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ABSTRACT
In this paper, we prove that, for any non-negative integers a, b, canddwitha<c<d,b<d,c>a+1and
d>b+c—a, there exists a connected graph G such that f,(G) = a, fs(G) = b, h(G) = ¢ and g(G) = d, where f,(G) ,
fo(G) , h(G) and g(G) are the forcing hull number, the forcing geodetic number, the hull number and the geodetic
number of a graph respectively. This result solves a problem of Li-Da Tong [Li-Da Tong, The forcing hull and forcing
geodetic numbers of graphs, Discrete Applied Mathematics, 157 (2009), 1159-1163].
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1. INTRODUCTION

By a graph G = (V,E), we mean a finite undirected connected graph without loops or multiple edges. The order and size
of G are denoted by p and g respectively. For basic graph theoretic terminology, we refer to Harary [1, 8]. A convexity
on a finite set V is a family C of subsets of V, convex sets which are closed under intersection and which contains both
V and the empty set. The pair (V, E) is called a convexity space. A finite graph convexity space is a pair (V, E), formed
by a finite connected graph G = (V, E) and a convexity C on V such that (V, E) is a convexity space satisfying that
every member of C induces a connected subgraph of G. Thus, classical convexity can be extended to graphs in a natural
way. We know that a set X of R" is convex if every segment joining two points of X is entirely contained in it. Similarly
a vertex set W of a finite connected graph is said to be convex set of G if it contains all the vertices lying in a certain
kind of path connecting vertices of W[2,7]. The distance d(u,v) between two vertices u and v in a connected graph G is
the length of a shortest u—v path in G. An u-v path of length d(u,v) is called an u—v geodesic. A vertex x is said to lie on
a u-v geodesic P if x is a vertex of P including the vertices u and v. For two vertices u and v, let I[u,v] denotes the set of
all vertices which lie on u —v geodesic. For a set S of vertices, let I[S] = U,, ,es I[u, v]. The set S is convex if I[S] = S.
Clearly if S = {v} or S =V, then S is convex. The convexity number, denoted by C(G), is the cardinality of a maximum
proper convex subset of V. The smallest convex set containing S is denoted by I,(S) and called the convex hull of S.
Since the intersection of two convex sets is convex, the convex hull is well defined. Note that SC I[S] S I,(S) € V. A
subset S < V is called a geodetic set if I[S] = V and a hull set if 1,(S) = V. The geodetic number g(G) of G is the
minimum order of its geodetic sets and any geodetic set of order g(G) is a minimum geodetic set or simply a g- set of G.
Similarly, the hull number h(G) of G is the minimum order of its hull sets and any hull set of order h(G) is a minimum
hull set or simply a h- set of G. The geodetic number of a graph is studied in [1, 5, 9] and the hull number of a graph is
studied in [1,6]. It was shown in [9] that determining the geodetic number of a graph is NP-hard problem. A vertex v of
G is said to be a geodetic vertex of G if v belongs to every minimum geodetic set of G. A subset T C W is called a
forcing subset for W if W is the unique minimum geodetic set containing T. A forcing subset for W of minimum
cardinality is a minimum forcing subset of W. The forcing geodetic number of W, denoted by f(W), is the cardinality of
a minimum forcing subset of W. The forcing geodetic number of G, denoted by f(G), is f(G) = min{f(W)}, where the
minimum is taken over all minimum geodetic sets W in G. The forcing geodetic number of a graph was introduced in
[3]. A vertex v of G is said to be a hull vertex of G if v belongs to every minimum hull set of G.A subset T C Sis
called a forcing subset for S if S is the unique minimum hull set containing T. A forcing subset for S of minimum
cardinality is a minimum forcing subset of S. The forcing hull number of S, denoted by f,(S), is the cardinality of a
minimum forcing subset of S. The forcing hull number of G, denoted by f,(G),is f,(G)=min{f,(S)}, where the minimum
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is taken over all minimum hull sets S in G. The forcing hull number of a graph was introduced in [4] and further studied
in [10]. A vertex v of G is said to be an extreme vertex of G if the subgraph induced by its neighbors is complete. In [6]
Chartrand and Zhang raised the question, for which pair of integers a, b there exists a connected graph G with f,(G) = a
and fy(G) = b. In [10] Li-Da Tong proved that for every pairs a, b of nonnegative integers, there exists a connected a
graph G with f,(G) = a and fy(G) = b and raised the question, for every integers a, b ,canddwitha<c< d,b<d,c
> 2, does there exists a connected graph G with f,(G) = a, f,(G) = b, h(G) = c and g(G) = d. In this paper it is answered
that, for every non negative integers a, b, cand d witha<c<d,b<d,c>a+1andd>c + b - a, there exists a
connected graph G such that f,(G) = a, f4(G) = b, h(G) = c and g(G) = d.

Theorem 1.1: [5, 6] If v is an extreme vertex of a graph G, then v belongs to every hull set and geodetic set of G.
Theorem 1.2: [1] For a connected graph G, h (G) = p if and only if G = K.

Theorem 1.3: [4] Let G be a connected graph. Then

(@) f,(G) = 0 if and only if G has a unique h-set

(b) f(G) <h (G) — | W |,where W is the set of all hull vertices of G.

Theorem 1.4: [1] For a connected graph G, g (G) = p if and only if G = K.

Theorem 1.5: [3] Let G be a connected graph. Then

(@) f4(G) = 0 if and only if G has a unique g-set.

(b) f4(G) <g(G)—|W|. and W is the set of all geodetic vertices of G.

2. SPECIAL GRAPHS

In this section, we present some graphs from which various graphs arising in theorems are generated using
identification.

Let Ui: ai, Bi, i, hi, i (1 <i<a) beacopy of cycle C,. Let V; be the graph obtained from U; by adding a new vertex n;
and the edges #in;, nih; (1 <i<a). The graph Z, is obtained from V;’s by identifying a; of V; and gi., of Vi, 2 <i<a).

B B2 Pa
o1 e o o
P ggz o‘ .
hy h, ha

Za
Figure: 2.1

The graph G, in Figure 2.2 is obtained from F; ’s by identifying the vertices t; of F; and r;; of F; (2 <i<a), where F;
:Si, G, Ui, Vi, 1 Si (L < i< a) be acopy of cycle Cs.
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Figure: 2.2
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Let J;: e, fi, Ii, i, & (L <i<a) be acopy of cycle C,.Let R; be the graph obtained from J; by adding two new vertices p;,

g; and the edges pic;, pifi, pigi ,qili (1 < i< a). The graph L, in Figure 2.3 is obtained from Ry’s by identifying e;of R; and
liy of Rix (2 <i< a).

La
Figure: 2.3

Let P;: ki, b;, m;, di, kj (1 < i < a) be a copy of cycle C,. Let Q; be the graph obtained from P; by adding three new
vertices wi, X;, y; and the edges wib;, wix; xiyi, yidi, (1 < i< a). The graph T, is obtained from Q;’ s by identifying k; of Q;
and m;_; of Q i-1 (2 <i< a).

bl b2 ba

d d, da

Ta

Figure: 2.4

3. SOME REALIZATION RESULTS

Theorem 3.1: For every pair a, b of integers with 2 < a < b, there exists a connected graph G such that
fn(G) = f4(G) = 0, h(G) =aand g(G) = b.

Proof: Ifa=Db, let G= K,. Then by Theorems1.3 (a) and 1.2, f, (G) = 0 and h(G) = a. Also by Theorems1.4 and 1.5(a)
that g(G) = b and fy(G) = 0. For a < b, let G be the graph obtained from Zy., by adding new vertices X, z1,2y,...,Za, and
joining the edges aiX, Ob-aZ1, Ob-aZ2s-sr-» Ub-aZa-1- LEL Z = {X, 73, 7, .. .,Zo.1} D€ the set of end vertices of G. It is clear that Z
is a hull set of G and so by Theorem 1.1, Z is the unique h-set of G so that h(G) = a, and hence by Theorem 1.3(a),
fn(G)=0. Since the vertices n; (1< i < a) do not lie on any geodesic joining a pair of vertices in Z, we see that Z is not a
geodetic set of G. Now it is easily seen that W = Z u{ny,n,,...,ny.a} is the unique g-set of G so that g(G) =|W| = b and
hence by Theorems 1.5(a), fy(G)=0.

Theorem: 3.2 For every integers @, b and c with 0 < a<b <c, and b > a+1, there exists a connected graph G such
that f4(G) = 0, f,(G) = &, h(G) =b and g(G) =c.

Proof:
Case 1: If a = 0, then the graph G constructed in Theorem 3.1 satisfies the requirements of this theorem.

Case2: a>1.

© 2012, IIMA. All Rights Reserved 690



J. John & V. Mary Gleeta*/ On the Forcing Hull and Forcing Geodetic Numbers of Graphs / IMA- 3(2), Feb.-2012, Page: 688-693

Sub case2a: b = c. Let G be the graph obtained from T, by adding new vertices X, z;, Z,,...,Zy.4.1 @nd joining the edges
XK1, MaZ1,Mazs,ey.00,MaZpan. Let Z = {X, 73, 25, .. .,Zn.a1} b€ the set of end vertices of G. Let W be any geodetic
set of G. Then by Theorem 1.1, Z€W. It is clear that Z is not a geodetic set of G. For 1< i < a. let
H; = {w;, X, Yi}. We observe that every g-set of G must contain only the vertex x; from each H; (1< i < a)so that
g(G)> b—a+a = b. Now, W=Z U{xy,X,...,Xa} is a geodetic set of G so that g(G)< b—a+a=b. Thus
g(G)= b. Also it is easily seen that W is the unique g-set of G and so by Theorem 1.5(a),
fs(G)=0.Now it is clear that Z is not a hull set of G. We observe that every h-set of G must contain at least
one vertex from each H; (1< i < a) so that h(G)>b—a+a = b. Now, S=Z U {wy, w,,...,w,} is a hull set of G
so that h(G)< b—a+a=b. Thus h(G)= b. Next, we show that f,(G)=a. Since every h-set contains Z, it
follows from Theorem 1.3(b) that f,(G) < h(G)-|Z|=b-(b-a)=a. Now, since h (G) = ¢ and every h-set
of G contains Z, it is easily seen that every h-set S is of the form Z u {d,, d,,....,d.}, where

di € Hi(1I< i < a). Let T be any proper subset of S with |T|< a. Then it is clear that there exists some j such
that T N H; = ®, which shows that f,(G) = a.

Sub case 2b: b < c. Let G be the graph obtained from T, and Z., by identifying vertex m, of T, and «a; of Z., and
adding the new vertices X, 21, Z,... Zya.1 and joining the edges XKy, Qb 21,9c022,--GebZb-a1- Lt Z = {X,21,25, ..., Zp-a1} DE
the set of end vertices of G. Let W be any geodetic set of G. Then by Theorem 1.1, ZSW. It is clear
Z is not a geodetic set of G. For4 i < a. let H; = {w;, X;, yi}. We observe that every g-set of G must
contain only the vertex x; from each H;(1< i < a) and only the vertex x; from each H;(1< i < a) and only the vertex n;
(1<i<c-b) so that g(G)=b—a+a+c-b=c.

Now W=ZU{Xy,Xz,...,Xa}U {ny,n,,...,ncp} is a geodetic set of G so that g(G)< b—a+ta+c-b=c. Thus
g(G)= c. Also it is easily seen that W is the unique g-set of G and so by Theorem1.5 (a) f4(G)=0. It
is clear that Z is not a hull set of G. We observe that every h-set of G must contain at least one vertex from each
Hi(1< i < a) so that h(G) > b—a+a =b. Now, S=Z u{w;,w,,...,w,} is a hull set of G so that h(G)<
b—a+a=b. Thus h(G)= b. Next, we show that f,(G) = a. Since every h-set contains Z, it follows
from Theorem 1.3(b) that f,(G) < h(G)-|Z|=b-(b-a) = a. Now, since h(G) = b and every h-set of G
contains Z, it is easily seen that every h-set S is of the form Z U {d;,d,,....,d.},where d; € H;(I= i <
a). Let T be any proper subset of S with |T|< a. Then it is clear that there exists some j such that T N H; = @,
which shows that f,(G) = a.

Theorem 3.3: For every integers @, band cwithO<a<b <c,b> 2 and ¢ > a + b, there exists a connected graph G
such that f,(G) = 0, fy(G) = a, h(G) = b and g(G) = c.

Case 1: a = 0. Then the graph G constructed in Theorem 3.1 satisfies the requirements of this theorem.

Case 2: a > 1. Let G be the graph obtained from L, and Z.,, _, by identifying the vertex I, of L, and a; of Z.,, and
adding new vertices X, 1, Zy,...,Zp-1 and joining the edges €:X, 9c.b-aZ1, Ge-b-a Z2s-+:Jc-b-aZb-1- L€ Z = {X, 21, 25, ..., Zn.1}be the
set of end vertices of G. It is clear that Z is a hull set of G and so by Theorem 1.1, Z is the unique h-set of G so that
h(G) = b, and hence by Theorem 1.3(a), f,(G)=0. Next we show that g(G) =c. Let W be any geodetic set of G

Then by Theorem 1.1, Z € W. It is clear Z is not a geodetic set of G. For ¥ i <a, let Q; = {pi, qi }.
We observe that every g-set of G must contain at least one vertex from each Q; (1<i < a) and each n; (1< i < ¢-b-a)
so that g (G)> b+a+c-b-a = ¢c. Now, W=Z U{p;,pa2,...,PatU{N1,N2,...,Nc.p.a} IS a geodetic set of G so
that g(G) < b+a+c-b-a=c. Thus g (G) =c. Next, we show that fy(G)=a. Since every g-set contains
W1=ZU {ny, Ny,...,Nc.p-a}, it follows from Theorem 1.5(b) that fo(G) < g(G)-|W,|=c-(c-a) = a. Now,
since g(G)=c and every g-set of G contains Wy, it is easily seen that every g-set W is of the form
Zu{ny,ny,....,Ncha} U {dy,d,,....,d.}, where d; € Q;i(1<i < a). Let T be any proper subset of W with
|T|<a. Then it is clear that there exists some j such that T N Q; = @, which shows that fy(G) = a.

Theorem 3.4: For every integers a, b and ¢ with 0<a <b<cand b > a + 1, there exists a connected graph G such that
fn(G) = f4(G) = a, h(G) =b and g(G) = c.

Proof:
Case 1: a = 0 Then the graph G constructed in Theorem 3.1 satisfies the requirements of this theorem.
Case2:a>1.

Sub case 2a: b =c. Let G be the graph obtained from G, by adding new vertices X, zi, , ..., Zp.a.1 @nd joining the
edges Xty, raz1,raZ, ..., FaZba1. Let Z = {X,21,25, ..., Zo.a.1} b€ the set of end vertices of G. By Theorem1.1, every g-set of G
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contains Z. Let F; = {u;, vi} (1 < i <a). First, we show that h(G) = b. Since the vertices u;, v;do not lie on the geodesic
joining any pair of vertices of Z, it is clear that Z is not a hull set of G. We observe that every h-set of G must contain at
least one vertex from each F; (1 <i <a). Thus, h(G) > b —a + a =h. On the other hand, since the set S=Z U {vy, v, ...,
Vo} is a hull set of G, it follows that h(G) <| S| = b . Hence h(G) = b . Next, we show that f,(G) = a. By Theorem 1.1,
every hull set of G contains Z and so it follows from Theorem 1.3(b) that f,(G) <h(G) —| Z | = a. Now, since h(G) = b
and every h-set of G contains Z, it is easily seen that every h-set S is of the form Z U {c,, 5, ..., C.}, Where ¢; € Fi(1 <i
<a). Let T be any proper subset of S with | T | < a. Then it is clear that there exists some j such that T N Fj = @, which
shows that f(G) = a. By similar way we can prove that g(G) = b and fy(G) = a.

Sub case 2b: b <c. Let G be the graph obtained from G, and Z., by identifying the vertex r, of G, and a ; of Z., and
then adding new vertices X, 21,2y,...,Zp.5.1 and joining the edges xti, gc.vZ1, 9cbZ2, ---» Je-bZb-a-1- First, we show that h(G) =
b. Since the vertices u;, v; do not lie on the geodesic joining any pair of vertices of Z, it is clear that Z is not a hull set of
G. Let F; ={u;,vi}. We observe that every h-set of G must contain at least one vertex from each F; (1 <i <a). Thus, h(G)
>b-a+a=h. On the other hand, since the set S=Z U {vy, v,... v } is a hull set of G, it follows that h(G) <|S|=b.

Hence h(G) = b . Next, we show that f,(G) = a. By Theorem 1.1, every hull set of G contains Z and so it follows from
Theorem 1.3(b) that f,(G) < h(G) — | Z | = a. Now, since h(G) = b and every h-set of G contains Z, it is easily seen that
every h-set S is of the form Z U {cy, C;, ..., Ca}, where ¢; € Fi(1 <i<a). Let T be any proper subset of Swith | T | < a.
Then it is clear that there exists some j such that T N Fj = ®, which shows that f,(G) = a. Next, we show that g (G) = c.
Since the vertices uj, v; ,n; do not lie on the geodesic joining any pair of vertices of Z, it is clear that Z is not a geodetic
set of G. We observe that every g-set of G must contain at least one vertex fromeach F; (1 <i<a)andeachn; (1<i<
c-b). Thus, g(G) > b — a + a +c-b = c. On the other hand, since the set W=2Z U {vy, Vo... Vo} U {ng, Ny, ..., N} is a
geodetic set of G, it follows that g(G) <| W | = c . Hence g(G) = ¢ . Next, we show fy(G) = a. Since every g- set of G
contains Wy = Z U {ny, ny, ..., Ncp} and so it follows from Theorem 1.5 (b) that f4(G) < g(G) — | W, | = a. Now, since
g(G) = c and every g-set of G contains W4, it is easily seen that every g-set W is of the form W; u{cy, C», ..., C,}, Where
Ci € Fi(1 <i<a). Let T be any proper subset of W with | T | < a. Then it is clear that there exists some j such that T N F;
= @, which shows that fy(G) = a.

Theorem 3.5: For every integers a, b ,cand d withO<a<b< ¢ <d ,dand ¢ >b +1, there exists a connected graph
G such that fy(G) = a, f(G) = b, h(G) = c and g(G) = d.

Proof:
Case 1: a=b=0. Then the graph G constructed in Theorem 3.1 satisfies the requirements of this theorem.

Case 2: a=0, b> 1. Then the graph G constructed in Theorem 3.2 satisfies the requirements of this theorem.
Case 3: 1 <a=b. Then the graph G constructed in Theorem 3.4 satisfies the requirements of this theorem.
Case4:1<a<hbh.

Sub case 4a: ¢ = d. Let G be the graph obtained from G, and Ty, by identifying the vertex r, of G, and k; of Ty, and
then adding new vertices X, z3,2y,...,Zco.1 and joining the edges Xt;, My.aZ1, MyaZo,..., My.aZen1. Let Z = {X, z1, 25, ...,Zcn-
1}be the set of end vertices of G. Let F;={u;,vi} and H; = {w;, X;, yi}. It can be easily seen that any h-set of G is of
the form S =Z U {c;, Cy, ..., Ca}U {d1, dy, ..., dp-a}, Where ¢; € Fi(1 < i< a) and dj € Hj(1 < j < b-a).Then as in earlier
theorems it can be seen that f,(G) = b and h(G) = c. Any g-set is of the form W= Z U{xy, X, ..., Xp.a}U {Cy, Cy, ..., Ca},
where ¢; € Fi (1 <i<a).Then as in earlier theorems it can be seen that f,(G) = a and g(G) = c.

Sub case 4b: ¢ < d Let G, be the graph obtained from G, and Ty, by identifying the vertex r, of G, and k;0f Ty, .Now
let G be the graph obtained from G; and Zy. by identifying the vertex my_, of G; and « ; of Z,. and then adding new
vertices X, 21,22,...,Zcp1 and joining the edges xti, 94-cZ1,04d-cZ2,s1+» Qa-cZeb1- L€t Z = {X,21,Z, ....Zcp-1} e the set of end
vertices of G. Let F;={u;,vi} and H; = {w;, X;, yi}. It can be easily seen that any h-set of G is of the formS=2Zu
{c1, ¢y ..., Ca}U {dy, dy, ..., dp-a}, Where ¢; € Fj(L <i<a)and d; € Hj(1 < j<b-a).Then as in earlier theorems it can be
seen that f,(G) = b and h(G) = c. Any g-set is of the form W= Z U{xy, X, ..., XpapU{ny, N2, ..., Ng}U {C1, Ca, ..., Ca},
where ¢; € Fi (1 <i<a). Then as in earlier theorems it can be seen that f,(G) = a and g(G) = d.

Theorem 3.6: For every integers a, b, canddwithO<a<c<danda<b<d, d>c+b-aand c >a+ 1 ,there exists a
connected graph G such that f,(G) = a, f4(G) = b, h(G) = c and g(G) = d.

Proof:
Case 1: a=b=0. Then the graph G constructed in of Theorem 3.1 satisfies the requirements of this theorem.

Case 2: a=0, b > 1.Then the graph G constructed in Theorem 3.3 satisfies the requirements of this theorem.
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Case 3: 1<a=h. Then the graph G constructed in Theorem 3.4 satisfies the requirements of this theorem.

Case 4: 1 <a<h. Let G, be the graph obtained from G, and Ly_, by identifying the vertex r, of G,and e; of L, .. Now
let G be the graph obtained from G; and Zy..+a by identifying the vertex Iy, of G; and a; of Zy..+5 and then adding
new Vertices X, zi, Z,,...,Zc.o.1 and joining the edges Xti, Qy-co+aZts Jd-c-b+aZosereres Ud-cbraleat. L€t Z = {X, Z1, Zo... Zca1} bE
the set of end vertices of G. Let F; = {u;vi}. It is clear that any h-set is of the form S=Z U {cy, c,... ¢,}, where ¢; € Fi(1
<i<a).Then as in earlier theorems it can be seen that f,(G) = a and h(G) = c. Let Q; = {pi, q; }. Itis clear that any
g-set is of the form W= Z U {ny, N,... Ngcba YU {C1, Co, ..., Ca} U {dy, dy, ..., dpa}, Where ¢; € Fi(1 <i<a)and dj € Q
(1 <j<b-a). Then as in earlier theorems it can be seen that f,(G) = b and g(G) = d.
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