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ABSTRACT
An operator T € B(H) is said to be K - quasi - paranormal operator if HTKHXH2 < HT'”ZXH HTkXH for every

x e H , k isanatural number. In this paper, K - quasi - paranormal composition operators on L? space and Hardy
space is characterized.
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1. INTRODUCTION AND PRELIMINARIES

Let H be an infinite dimensional complex Hilbert space and B(H) denote the algebra of all bounded linear operators
acting on H . Every operator T can be decomposed into T = U |T|With a partial isometry U , where |T| = \/ﬁ
In this paper, T= U |T|denotes the polar decomposition satisfying the kernel condition N (U) = N(|T|) An
operator T is said to be positive (denoted T >0) if (TX, X) >0 forall X € H . The operator T issaidtobea p -

hyponormal operator if and only if (T T )p > (TT*)p for a positive number p .

In [23], the class of log - hyponormal operators is defined as follows: T is called log - hyponormal if it is invertible and

satisfies l0g (T*T)p > log (TT*>p. Class of p - hyponormal operators and class of log hyponormal operators

were defined as extension class of hyponormal operators, i.e, T T >TT . It is well known that every p -
hyponormal operator is a (- hyponormal operator for p > >0, by the Léwner - Heinz theorem "A>B >0

ensures A” > B® for any a€[0,1]", and every invertible P - hyponormal operator is a log - hyponormal operator
2

since log (+)is an operator monotone function. An operator T is called paranormal if ||TX|| < HTZXH ||X|| for all

X € H . Itis also well known that there exists a hyponormal operator T such that T ?is not hyponormal (see [14]).

Furuta, Ito and Yamazaki [9] introduced class A(K)and absolute - K- paranormal operators for Kk > 0Oas
generalizations of class A and paranormal operators, respectively. An operator T belongs to class A(K) if
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(T

vector X .An operator T is called quasi class Aif T~ |T|2T >T" ‘TZ‘T . Fuji, 1zumino and Nakamoto [8] introduced

1
T|2k T)"+1 > |T|2 and T is said to be absolute - K - paranormal operator if H|T|k TXH > ||'|'X||k+1 for every unit

p - paranormal operators for p > Oas a generalization of paranormal operators.
Fujii, Jung, S. H. Lee, M. Y. Lee and Nakamoto [11] introduced class A(p, ) as a further generalization of class
* r 2
T

Al (p,r) is class of all invertible operators which belong to class A(p, ). Yamazaki and Yanagida [25] introduced

T

A(K). An operator T eclass A(p,r) for p>0 and r>0 if ( r)p” Z‘T*‘zr and class

absolute - (P, I') - paranormal operator. It is a further generalization of the classes of both absolute - K - paranormal
operators and ] - paranormal operators as a parallel concept of class A(P, I') . An operator T is said to be paranormal

operator if HTZXH > ||TX||2 for every unit vector X . Paranormal operators have been studied by many authors [3], [10]
and [16].

In [3], Ando showed that T is paranormal if and only if
T?T?-2AT'T+4°>0 forall 1>0.

In order to extend the class of paranormal operators and class of quasi - class A operators, Mecheri [18] introduced a
new class of operators called K - quasi - paranormal operators. An operator T is called K - quasi - paranormal if

2
HT k”x” < HT'”ZXH HTkXH forall X € H , where K is a natural number. A 1 - quasi - paranormal operator is quasi

paranormal. The following implication gives us relations among the classes of operators.
Hyponormal = p - hyponormal = class A => paranormal => quasi - paranormal = K - quasi — paranormal.
Hyponormal =>class A => quasi - class A =>quasi — paranormal => K - quasi - paranormal

Let (X,2,4) be asigma - finite measure space and let T : X — X be a non singular measurable transformation.
A bounded linear operator C f = f oT on L?(X, X, A) s said to be a composition operator induced by T , when

the measure AT ' is absolutely continuous with respect to the measure A and the Radon - Nikodym derivative
dAT ™ /dA = f, is essentially bounded. The Radon - Nikodym derivative of the measure A(T*)™ with respect to

A is denoted by fo(k) ,where T* is obtained by composing T - k times.

2. k- QUASI - PARANORMAL COMPOSITION OPERATORS

In this section, we characterize K - quasi - paranormal composition operator.

Every essentially bounded complex valued measurable function f0 induces the bounded operator M , On L? (1),

which is definedby M, f = f,f forevery f e L’(4).Further CC =M, and C?C*=M 2 [21].
0 o 0
The following Lemma due to Harrington and Whitely [15] is well known.

Lemma 2.1 [15]: If P denote the projection of L>on R(C),then C'Cf = f f and CC” =(f oT)Pf forall
f € L” where P denote the projection of L? onto R(C) and R(C) = {f el?:fisT'Y measurable}.

. . . - 2
The following theorem characterize K - quasi - paranormal composition operators on L space.
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Proposition 2.2 [18]: An operator T € B(H ) is k - quasi - paranormal if and only if

*K+2 2 *K+1,

T T 2T T 4 22T T* >0 forevery 1>0.

Theorem 2.3: Let CeB(L°(1)). Then Cis of k - quasi - paranormal operator if and only if
f D 228D 1 22f® >0 | ae., where P is the projection of L*on R(C).

Proof: Let C € B(L?(4)) is of K - quasi - paranormal operator if and only if

*k+2

c*'c” —2acC

“ckga2ctck 0.
Thus,

*k+1

<(C*k+2ck+2 —ZZC Ck+l+lzc*kck)ZEa /}//E>20

for every characteristic function . of Ein > suchthat A(E) <.
Since C°C*=M . [21] and cc=M 1, [5], we have,
0

<(M fo(k+2) _ZlM fO(m) +12M fo(k) )ZE, }(E>2 0
e, [(f."? =221, +221,0) d2 >0

E
forevery E in 2.

Hence C is K - quasi - paranormal operator if and only if f**? —21f! ™ +12f*) >0 ae.

Corollary 2.4: Let C € B(L?(1)) with dense range. Then C € K - quasi - paranormal operator if and only if
(k+2) (k+1) 2 ¢ (k)
fo =241, + A% 15 2 0ae.

Example 2.5: Let X = N the set of all natural numbers and A be the counting measure on it. Define T : N — N by
T@=1 T(h+m+1)=n, m=0,1,23,.. and neN.since f?-22fV+22f >0, C isof k -
quasi - paranormal composition operator.

Theorem 2.6: Let CeB(L?(4)), Then C'e Kk - quasi - paranormal operator if and only if
[( f, oT)(k+2) PJ—Z/”L[( f, oT)(k+1) F’l}riz [( f, oT)(k) Pl} >0 ae, where P and P, is the projection of
?onto R(C) and R(C?) respectively.

Proof: Let C’isof Kk - quasi - paranormal operator if and only if

*k+2

c'c* —2act'ct L 2c" Cc* > 0.
ie. <(cc ~2ac"C e 22e e f>2 0 forevery f e L.

We have (CC'f, f)=((f,oT)Rf, f) and (CC'f, f)=((f,oT)Rf, f) where P and P, are the

projections of L?onto R(C) and R(C?) respectively. Thus C is of K - quasi - paranormal operator if and only if
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<([( o T) R )1, f>—<(2/1[( f,oT) R )1, f>+<(/12 (oT)R]) 1, f>2 0 forevery f L.
e | (fooT) R =22 (f,oT) VR [+2%| (f,oT) " R |20 ae.

Corollary 2.7: Let C" e B(L*(A)) with dense range. Then C" € K - quasi - paranormal operator if and only if
[(oT)“? |=22[ (fooT)*? |+ 22] (f,oT) |20 ae

3. WEIGHTED Kk - QUASI - PARANORMAL COMPOSITION OPERATORS

A weighted composition operator(w.c.0) induced by T is a linear transformation acting on the set of complex valued
2. measurable functions f , defined as Wf =w(f oT), w is a complex valued 2, measurable function. when

w=1, we say that W is a composition operator. Let W, denote W(WoT)(WoT?)...(WwoT*?) so that
WHEf = w, (f oT)* [19]. To examine the weighted composition operators effectively Alan Lambert [17] associated
conditional expectation operator E with T as E (o /T Z) =E (0) . E(f) is defined for each non - negative

measurable function f € L?(1< p) and is uniquely determined by the conditions

() E(f) is T2 measurable.
(i) If B isany T ™Y measurable set for which I f dA converges, we have J. fdi= j E(f) dA.
B B B

The projection operator E on L” is identity if and only if T =3 . For more information [[41, [71, [12]].
Proposition 3.1 [4]: For w>0,

(i) WWF = fO[E(WZ)]oT‘lf .

(i) WW™ f =w( fyoT)E(wf).

Now we characterize weighted K - quasi - paranormal composition operators as follows.

Theorem 3.2:W is K - quasi - paranormal if and only if

[fIEW)]oT 2] 2] fEEWAT ] + 22 [ fIEEWA]T ] 20 ae.
Proof: Since W is of Kk - quasi - paranormal, WW T —2aW W £ 22W WK > 0and hence,
<(W*“W T2 W W W £ >z 0 forall f e l?

since W*f =w, (foT) and W™ f = fOE(Wf)oT™, W'W"=fOEWS)oT™f and we have
W'WF = fO[E(WZ)]oT’lf for w>0 [4], and hence
j{[ fO[E(WZ)]oT-l]“—2/1[f0[E(w2)]oT-l]k”+/12[fO[E(WZ)]oT-l]k}dzzomr every E€ Y.

E
k+

Andso [ fEEW?)]T ] — 22 fIEWA]T ] + 22 [ REW)]-T ] 20 ae.
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Corollary 3.3: LetT 1Y =3 Then W isof K - quasi - paranormal if and only if
2 1 k+2 2 1 k+1 2 2 1 k
[ f[w’ToT [ =24 f[w’ 1T |+ 2°[ f[W’]oT ] 20 ae.
~ - 1 1
The Aluthge transform of T is the operator T given by T = |T|2 U |T|2 was introduced in [1] by Aluthge. More

generally we may form the family of operators {TS 0<s Sl} where T, :|T|SU |T |1_s [2]. For a composition
1

NERS

. . . 1-
Lambert has given more general Aluthge transformation for composition operators as C, =|C|SU |C| * and

operator C , the polar decomposition is given by C =U |C| where |C| f= \/fT)f and Uf = foT.In[5]

f 2 f 2
C.f= 0 foT. That is C, is weighted composition operator with weight 7 = 0 where
fo OT fO OT

0 <s<1.since C,is aweighted composition operator it is easy to show that |Cs| f= \/ f, [E(;r)2 oT’l] f and
7y Ty oT

1

[E(m/ f,oT )2}4

C,

f =v E[vf] where v = . Also we have,
Cif=n (foT"),

Cxf=fME(m f)oT™,

CCEf = fOE(m2) T f .

Corollary 3.4:1f T"Y =Y, C,eB(L*(1)). Then C, is of k - quasi - paranormal if and only if
K+

[ 21T ] 24 f[x2oT 2]+ 22 [ £,[2°]oT ] 20 ae.

o

f 2
Proof: Since C,S is weighted composition operator with weight 7 :( ; g J , it follows that CS isof Kk - quasi -
0

paranormal if and only if

K+

[f[r21oT 2] 22 £ [221eT ] + 22 £[221oT ] 20

1 1
The second Aluthge Transformation of T described by B. P. Duggal [6] is given by 'Izz‘T‘ZV‘T‘Z, where

'IC =V 'IC is the polar decomposition of 'I: .

~ 1 L
Senthilkumar and Prasad [22] studied that the operator C:|CS|2V|CS|2, where C, :V|CS| is the polar

decomposition of the generalized Aluthge transformation C,:0< S <1 is a weighted composition operator with

1
weight W'=J4r ZLrl’JoT where J = fE(z%)oT™,

J4

Corollary 35: T 'Y =Y, CeB(L*(1)). Then C is of k - quasi - paranormal if and only if
[folw21oT ] 22 f[w21oT ] + 22 f,w?]eT ] 20 ae.
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1

. . . o . . ' o A
Proof: Since C is weighted composition operator with weight W'=J*7x L’i"]

oT |, it follows that C isof K -
J 4
quasi - paranormal if and only if

[flw?21oT 2] =22 f[w21oT ] + 22 £[w?1oT ] 20 ae.

4. Kk - QUASI - PARANORMAL COMPOSITION OPERATORS ON WEIGHTED HARDY SPACES

The set H?(y) of formal complex power series f (z) = ZanZ " such that || f ||i = Z|an|2 y2 <o is the general
n=0 n=0

Hardy space of functions analytic in the unit disc with the inner product

(f.9) =2 a,by
n=0

for f as above and g(Z):Z:ann and ;/z{}/n}mobe a sequence of positive numbers with y, =1land

n=
n=0

P01 5905 n—> o0,

Vn

If @is an analytic function mapping the unit disc D into itself, we define the composition operator Cqj on the spaces

H?(y) by
C,f = fo

Though the operator C¢ are defined everywhere on the classical Hardy space H 2 (the case when y, =1for all n),

they are not necessarily defined on all of H 2(7/) . The composition operator C¢ is defined on H 2(7/) only when the

function ¢ is analytic on some open set containing the closed unit disc having supremum norm strictly smaller than
one [26].

The properties of composition operator on the general Hardy spaces H 2(}/) are studied in [13], [20] and [24]. In this
section, we investigate the properties of K - quasi - paranormal composition operators on general Hardy spaces

H2(y).

For a sequence y as above and a point Win D, let
o0 1 P N
kW]/(Z) = z_n(wz)
n=0 72
Then the function K,y is a point evaluation for H?(y) i.e., for f in H*(y),
(f.ky7), = f(w)
Then Koy =1and C K, =K,.,7 -
Theorem 4.1: If Cis k - quasi - paranormal on H () then 1 =1.

Proof: Let C, be k - quasi - paranormal on H ?(¥) . By the definition of K - quasi - paranormal,
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k+1 2~ K
>
C s T AC 5 C 5 = 0

wk+2

¢

k41

c,”'c,” ~2ac,

((c"7e, " ~22¢, e, v a%c, Cf) 1, 1)20 ¥ feHi()
((e"e, )t )-2a((c, e, ) 1, 1 )+ a%((c c,f) £, 1) =0
(e, 1.c," 1)) -22((c," f.c," 1))+ 22((c, 1.¢, 1)) =0
L C¢k fHZ >0

le, "] -24]c,” 1

e, 0 ~24c, e, nf +42[c, ", 1 20

Let f =K,y , we have

e, k| ~22]e, Chonl] +42[c,” € k)

2
+ A2
V4

2
>0
y

le, k| ~22]c, k|| +4%[c, ko] 20

2 2
+A
e

2
4
Repeating the steps for k times we get

kot =22 kot +2* Jor [ > 0

1-22+A%*>0 since kyy =1

By elementary properties of real quadratic form we get A =1.
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