ax; = Cx, =y,
In general, Bxz, = DX3p11 = Yon41 and  Axpny1 = CXonyz = Yony2

Then, it can be shown, as we did in the case of A, that B is constant, say, Bx = w for every x € X and w is the
common fixed point for 4, B, C and D.

Hence, z = w by the uniqueness of the common fixed point 4, B, C and D.

Hence A =B
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Let x € X. By condition (iii) taking x = y, we get

M(Ax, Bx, kt) < M(Dx, Ax,t) * M(Cx, Bx,t) * M(Ax, Bx,t) * M(Dx, Cx,t) * M(Ax, Cx, at) x M(Dx, Bx, at)
1< M(Dx,Ax,t) * M(Cx,Bx,t) * 1 * M(Dx, Cx,t) * M(Ax, Cx, at) * M(Dx, Bx, at)

~ 1< M(Ax,Dx,t)foreveryt >0=>Ax =DxVx € X =>A=D

~ 1< M(Cx,Bx,t)foreveryt > 0= Cx =BxVx € X = C =B.

Therefore D =A=B=C

Therefore A, B, C, D are constants.

Corollary: 2.2 Let A4, B, S, T, I and ] be self maps of a FM-space (X, M,*) with x = min, satisfying (i), (iii), (iv), (v),
(vi) in the Theorem 1.7. Then AB, ST, I and ] have a unique common fixed point.

Proof: Let B = max{a —1, %}, so that B € (0,1). Then

M(ABx, STy, kt) < M(Ix,ABx,t) * M(Jy,STy,t) * M(ABx, STy, t) * M(Ix, ]y, t)
* M(ABx,]y, (a-1)t) * M(Ix, STy,

< M(Ix,ABx,t) * M(Jy,STy,t) x M(ABx, STy, t) * M(Ix, ]y, t)
* M(ABx, ]y, ft) * M(Ix, STy, ft)

~ AB =1 =] = ST = constant by our main result.
Hence AB, 1, ], ST have a unique common fixed point in X.
Note 1: Thus the Theorem 1.7 is a corollary to our main result Theorem 2.1.

Note 2: However under the hypothesis of Theorem 3.1, of Saluja and Mukehs Kumar Jain [8], 4, B, S and T need not
be constant functions, even though AB = ST = constant function.

This is a evident by taking B = T = identity mapand A = S = I.
REFERENCES:

[1] Balasubramaniam. P, Muralisankar. S and Pant. R.P: Common fixed points of four mappings in fuzzy metric
spaces, J. Fuzzy math. 10(2) (2002), 379-384.

[2] Grabiec. M: Fixed points in fuzzy metric spaces, Fuzzy sets and systems 27(1988), 385-389.

[3] George. A and Veeramani. P: On some results in Fuzzy metric spaces, Fuzzy sets and system, 64 (1994), 395-399.

[4] G. Jungck: Compatible mappings and common fixed point, Internat J. Math. Mat. Sci 9 (1996), 771-779.

[5] Kramosil. | and Michelek. J: Fuzzy metric and statistical metric, kybernetica, 11(1975), 336-344.

[6] Kutukcu. S, Sharma. S. S, Tokgoz. H: A fixed point theorem in Fuzzy metric spaces, Int. Journal of Math, Analysis,
Vol. 1, 2007, no. 18, 861-872.

[7] Mishra. S. N, Sharma. N and Singh. S.L: Common fixed points of maps on fuzzy metric spaces, Internet, J. Math. &
Math Sci. 17 (1994), 253-258.

[8] Saluja and Mukehs Kumar Jain: Fixed point theorem for expansion mapping inclusing six maps in fuzzy metric
space, Volume 6, no. 1 (2011), 127-134.

[9] Schweizer. B and Sklar. A: Probabilistic Metric spaces, North Holland (1983).

[10] Singh. B and Jain. S: Semi compatibility, Compatibility and fixed point theorem in fuzzy metric space, Journal of
the chuncheong mathematical society (2005), 1-22.

[11] Vasuki. R: common fixed point theorem in a fuzzy metric space, Fuzzy sets and system, 97 (1998), 395-397.

[12] Zadeh. L.A: Fuzzy sets, Inform and control, 189 (1965), 338-353.

*hkhkhkhkhkkhkhkhkhkhkkhkkikkhkkiiik

© 2012, IJMA. All Rights Reserved 751



