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ABSTRACT 
The purpose of this paper is to show that four self maps on a complete fuzzy metric space which satisfy a certain 
control condition turn out to be equal and constant. From this result,we show that the theorem of Saluja and Mukesh 
Kumar Jain [8] follows as a corollary, even under a weaker condition. 
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1. INTRODUCTION: 
 
The concept of fuzzy sets introduced by Zadeh [12], was the foundation of fuzzy metric space. Fuzzy metric spaces 
have been introduced by Kramosil and Michalek [5], and George and Veeramani [3] modified the notion of fuzzy 
metric spaces with the help of continuous t-norms. Recently many authors such as [1], [2], [6] and [11] have proved 
fixed point theorems involving fuzzy sets. Recently Singh and Jain [10] have introduced semi compatibility of maps in 
fuzzy metric spaces.  
 
Using this concept Saluja and Mukesh Kumar Jain [8] proved a common fixed point theorem for six maps in fuzzy 
metric spaces. In this paper, we prove a fixed point theorem and obtain the result of Saluja and Mukesh Kumar Jain [8] 
as a corollary. 
 
We start with 
 
Definition: 1.1 (Schweizer. B and Sklar. A [9]) 𝐴𝐴 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 ∗ ∶ [0,1]  × [0,1] → [0,1] 𝑖𝑖𝑖𝑖 𝑎𝑎 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  
𝑡𝑡 − 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛  𝑖𝑖𝑖𝑖 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡ℎ𝑒𝑒 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐:  
 
(i) ∗ is commutative and associative 
(ii) ∗ is continuous 
(iii) 𝑎𝑎 ∗ 1 = 𝑎𝑎 𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝑎𝑎 ∈ [0,1] 
(iv) 𝑎𝑎 ∗ 𝑏𝑏 ≤ 𝑐𝑐 ∗ 𝑑𝑑 𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑎𝑎 ≤ 𝑐𝑐 𝑎𝑎𝑎𝑎𝑎𝑎 𝑏𝑏 ≤ 𝑑𝑑 𝑎𝑎𝑎𝑎𝑎𝑎 𝑎𝑎, 𝑏𝑏, 𝑐𝑐,𝑑𝑑 ∈ [0,1] 
 
Definition: 1.2 (Kramosil. I and Michelek. J [5]) A - triple (𝑋𝑋,𝑀𝑀,∗) is said to be a fuzzy metric space (FM sapce, 
briefly) if X is a nonempty set, ∗ is a continuous t-norm and M is a fuzzy set on 𝑋𝑋2 × [0,∞) 𝑖𝑖. 𝑒𝑒  𝑀𝑀:𝑋𝑋2 × [0,∞) ⟶
[0.1]  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡ℎ𝑒𝑒 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐: 𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝑋𝑋 𝑎𝑎𝑎𝑎𝑎𝑎 𝑠𝑠, 𝑡𝑡 > 𝑂𝑂. 
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(i) 𝑀𝑀(𝑥𝑥,𝑦𝑦, 𝑡𝑡) > 0 
(ii) 𝑀𝑀(𝑥𝑥,𝑦𝑦, 𝑡𝑡)  =  1 𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎𝑎𝑎 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 𝑖𝑖𝑖𝑖 𝑥𝑥 =  𝑦𝑦 
(iii) 𝑀𝑀(𝑥𝑥,𝑦𝑦, 𝑡𝑡) = 𝑀𝑀 (𝑦𝑦, 𝑥𝑥, 𝑡𝑡) 
(iv) 𝑀𝑀(𝑥𝑥,𝑦𝑦, 𝑡𝑡) ∗ 𝑀𝑀(𝑦𝑦, 𝑧𝑧, 𝑠𝑠) ≤ 𝑀𝑀(𝑥𝑥, 𝑧𝑧, 𝑡𝑡 +  𝑠𝑠) 
(v) 𝑀𝑀(𝑥𝑥,𝑦𝑦, 𝑡𝑡): [0,∞) ⟶ [0,1] 𝑖𝑖𝑖𝑖 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 
(vi) lim𝑡𝑡→∞ 𝑀𝑀(𝑥𝑥,𝑦𝑦, 𝑡𝑡) = 1 
 
Then 𝑀𝑀 is called a fuzzy metric space on X.  
 
The function 𝑀𝑀(𝑥𝑥,𝑦𝑦, 𝑡𝑡) denotes the degree of nearness between 𝑥𝑥 and 𝑦𝑦 with respect to t. 
 
Definition: 1.3 (George. A and Veeramani. P [3]) Let (𝑋𝑋,𝑀𝑀,∗) be a fuzzy metric space.Then,  

(i) A sequence {𝑥𝑥𝑛𝑛} in 𝑋𝑋 is said to be convergent to a point 𝑥𝑥  𝑋𝑋                                 
      if  lim𝑛𝑛→∞ 𝑀𝑀(𝑥𝑥𝑛𝑛  , 𝑥𝑥, 𝑡𝑡) = 1 ∀ 𝑡𝑡 > 0. 
 
(ii) A sequence {𝑥𝑥𝑛𝑛} in 𝑋𝑋 is called a Cauchy sequence if  
      lim𝑛𝑛→∞ 𝑀𝑀�𝑥𝑥𝑛𝑛+𝑝𝑝 , 𝑥𝑥𝑛𝑛 , 𝑡𝑡� = 1 ∀ 𝑡𝑡 > 0 and  𝑝𝑝 = 1,2, … 
 
(iii) An F.M –space in which every Cauchy sequence is convergent is said to be complete. 
 
Definition: 1.4 (G. Jungck [4]) Two maps 𝐹𝐹 and 𝐺𝐺 of a fuzzy metric space (𝑋𝑋,𝑀𝑀,∗) into itself are said to be 
compatible if lim𝑛𝑛→∞ 𝑀𝑀(𝐹𝐹𝐹𝐹𝑥𝑥𝑛𝑛  ,𝐺𝐺𝐺𝐺𝑥𝑥𝑛𝑛 , 𝑡𝑡) = 1 ∀ 𝑡𝑡 > 0 whenever {𝑥𝑥𝑛𝑛} is a sequence in X such that 
 
lim𝑛𝑛→∞ 𝐹𝐹𝑥𝑥𝑛𝑛 = lim𝑛𝑛→∞ 𝐺𝐺𝑥𝑥𝑛𝑛 = 𝑥𝑥 for some 𝑥𝑥 ∈ 𝑋𝑋. 
 
Definition: 1.5 (G. Jungck [4]) Two self maps 𝐹𝐹 and 𝐺𝐺 of a fuzzy metric space (𝑋𝑋,𝑀𝑀,∗) are said to be weak 
compatible if 𝐹𝐹(𝑥𝑥) = 𝐺𝐺(𝑥𝑥)  ⇒ 𝐹𝐹𝐹𝐹(𝑥𝑥) = 𝐺𝐺𝐺𝐺 (𝑥𝑥). 
 
The following lemma is due to Mishra. S. N, Sharma. N and Singh. S.L [7]. 
 
Lemma: 1.6 (Mishra. S. N, Sharma. N and Singh. S.L [7]) Let (𝑋𝑋,𝑀𝑀,∗) be a fuzzy metric space. If there exists 𝑘𝑘 > 1 
such that   𝑀𝑀 (𝑥𝑥,𝑦𝑦, 𝑘𝑘𝑘𝑘) ≤ 𝑀𝑀 (𝑥𝑥,𝑦𝑦, 𝑡𝑡) then 𝑥𝑥 = 𝑦𝑦.  
 
Saluja and Mukesh Kumar Jain [8] proved the following result.  
 
Theorem: 1.7 (Saluja and Mukesh Kumar Jain [8], Theorem 3.1): Let 𝐴𝐴,𝐵𝐵, 𝑆𝑆,𝑇𝑇, 𝐼𝐼 𝑎𝑎𝑎𝑎𝑎𝑎 𝐽𝐽 be self maps of a complete 
fuzzy metric space (𝑋𝑋,𝑀𝑀,∗) with ∗ = min (so that ∗ in continuous) and  
 
(i) 𝐴𝐴𝐴𝐴(𝑋𝑋) ⊂ 𝐽𝐽(𝑋𝑋), 𝑆𝑆𝑆𝑆(𝑋𝑋) ⊂ 𝐼𝐼 (𝑋𝑋) 
(ii) 𝐴𝐴𝐴𝐴, 𝐼𝐼 are continuous 
(iii) pair (𝐴𝐴𝐴𝐴, 𝐼𝐼) is compatible 
(iv) pair (𝑆𝑆𝑆𝑆, 𝐽𝐽) is  weak compatible 
(v) There exists 𝑘𝑘 > 1 and 𝛼𝛼𝛼𝛼(1,2) such that for all 𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋 and 𝑡𝑡 > 0 

 
𝑀𝑀(𝐴𝐴𝐴𝐴𝐴𝐴, 𝑆𝑆𝑆𝑆𝑆𝑆, 𝑘𝑘𝑘𝑘) ≤ 𝑀𝑀(𝐼𝐼𝐼𝐼,𝐴𝐴𝐴𝐴𝐴𝐴, 𝑡𝑡) ∗ 𝑀𝑀(𝐽𝐽𝐽𝐽, 𝑆𝑆𝑆𝑆𝑆𝑆, 𝑡𝑡) ∗ 𝑀𝑀(𝐴𝐴𝐴𝐴𝐴𝐴, 𝑆𝑆𝑆𝑆𝑆𝑆, 𝑡𝑡) ∗ 𝑀𝑀(𝐼𝐼𝐼𝐼, 𝐽𝐽𝐽𝐽, 𝑡𝑡) ∗ 𝑀𝑀(𝐴𝐴𝐴𝐴𝐴𝐴, 𝐽𝐽𝐽𝐽, (𝛼𝛼– 1)𝑡𝑡)       

∗ 𝑀𝑀(𝐼𝐼𝐼𝐼, 𝑆𝑆𝑆𝑆𝑆𝑆, 𝛼𝛼𝛼𝛼2 ) 
 
 for all 𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋, lim𝑡𝑡→∞ 𝑀𝑀(𝑥𝑥,𝑦𝑦, 𝑡𝑡) = 1 ∀ 𝑡𝑡 > 0 
 
Then 𝐴𝐴𝐴𝐴, 𝑆𝑆𝑆𝑆, 𝐼𝐼 𝑎𝑎𝑎𝑎𝑎𝑎 𝐽𝐽 have a unique common fixed point in 𝑋𝑋.  

 
2. MAIN RESULTS: 
 
Now we state our main result and obtain Theorem 1.7 as a corollary. 
 
Theorem: 2.1 Let  𝐴𝐴,𝐵𝐵,𝐶𝐶,𝐷𝐷  be self mpas of a complete fuzzy metric sapce (𝑋𝑋,𝑀𝑀,∗) with ∗= 𝑚𝑚𝑚𝑚𝑚𝑚 . Suppose 
(i) 𝐴𝐴(𝑋𝑋) ⊂ 𝐶𝐶(𝑋𝑋)𝑎𝑎𝑎𝑎𝑎𝑎 𝐵𝐵(𝑋𝑋)  ⊂  𝐷𝐷(𝑋𝑋), 
(ii) pairs (𝐴𝐴,𝐷𝐷), (𝐵𝐵,𝐶𝐶) are weakly compatible, 
(iii) for some 𝑘𝑘 > 1,𝛼𝛼 ∈ (0,1) and  for all 𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋, and 𝑡𝑡 > 0    

 
𝑀𝑀(𝐴𝐴𝐴𝐴,𝐵𝐵𝐵𝐵, 𝑘𝑘𝑘𝑘) ≤  𝑀𝑀(𝐷𝐷𝐷𝐷,𝐴𝐴𝐴𝐴, 𝑡𝑡) ∗  𝑀𝑀(𝐶𝐶𝐶𝐶,𝐵𝐵𝐵𝐵, 𝑡𝑡) ∗ 𝑀𝑀(𝐴𝐴𝐴𝐴,𝐵𝐵𝐵𝐵, 𝑡𝑡) ∗ 𝑀𝑀(𝐷𝐷𝐷𝐷,𝐶𝐶𝐶𝐶, 𝑡𝑡) ∗ 𝑀𝑀(𝐴𝐴𝐴𝐴,𝐶𝐶𝐶𝐶,𝛼𝛼𝛼𝛼) ∗ 𝑀𝑀(𝐷𝐷𝐷𝐷,𝐵𝐵𝐵𝐵,𝛼𝛼𝛼𝛼). 



K. P. R. Sastry1, G. A. Naidu2, D. Narayanarao3* and G. Srirama Murthy4 and R. Venkata Bhaskar5/ A Fixed point theorem for four 
self maps on a fuzzy metric space satisfying a certain control condition / IJMA- 3(2), Feb.-2012, Page: 747-751 

© 2012, IJMA. All Rights Reserved                                                                                                                                                                      749  

 
Then 𝐴𝐴 is a constant function, 𝐴𝐴 = 𝐵𝐵 = 𝐶𝐶 = 𝐷𝐷 is constant and hence 𝐴𝐴,𝐵𝐵,𝐶𝐶,𝐷𝐷 have unique common fixed point.  
 
Proof: Let  𝑥𝑥0 ∈ 𝑋𝑋 . From (i) there exist   𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, ….  𝑥𝑥𝑛𝑛  … in 𝑋𝑋 such that 
 
𝐴𝐴𝑥𝑥0 = 𝐶𝐶𝑥𝑥1 =  𝑦𝑦1    𝑎𝑎𝑎𝑎𝑎𝑎    𝐵𝐵𝑥𝑥1 = 𝐷𝐷𝑥𝑥2 =  𝑦𝑦2, 
 
𝐴𝐴𝑥𝑥2 = 𝐶𝐶𝑥𝑥3  = 𝑦𝑦3  𝑎𝑎𝑎𝑎𝑎𝑎  𝐵𝐵𝑥𝑥3 = 𝐷𝐷𝑥𝑥4 = 𝑦𝑦4 
 
In general, 𝐴𝐴𝑥𝑥2𝑛𝑛 = 𝐶𝐶𝑥𝑥2𝑛𝑛+1 = 𝑦𝑦2𝑛𝑛+1 𝑎𝑎𝑎𝑎𝑎𝑎    𝐵𝐵𝑥𝑥2𝑛𝑛+1 = 𝐷𝐷𝑥𝑥2𝑛𝑛+2 = 𝑦𝑦2𝑛𝑛+2,𝑛𝑛 = 0,1,2 … 
 
Now for 𝑥𝑥 = 𝑥𝑥2𝑛𝑛 , 𝑦𝑦 = 𝑥𝑥2𝑛𝑛+1  in (iii) we have, for 𝑡𝑡 > 0, 
 
𝑀𝑀(𝐴𝐴𝑥𝑥2𝑛𝑛 ,𝐵𝐵𝑥𝑥2𝑛𝑛+1,𝑘𝑘𝑘𝑘)  ≤  𝑀𝑀(𝐷𝐷𝑥𝑥2𝑛𝑛 ,𝐴𝐴𝑥𝑥2𝑛𝑛 , 𝑡𝑡)  ∗  𝑀𝑀(𝐶𝐶𝑥𝑥2𝑛𝑛+1,𝐵𝐵𝑥𝑥2𝑛𝑛+1, 𝑡𝑡)  ∗  𝑀𝑀(𝐴𝐴𝑥𝑥2𝑛𝑛 ,𝐵𝐵𝑥𝑥2𝑛𝑛+1, 𝑡𝑡) ∗ 𝑀𝑀(𝐷𝐷𝑥𝑥2𝑛𝑛 ,𝐶𝐶𝑥𝑥2𝑛𝑛+1, 𝑡𝑡)              
                                         ∗ 𝑀𝑀(𝐴𝐴𝑥𝑥2𝑛𝑛 ,𝐶𝐶𝑥𝑥2𝑛𝑛+1,𝛼𝛼𝛼𝛼) ∗  𝑀𝑀(𝐷𝐷𝑥𝑥2𝑛𝑛 ,𝐵𝐵𝑥𝑥2𝑛𝑛+1,𝛼𝛼𝛼𝛼). 
 
 
𝑀𝑀(𝑦𝑦2𝑛𝑛+1,𝑦𝑦2𝑛𝑛+2, 𝑘𝑘𝑘𝑘) ≤ 𝑀𝑀(𝑦𝑦2𝑛𝑛 ,𝑦𝑦2𝑛𝑛+1, 𝑡𝑡) ∗ 𝑀𝑀(𝑦𝑦2𝑛𝑛+1,𝑦𝑦2𝑛𝑛+2, 𝑡𝑡) ∗  𝑀𝑀(𝑦𝑦2𝑛𝑛+1,𝑦𝑦2𝑛𝑛+2, 𝑡𝑡) ∗ 𝑀𝑀(𝑦𝑦2𝑛𝑛 ,𝑦𝑦2𝑛𝑛+1, 𝑡𝑡) 
                                           ∗ 𝑀𝑀(𝑦𝑦2𝑛𝑛+1,𝑦𝑦2𝑛𝑛+1,𝛼𝛼𝛼𝛼) ∗ 𝑀𝑀(𝑦𝑦2𝑛𝑛 ,𝑦𝑦2𝑛𝑛+2,𝛼𝛼𝛼𝛼). 
 
                                 ≤ 𝑀𝑀(𝑦𝑦2𝑛𝑛 ,𝑦𝑦2𝑛𝑛+1, 𝑡𝑡) ∗  𝑀𝑀(𝑦𝑦2𝑛𝑛+1,𝑦𝑦2𝑛𝑛+2, 𝑡𝑡) ∗  𝑀𝑀(𝑦𝑦2𝑛𝑛 ,𝑦𝑦2𝑛𝑛+2,𝛼𝛼𝛼𝛼) 
 
                                 ≤ 𝑀𝑀(𝑦𝑦2𝑛𝑛+1,𝑦𝑦2𝑛𝑛+2, 𝑡𝑡) ∗  𝑀𝑀(𝑦𝑦2𝑛𝑛+1,𝑦𝑦2𝑛𝑛+2, (1 + 𝛼𝛼)𝑡𝑡)   (∵ 1 +  𝛼𝛼 > 1) 
 

                  ≤ 𝑀𝑀(𝑦𝑦2𝑛𝑛+1,𝑦𝑦2𝑛𝑛+2, 𝑡𝑡) 
 

∴ 𝑀𝑀(𝑦𝑦2𝑛𝑛+1,𝑦𝑦2𝑛𝑛+2,𝑘𝑘𝑘𝑘)  ≤ 𝑀𝑀(𝑦𝑦2𝑛𝑛+1,𝑦𝑦2𝑛𝑛+2, 𝑡𝑡), for 𝑡𝑡 > 0                                                                                            (2.1.1) 
 
 
Again for 𝑥𝑥 = 𝑥𝑥2𝑛𝑛+2, 𝑦𝑦 = 𝑥𝑥2𝑛𝑛+1  in (iii) we have, for 𝑡𝑡 > 0, 
 
𝑀𝑀(𝐴𝐴𝑥𝑥2𝑛𝑛+2,𝐵𝐵𝑥𝑥2𝑛𝑛+1,𝑘𝑘𝑘𝑘) ≤ 𝑀𝑀(𝐷𝐷𝑥𝑥2𝑛𝑛+2,𝐴𝐴𝑥𝑥2𝑛𝑛+2, 𝑡𝑡) ∗ 𝑀𝑀(𝐶𝐶𝑥𝑥2𝑛𝑛+1,𝐵𝐵𝑥𝑥2𝑛𝑛+1, 𝑡𝑡) ∗ 𝑀𝑀(𝐴𝐴𝑥𝑥2𝑛𝑛+2,𝐵𝐵𝑥𝑥2𝑛𝑛+1, 𝑡𝑡)    
                                               ∗ 𝑀𝑀(𝐷𝐷𝑥𝑥2𝑛𝑛+2,𝐶𝐶𝑥𝑥2𝑛𝑛+1, 𝑡𝑡) ∗ 𝑀𝑀(𝐴𝐴𝑥𝑥2𝑛𝑛+2,𝐶𝐶𝑥𝑥2𝑛𝑛+1,𝛼𝛼𝛼𝛼) ∗ 𝑀𝑀(𝐷𝐷𝑥𝑥2𝑛𝑛+2,𝐵𝐵𝑥𝑥2𝑛𝑛+1,𝛼𝛼𝛼𝛼) 
 
i.e. 𝑀𝑀(𝑦𝑦2𝑛𝑛+3,𝑦𝑦2𝑛𝑛+2,𝑘𝑘𝑘𝑘) ≤  𝑀𝑀(𝑦𝑦2𝑛𝑛+2,𝑦𝑦2𝑛𝑛+3, 𝑡𝑡) ∗  𝑀𝑀(𝑦𝑦2𝑛𝑛+1,𝑦𝑦2𝑛𝑛+2, 𝑡𝑡) ∗   𝑀𝑀(𝑦𝑦2𝑛𝑛+3,𝑦𝑦2𝑛𝑛+2, 𝑡𝑡) ∗   𝑀𝑀(𝑦𝑦2𝑛𝑛+2,𝑦𝑦2𝑛𝑛+1, 𝑡𝑡) 
                                             ∗ 𝑀𝑀(𝑦𝑦2𝑛𝑛+3,𝑦𝑦2𝑛𝑛+1,𝛼𝛼𝛼𝛼) ∗  𝑀𝑀(𝑦𝑦2𝑛𝑛+2,𝑦𝑦2𝑛𝑛+2,𝛼𝛼𝛼𝛼) 
 
                                       ≤ 𝑀𝑀(𝑦𝑦2𝑛𝑛+2,𝑦𝑦2𝑛𝑛+3, 𝑡𝑡) ∗ 𝑀𝑀(𝑦𝑦2𝑛𝑛+1,𝑦𝑦2𝑛𝑛+2, 𝑡𝑡) ∗ 𝑀𝑀(𝑦𝑦2𝑛𝑛+3,𝑦𝑦2𝑛𝑛+1,𝛼𝛼𝛼𝛼)                     
 

                                       ≤ 𝑀𝑀(𝑦𝑦2𝑛𝑛+2,𝑦𝑦2𝑛𝑛+3, 𝑡𝑡) ∗ 𝑀𝑀(𝑦𝑦2𝑛𝑛+2,𝑦𝑦2𝑛𝑛+3, (1 + 𝛼𝛼)𝑡𝑡) (∵ 1 +  𝛼𝛼 > 1) 
 

                                       ≤ 𝑀𝑀(𝑦𝑦2𝑛𝑛+2,𝑦𝑦2𝑛𝑛+3, 𝑡𝑡). 
 
i.e  𝑀𝑀(𝑦𝑦2𝑛𝑛+3,𝑦𝑦2𝑛𝑛+2,𝑘𝑘𝑘𝑘) ≤ 𝑀𝑀(𝑦𝑦2𝑛𝑛+2,𝑦𝑦2𝑛𝑛+3, 𝑡𝑡) , for 𝑡𝑡 > 0                                                                                        (2.1.2)                               
 
Thus from (2.1.1) and (2.1.2), we have 𝑀𝑀(𝑦𝑦𝑛𝑛 ,𝑦𝑦𝑛𝑛+1,𝑘𝑘𝑘𝑘) ≤ 𝑀𝑀(𝑦𝑦𝑛𝑛 ,𝑦𝑦𝑛𝑛+1, 𝑡𝑡)  ∀ 𝑛𝑛 ∈ ℕ and 𝑡𝑡 > 0. 
 
Hence 𝑦𝑦𝑛𝑛 = 𝑦𝑦𝑛𝑛+1  ∀ 𝑛𝑛 ∈ ℕ (by Lemma 1.6)                                                                                                 (2.1.3) 
 
Hence {𝑦𝑦𝑛𝑛} is a constant sequence, say, z in 𝑋𝑋. So it is Cauchy in 𝑋𝑋 and converges to 𝑧𝑧 in 𝑋𝑋. 
 
Thus the sequences {𝐴𝐴𝑥𝑥2𝑛𝑛}, {𝐶𝐶𝑥𝑥2𝑛𝑛+1}, {𝐷𝐷𝑥𝑥2𝑛𝑛} 𝑎𝑎𝑎𝑎𝑎𝑎 {𝐵𝐵𝑥𝑥2𝑛𝑛+1}  also converge to 𝑧𝑧. 
 
Now we have  𝐴𝐴𝑥𝑥0 = 𝐶𝐶𝑥𝑥1 = 𝑦𝑦1    𝑎𝑎𝑎𝑎𝑎𝑎    𝐵𝐵𝑥𝑥1 = 𝐷𝐷𝑥𝑥2 = 𝑦𝑦2, 
 
⇒ 𝐴𝐴𝑥𝑥0 = 𝐶𝐶𝑥𝑥1 =  𝑦𝑦1 = 𝑦𝑦2 = 𝐵𝐵𝑥𝑥1 = 𝐷𝐷𝑥𝑥2 
 
Therefore  𝐴𝐴𝑥𝑥2 = 𝐶𝐶𝑥𝑥1 = 𝑦𝑦1   ⇒  𝐵𝐵𝑥𝑥1 = 𝐶𝐶𝑥𝑥1 = 𝑦𝑦1 ⇒ 𝐵𝐵𝐵𝐵𝑥𝑥1 = 𝐶𝐶𝐶𝐶𝑥𝑥1  
 
⇒𝐵𝐵(𝐵𝐵𝑥𝑥1) = 𝐶𝐶(𝐵𝐵𝑥𝑥1) ⇒  𝐵𝐵𝑦𝑦1 = 𝐶𝐶𝑦𝑦1 [ 𝑏𝑏𝑏𝑏 (𝑖𝑖𝑖𝑖) 𝐵𝐵,𝐶𝐶 𝑎𝑎𝑎𝑎𝑎𝑎 𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐] and 𝐴𝐴𝑦𝑦1 = 𝐷𝐷𝑦𝑦1 
 
[𝑏𝑏𝑏𝑏 (𝑖𝑖𝑖𝑖)  𝐴𝐴,𝐷𝐷 𝑎𝑎𝑎𝑎𝑎𝑎 𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐] 
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By taking  𝑥𝑥 = 𝑥𝑥2,𝑦𝑦 = 𝑦𝑦1 in (iii), we get 
 
𝑀𝑀(𝐴𝐴𝑥𝑥2,𝐵𝐵𝑦𝑦1,𝑘𝑘𝑘𝑘) ≤  𝑀𝑀(𝐷𝐷𝑥𝑥2,𝐴𝐴𝑥𝑥2, 𝑡𝑡) ∗ 𝑀𝑀(𝐶𝐶𝑦𝑦1,𝐵𝐵𝑦𝑦1, 𝑡𝑡) ∗ 𝑀𝑀(𝐴𝐴𝑥𝑥2,𝐵𝐵𝑦𝑦1, 𝑡𝑡) ∗              
                                             𝑀𝑀(𝐷𝐷𝑥𝑥2,𝐶𝐶𝑦𝑦1, 𝑡𝑡) ∗ 𝑀𝑀(𝐴𝐴𝑥𝑥2,𝐶𝐶𝑦𝑦1,𝛼𝛼𝛼𝛼) ∗ 𝑀𝑀(𝐷𝐷𝑥𝑥2,𝐵𝐵𝑦𝑦1,𝛼𝛼𝛼𝛼) 
 
⇒ 𝑀𝑀(𝑦𝑦1,𝐵𝐵𝑦𝑦1, 𝑘𝑘𝑘𝑘) ≤ 𝑀𝑀(𝑦𝑦1,𝑦𝑦1, 𝑡𝑡) ∗ 𝑀𝑀(𝐵𝐵𝑦𝑦1,𝐵𝐵𝑦𝑦1, 𝑡𝑡) ∗ 𝑀𝑀(𝑦𝑦1,𝐵𝐵𝑦𝑦1, 𝑡𝑡) ∗ 𝑀𝑀(𝑦𝑦1,𝐵𝐵𝑦𝑦1, 𝑡𝑡) ∗ 𝑀𝑀(𝑦𝑦1,𝐵𝐵𝑦𝑦1,𝛼𝛼𝑡𝑡) ∗ 𝑀𝑀(𝑦𝑦1,𝐵𝐵𝑦𝑦1,𝛼𝛼𝑡𝑡) 
 
⇒ 𝑀𝑀(𝑦𝑦1,𝐵𝐵𝑦𝑦1, 𝑘𝑘𝑘𝑘) ≤ 𝑀𝑀(𝑦𝑦1,𝐵𝐵𝑦𝑦1, 𝑡𝑡) ∗ 𝑀𝑀(𝑦𝑦1,𝐵𝐵𝑦𝑦1,𝛼𝛼𝛼𝛼) 
 
                              ≤ 𝑀𝑀(𝑦𝑦1,𝐵𝐵𝑦𝑦1,𝛼𝛼𝛼𝛼)                  [∵ 𝛼𝛼 < 1] 
 
                              ≤ 𝑀𝑀(𝑦𝑦1,𝐵𝐵𝑦𝑦1, 𝑡𝑡) ∀ 𝑡𝑡 > 0 
 
Therefore by Lemma 1.6, we have 𝐵𝐵𝑦𝑦1 = 𝑦𝑦1 = 𝐶𝐶𝑦𝑦1 
 
By taking  𝑥𝑥 = 𝑦𝑦1,𝑦𝑦 = 𝑦𝑦1 in (iii), we get 
 
𝑀𝑀(𝐴𝐴𝑦𝑦1,𝐵𝐵𝑦𝑦1, 𝑘𝑘𝑘𝑘) ≤  𝑀𝑀(𝐷𝐷𝑦𝑦1,𝐴𝐴𝑦𝑦1, 𝑡𝑡) ∗ 𝑀𝑀(𝐶𝐶𝑦𝑦1,𝐵𝐵𝑦𝑦1, 𝑡𝑡) ∗ 𝑀𝑀(𝐴𝐴𝑦𝑦1,𝐵𝐵𝑦𝑦1, 𝑡𝑡) ∗              
                                  𝑀𝑀(𝐷𝐷𝑦𝑦1,𝐶𝐶𝑦𝑦1, 𝑡𝑡) ∗ 𝑀𝑀(𝐴𝐴𝑦𝑦1,𝐶𝐶𝑦𝑦1,𝛼𝛼𝛼𝛼) ∗ 𝑀𝑀(𝐷𝐷𝑦𝑦1,𝐵𝐵𝑦𝑦1,𝛼𝛼𝛼𝛼) 
 
⇒ 𝑀𝑀(𝐴𝐴𝑦𝑦1,𝑦𝑦1, 𝑘𝑘𝑘𝑘) ≤  𝑀𝑀(𝐴𝐴𝑦𝑦1,𝐴𝐴𝑦𝑦1, 𝑡𝑡) ∗ 𝑀𝑀(𝑦𝑦1,𝑦𝑦1, 𝑡𝑡) ∗ 𝑀𝑀(𝐴𝐴𝑦𝑦1,𝑦𝑦1, 𝑡𝑡) ∗ 𝑀𝑀(𝐴𝐴𝑦𝑦1,𝑦𝑦1, 𝑡𝑡)              
                                                                           ∗ 𝑀𝑀(𝐴𝐴𝑦𝑦1,𝑦𝑦1,𝛼𝛼𝛼𝛼) ∗ 𝑀𝑀(𝐴𝐴𝑦𝑦1,𝑦𝑦1,𝛼𝛼𝛼𝛼) 
 
                              ≤ 1 ∗ 1 ∗ 𝑀𝑀(𝐴𝐴𝑦𝑦1,𝑦𝑦1, 𝑡𝑡) ∗ 𝑀𝑀(𝐴𝐴𝑦𝑦1,𝑦𝑦1,𝛼𝛼𝛼𝛼) 
 
                              ≤ 𝑀𝑀(𝐴𝐴𝑦𝑦1,𝑦𝑦1,𝛼𝛼𝛼𝛼)                             [∵ 𝛼𝛼 < 1] 
 
                              ≤ 𝑀𝑀(𝐴𝐴𝑦𝑦1,𝑦𝑦1, 𝑡𝑡) 
 
⇒ 𝑀𝑀(𝐴𝐴𝑦𝑦1,𝑦𝑦1, 𝑘𝑘𝑘𝑘) ≤ 𝑀𝑀(𝐴𝐴𝑦𝑦1,𝑦𝑦1, 𝑡𝑡) ∀ 𝑡𝑡 > 0 
 
Therefore by Lemma 1.6, we have 𝐴𝐴𝑦𝑦1 = 𝑦𝑦1 = 𝐷𝐷𝑦𝑦1 
 
∴ 𝑦𝑦1 is a fixed point of  𝐴𝐴,𝐵𝐵,𝐶𝐶 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷.  
 
By (iii), 𝐴𝐴,𝐵𝐵,𝐶𝐶 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷 cannot have more than one fixed point. 
 
Hence 𝐴𝐴,𝐵𝐵,𝐶𝐶,𝐷𝐷 have a unique common fixed point in 𝑋𝑋 and also 𝐴𝐴𝑥𝑥0 = 𝑦𝑦1 every𝑥𝑥0 ∈ 𝑋𝑋. 
 
Thus we have shown that for any 𝑥𝑥0 ∈ 𝑋𝑋,𝐴𝐴𝑥𝑥0 = 𝑦𝑦1 is the unique fixed point of   𝐴𝐴,𝐵𝐵,𝐶𝐶 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷. 
 
Hence  𝐴𝐴 is a constant function. 
 
From (i) of Theorem 2.1, we have  𝐴𝐴(𝑋𝑋) ⊂ 𝐶𝐶(𝑋𝑋)𝑎𝑎𝑎𝑎𝑎𝑎 𝐵𝐵(𝑋𝑋)  ⊂  𝐷𝐷(𝑋𝑋) 
 
For 𝑥𝑥0 ∈ 𝑋𝑋, construct the sequences {𝑥𝑥𝑛𝑛} and {𝑦𝑦𝑛𝑛} as follows 
 
𝐵𝐵𝑥𝑥0 = 𝐷𝐷𝑥𝑥1 =  𝑦𝑦1    𝑎𝑎𝑎𝑎𝑎𝑎    𝐴𝐴𝑥𝑥1 = 𝐶𝐶𝑥𝑥2 =  𝑦𝑦2, 
 
𝐵𝐵𝑥𝑥2 = 𝐷𝐷𝑥𝑥3  = 𝑦𝑦3  𝑎𝑎𝑎𝑎𝑎𝑎  𝐴𝐴𝑥𝑥3 = 𝐶𝐶𝑥𝑥4 = 𝑦𝑦4    
 
In general, 𝐵𝐵𝑥𝑥2𝑛𝑛 = 𝐷𝐷𝑥𝑥2𝑛𝑛+1 = 𝑦𝑦2𝑛𝑛+1 𝑎𝑎𝑎𝑎𝑎𝑎    𝐴𝐴𝑥𝑥2𝑛𝑛+1 = 𝐶𝐶𝑥𝑥2𝑛𝑛+2 = 𝑦𝑦2𝑛𝑛+2 
 
Then, it can be shown, as we did in the case of A, that B is constant, say, 𝐵𝐵𝐵𝐵 = 𝑤𝑤 for every 𝑥𝑥 ∈ 𝑋𝑋 and 𝑤𝑤 is  the 
common  fixed point for 𝐴𝐴,𝐵𝐵,𝐶𝐶 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷. 
 
Hence, 𝑧𝑧 = 𝑤𝑤 by the uniqueness of the common fixed point 𝐴𝐴,𝐵𝐵,𝐶𝐶 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷. 
 
Hence 𝐴𝐴 = 𝐵𝐵 
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Let  𝑥𝑥 ∈ 𝑋𝑋. By condition (iii) taking 𝑥𝑥 = 𝑦𝑦, we get 
 
𝑀𝑀(𝐴𝐴𝐴𝐴,𝐵𝐵𝐵𝐵, 𝑘𝑘𝑘𝑘) ≤  𝑀𝑀(𝐷𝐷𝐷𝐷,𝐴𝐴𝐴𝐴, 𝑡𝑡) ∗ 𝑀𝑀(𝐶𝐶𝐶𝐶,𝐵𝐵𝐵𝐵, 𝑡𝑡) ∗ 𝑀𝑀(𝐴𝐴𝐴𝐴,𝐵𝐵𝐵𝐵, 𝑡𝑡) ∗ 𝑀𝑀(𝐷𝐷𝐷𝐷,𝐶𝐶𝐶𝐶, 𝑡𝑡) ∗ 𝑀𝑀(𝐴𝐴𝐴𝐴,𝐶𝐶𝐶𝐶,𝛼𝛼𝛼𝛼) ∗ 𝑀𝑀(𝐷𝐷𝐷𝐷,𝐵𝐵𝐵𝐵,𝛼𝛼𝛼𝛼) 
 
1 ≤  𝑀𝑀(𝐷𝐷𝐷𝐷,𝐴𝐴𝐴𝐴, 𝑡𝑡) ∗ 𝑀𝑀(𝐶𝐶𝐶𝐶,𝐵𝐵𝐵𝐵, 𝑡𝑡) ∗ 1 ∗ 𝑀𝑀(𝐷𝐷𝐷𝐷,𝐶𝐶𝐶𝐶, 𝑡𝑡) ∗ 𝑀𝑀(𝐴𝐴𝐴𝐴,𝐶𝐶𝐶𝐶,𝛼𝛼𝛼𝛼) ∗ 𝑀𝑀(𝐷𝐷𝐷𝐷,𝐵𝐵𝐵𝐵,𝛼𝛼𝛼𝛼)        
       
∴ 1 ≤  𝑀𝑀(𝐴𝐴𝐴𝐴,𝐷𝐷𝐷𝐷, 𝑡𝑡)for every 𝑡𝑡 > 0 ⇒ 𝐴𝐴𝐴𝐴 = 𝐷𝐷𝐷𝐷∀𝑥𝑥 ∈ 𝑋𝑋 ⇒ 𝐴𝐴 = 𝐷𝐷     
             
∴ 1 ≤  𝑀𝑀(𝐶𝐶𝐶𝐶,𝐵𝐵𝐵𝐵, 𝑡𝑡)for every 𝑡𝑡 > 0 ⇒ 𝐶𝐶𝐶𝐶 = 𝐵𝐵𝐵𝐵∀𝑥𝑥 ∈ 𝑋𝑋 ⇒ 𝐶𝐶 = 𝐵𝐵.            
 
Therefore 𝐷𝐷 = 𝐴𝐴 = 𝐵𝐵 = 𝐶𝐶                     
 
Therefore 𝐴𝐴,𝐵𝐵,𝐶𝐶,𝐷𝐷 are constants.                                                                
 
Corollary: 2.2 Let 𝐴𝐴,𝐵𝐵, 𝑆𝑆,𝑇𝑇, 𝐼𝐼 𝑎𝑎𝑎𝑎𝑎𝑎 𝐽𝐽 be self maps of a FM-space (𝑋𝑋,𝑀𝑀,∗) with ∗ =  𝑚𝑚𝑚𝑚𝑚𝑚, satisfying (i), (iii), (iv), (v), 
(vi) in the Theorem 1.7. Then 𝐴𝐴𝐴𝐴, 𝑆𝑆𝑆𝑆, 𝐼𝐼 𝑎𝑎𝑎𝑎𝑎𝑎 𝐽𝐽 have a unique common fixed point. 
 
Proof: Let 𝛽𝛽 = 𝑚𝑚𝑚𝑚𝑚𝑚�𝛼𝛼 − 1, 𝛼𝛼

2 �, 𝑠𝑠𝑠𝑠 𝑡𝑡ℎ𝑎𝑎𝑎𝑎  𝛽𝛽 ∈ (0,1) . Then 
 
𝑀𝑀(𝐴𝐴𝐴𝐴𝐴𝐴, 𝑆𝑆𝑆𝑆𝑆𝑆, 𝑘𝑘𝑘𝑘) ≤ 𝑀𝑀(𝐼𝐼𝐼𝐼,𝐴𝐴𝐴𝐴𝐴𝐴, 𝑡𝑡) ∗ 𝑀𝑀(𝐽𝐽𝐽𝐽, 𝑆𝑆𝑆𝑆𝑆𝑆, 𝑡𝑡) ∗ 𝑀𝑀(𝐴𝐴𝐴𝐴𝐴𝐴, 𝑆𝑆𝑆𝑆𝑆𝑆, 𝑡𝑡) ∗ 𝑀𝑀(𝐼𝐼𝐼𝐼, 𝐽𝐽𝐽𝐽, 𝑡𝑡) 

                                                         ∗ 𝑀𝑀(𝐴𝐴𝐴𝐴𝐴𝐴, 𝐽𝐽𝐽𝐽, (𝛼𝛼– 1)𝑡𝑡) ∗ 𝑀𝑀(𝐼𝐼𝐼𝐼, 𝑆𝑆𝑆𝑆𝑆𝑆, 𝛼𝛼𝛼𝛼2 ) 
 

                             ≤ 𝑀𝑀(𝐼𝐼𝐼𝐼,𝐴𝐴𝐴𝐴𝐴𝐴, 𝑡𝑡) ∗ 𝑀𝑀(𝐽𝐽𝐽𝐽, 𝑆𝑆𝑆𝑆𝑆𝑆, 𝑡𝑡) ∗ 𝑀𝑀(𝐴𝐴𝐴𝐴𝐴𝐴, 𝑆𝑆𝑆𝑆𝑆𝑆, 𝑡𝑡) ∗ 𝑀𝑀(𝐼𝐼𝐼𝐼, 𝐽𝐽𝐽𝐽, 𝑡𝑡) 
                                                                  ∗ 𝑀𝑀(𝐴𝐴𝐴𝐴𝐴𝐴, 𝐽𝐽𝐽𝐽,𝛽𝛽𝛽𝛽) ∗ 𝑀𝑀(𝐼𝐼𝐼𝐼, 𝑆𝑆𝑆𝑆𝑆𝑆,𝛽𝛽𝛽𝛽) 
 

∴ 𝐴𝐴𝐴𝐴 = 𝐼𝐼 = 𝐽𝐽 = 𝑆𝑆𝑆𝑆 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 by our main result. 
 
Hence 𝐴𝐴𝐴𝐴, 𝐼𝐼, 𝐽𝐽, 𝑆𝑆𝑆𝑆 have a unique common fixed point in 𝑋𝑋. 
 
Note 1: Thus the Theorem 1.7 is a corollary to our main result Theorem 2.1. 
 
Note 2: However under the hypothesis of Theorem 3.1, of Saluja and Mukehs Kumar Jain [8], 𝐴𝐴,𝐵𝐵, 𝑆𝑆 𝑎𝑎𝑎𝑎𝑎𝑎 𝑇𝑇 need not 
be constant functions, even though 𝐴𝐴𝐴𝐴 =  𝑆𝑆𝑆𝑆 = constant function. 
 
This is a evident by taking  𝐵𝐵 = 𝑇𝑇 = identity map and 𝐴𝐴 = 𝑆𝑆 = 𝐼𝐼. 
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