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ABSTRACT 
In this paper we obtain sufficient condition for a sequence in a Menger space to be Cauchy. Incidentally, we observe a 
fallacy in the argument of a result of B.K. Sharma and D.R. Sahu [4]. 
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1. INTRODUCTION: 
 
Let us start with the following definitions. 
 
Definition 1.1: (Schweizer and Sklar, [3]): A function 𝐹𝐹:ℝ → [0,1] is called a distribution function if  
 

(i) 𝐹𝐹 is non-decreasing, 
(ii) 𝐹𝐹 is left continuous, 
(iii) inf𝑥𝑥∈ℝ 𝐹𝐹(𝑥𝑥) = 0  𝑎𝑎𝑎𝑎𝑎𝑎 sup𝑥𝑥∈ℝ 𝐹𝐹(𝑥𝑥) = 1 

 
𝔇𝔇 denotes for the class of all distribution functions. 
 
Definition1.2: (Schweizer and Sklar, [3]): A triangular norm ∗ ∶  [0,1] 𝘹𝘹 [0,1] → [0,1]  is a function satisfying the 
following conditions: 
 

(i) 𝛼𝛼 ∗ 1 =  𝛼𝛼      ∀ 𝛼𝛼 ∈ [0,1] 
(ii) 𝛼𝛼 ∗ 𝛽𝛽 = 𝛽𝛽 ∗ 𝛼𝛼    ∀ 𝛼𝛼,𝛽𝛽 𝜖𝜖 [0,1] 
(iii) 𝛾𝛾 ∗ 𝛿𝛿 ≥  𝛼𝛼 ∗ 𝛽𝛽  ∀ 𝛼𝛼,𝛽𝛽, 𝛾𝛾, 𝛿𝛿 𝜖𝜖 [0,1]  𝑤𝑤𝑤𝑤𝑤𝑤ℎ 𝛾𝛾 ≥ 𝛼𝛼 𝑎𝑎𝑎𝑎𝑎𝑎 𝛿𝛿 ≥ 𝛽𝛽 
(iv)  (𝛼𝛼 ∗ 𝛽𝛽) ∗ 𝛾𝛾 = 𝛼𝛼 ∗ (𝛽𝛽 ∗ 𝛾𝛾)   ∀ 𝛼𝛼,𝛽𝛽, 𝛾𝛾 ∈ [0,1] 

 
Definition 1.3: (Schweizer and Sklar, [3]): Let 𝑋𝑋 be a non-empty set and let 𝐹𝐹:𝑋𝑋 × 𝑋𝑋 → 𝔇𝔇. For  𝑝𝑝, 𝑞𝑞 ∈ 𝑋𝑋 , we 
denote the image of the pair (p, q) by 𝐹𝐹𝑝𝑝 ,𝑞𝑞  which is a distribution function so that 𝐹𝐹𝑝𝑝 ,𝑞𝑞(𝑥𝑥) ∈ [0,1], for every real 𝑥𝑥. 
Suppose 𝐹𝐹 satisfies: 
 

(i) 𝐹𝐹𝑝𝑝 ,𝑞𝑞(𝑥𝑥) = 1 for all 𝑥𝑥 > 0 if and only if 𝑝𝑝 = 𝑞𝑞, 
(ii) 𝐹𝐹𝑝𝑝 ,𝑞𝑞(0) = 0,  
(iii) 𝐹𝐹𝑝𝑝 ,𝑞𝑞(𝑥𝑥) = 𝐹𝐹𝑞𝑞 ,𝑝𝑝(𝑥𝑥), 
(iv) If 𝐹𝐹𝑝𝑝 ,𝑞𝑞(𝑥𝑥) = 1 and 𝐹𝐹𝑞𝑞 ,𝑟𝑟(𝑦𝑦) = 1 then 𝐹𝐹𝑝𝑝 ,𝑟𝑟(𝑥𝑥 + 𝑦𝑦) = 1  where  𝑝𝑝, 𝑞𝑞, 𝑟𝑟 ∈ 𝑋𝑋. 

 
Then (𝑋𝑋,𝐹𝐹) is called a probabilistic metric space. 
________________________________________________________________________________________________ 
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Definition 1.4: (Schweizer and Sklar, [3]):  Let 𝑋𝑋 be a non empty set, ∗ a t-norm and 𝐹𝐹 ∶ 𝑋𝑋 × 𝑋𝑋 → 𝔇𝔇  satisfies: 
 

(i) 𝐹𝐹𝑝𝑝 ,𝑞𝑞(0) = 0  ∀  𝑝𝑝, 𝑞𝑞 ∈ 𝑋𝑋, 
(ii) 𝐹𝐹𝑝𝑝 ,𝑞𝑞(𝑥𝑥) = 1  ∀  𝑥𝑥 > 0  if and only if  𝑝𝑝 =  𝑞𝑞, 
(iii) 𝐹𝐹𝑝𝑝 ,𝑞𝑞(𝑥𝑥) =  𝐹𝐹𝑞𝑞 ,𝑝𝑝(𝑥𝑥)   ∀  𝑝𝑝, 𝑞𝑞 ∈ 𝑋𝑋, 
(iv) 𝐹𝐹𝑝𝑝 ,𝑟𝑟(𝑥𝑥 + 𝑦𝑦) ≥ ∗ (𝐹𝐹𝑝𝑝 ,𝑞𝑞(𝑥𝑥),𝐹𝐹𝑞𝑞 ,𝑟𝑟(𝑦𝑦))   ∀  𝑥𝑥,𝑦𝑦 ≥ 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑝𝑝, 𝑞𝑞, 𝑟𝑟 ∈ 𝑋𝑋. 

 
Then the triplet (𝑋𝑋,𝐹𝐹,∗) is called a Menger space. 
 
Definitions 1.5: (Schweizer and Sklar, [3]): 
 

(i) Let (𝑋𝑋,𝐹𝐹,∗) be a Menger space and 𝑝𝑝 ∈ 𝑋𝑋. For 𝜀𝜀 > 0, 0 < 𝜆𝜆 < 1, the (𝜀𝜀, 𝜆𝜆)- neighbourhood of p is 
defined as 𝑈𝑈𝑝𝑝(𝜀𝜀, 𝜆𝜆 ) =  {𝑞𝑞 ∈ 𝑋𝑋:𝐹𝐹𝑝𝑝 ,𝑞𝑞(𝜀𝜀) > 1 − 𝜆𝜆}.  
The topology induced by the family {𝑈𝑈𝑝𝑝(𝜀𝜀, 𝜆𝜆 ): 𝑝𝑝 ∈ 𝑋𝑋, 𝜀𝜀 > 0, 0 < 𝜆𝜆 < 1} is known as the (𝜀𝜀, 𝜆𝜆) -topology.  
It may be observed that, if ∗ is continuous then the (𝜀𝜀, 𝜆𝜆) -topology is Hausdorff.   

(ii) A sequence {𝑥𝑥𝑎𝑎} in 𝑋𝑋 is said to converge to  𝑝𝑝 ∈ 𝑋𝑋  in the (𝜀𝜀, 𝜆𝜆) -topology, if for any 𝜀𝜀 > 0 and 0 < 𝜆𝜆 <
1 there exists a positive integer 𝑁𝑁 = 𝑁𝑁(𝜀𝜀, 𝜆𝜆) such that  𝐹𝐹𝑥𝑥𝑎𝑎 ,𝑝𝑝  (𝜀𝜀) > 1 − 𝜆𝜆  where  𝑎𝑎 > 𝑁𝑁. 

(iii) A sequence {𝑥𝑥𝑎𝑎} in 𝑋𝑋 is said to be a Cauchy sequence in the (𝜀𝜀, 𝜆𝜆) - topology, if for 𝜀𝜀 > 0 and 0 < 𝜆𝜆 < 1  
there exists a positive integer 𝑁𝑁 = 𝑁𝑁(𝜀𝜀, 𝜆𝜆) such that  
𝐹𝐹𝑥𝑥𝑚𝑚 ,𝑥𝑥𝑎𝑎 (𝜀𝜀) > 1 − 𝜆𝜆  for all  𝑚𝑚,𝑎𝑎 > 𝑁𝑁. 

(iv) A Menger space(𝑋𝑋,𝐹𝐹,∗), where ∗ is continuous, is said to be complete if every Cauchy sequence in 𝑋𝑋 is 
convergent in the (𝜀𝜀, 𝜆𝜆 ) -topology. 

 
Definition 1.6: (Hadzic, [1]): Let ∗ be a t-norm. For any 𝑎𝑎 ∈ [0,1], write  ∗0 (𝑎𝑎) = 1 and 
 
 ∗1 (𝑎𝑎) = ∗ (∗0 (𝑎𝑎),𝑎𝑎) = ∗ (1,𝑎𝑎) = 𝑎𝑎 
 
In general define  ∗𝑎𝑎+1 (𝑎𝑎) = ∗ (∗𝑎𝑎 (𝑎𝑎),𝑎𝑎) 𝑓𝑓𝑓𝑓𝑟𝑟 𝑎𝑎 = 0, 1, 2 … .. 
 
If the sequence {∗𝑎𝑎} is equicontinuous at 1, that is given 𝜀𝜀 > 0  𝑤𝑤ℎ𝑒𝑒𝑟𝑟𝑒𝑒 𝑒𝑒𝑥𝑥𝑤𝑤𝑒𝑒𝑤𝑤𝑒𝑒  𝛿𝛿 > 0 𝑒𝑒𝑠𝑠𝑠𝑠ℎ 𝑤𝑤ℎ𝑎𝑎𝑤𝑤  𝑥𝑥 > 1 − 𝛿𝛿 𝑤𝑤𝑚𝑚𝑝𝑝𝑖𝑖𝑤𝑤𝑒𝑒𝑒𝑒 
∗𝑎𝑎 (𝑥𝑥) > 1 − 𝜀𝜀  ∀ 𝑎𝑎 ∈ ℕ, then we say that ∗  is a Hadzic type t-norm. 
 
We observe that ‘min’t-norm is of Hadzic type.  
 
B. K. Sharma and D. R. Sahu [4] proved the following theorem.  
 
Theorem 1.7: (Sharma and Sahu, [4], Theorem 3.1): Let (𝑋𝑋,𝐹𝐹,∗) be a Menger space and 𝐶𝐶,𝐷𝐷 be non empty subsets 
of 𝑋𝑋. Let{𝐴𝐴𝑤𝑤} 𝑤𝑤∈ℕ:𝐶𝐶 → 𝐷𝐷. If there exists a function 𝜑𝜑:ℝ+ → ℝ+ which is non decreasing, lim𝑎𝑎→∞ 𝜑𝜑𝑎𝑎(𝑤𝑤) = ∞ ∀ 𝑤𝑤 >
0 and mappings  𝑆𝑆,𝑇𝑇:𝐶𝐶→𝐷𝐷 such that for each 𝑤𝑤,𝑗𝑗∈ℕ, 𝑤𝑤≠𝑗𝑗     
                     
(1.7.1)  𝐴𝐴𝑤𝑤(𝐶𝐶) ⊆ 𝑇𝑇(𝐶𝐶)    and    𝐴𝐴𝑗𝑗 (𝐶𝐶) ⊆ 𝑆𝑆(𝐶𝐶),  
 
(1.7.2)   𝐹𝐹𝐴𝐴𝑤𝑤𝑥𝑥 ,𝐴𝐴𝑗𝑗 𝑦𝑦(𝑎𝑎)  ≥ 𝐹𝐹𝑆𝑆𝑥𝑥 ,𝑇𝑇𝑦𝑦 (𝜑𝜑(𝑎𝑎))  for all 𝑥𝑥,𝑦𝑦 in C and for all 𝑎𝑎 > 0,      
 
(1.7.3) 𝑇𝑇(𝐶𝐶)  is complete. 
 
Then for each 𝑤𝑤, 𝑗𝑗 ∈ ℕ, 𝑤𝑤 ≠ 𝑗𝑗, there exist 𝑠𝑠, 𝑣𝑣 ∈  𝐶𝐶 and  𝑧𝑧 ∈ 𝐷𝐷  such that 𝐴𝐴𝑤𝑤𝑠𝑠 = 𝑆𝑆𝑠𝑠 = 𝑧𝑧 = 𝐴𝐴𝑗𝑗𝑣𝑣 = 𝑇𝑇𝑣𝑣.  If 𝐶𝐶 = 𝐷𝐷 and for 
𝑤𝑤, 𝑗𝑗 ∈ ℕ , 𝑤𝑤 ≠ 𝑗𝑗, 𝐴𝐴𝑤𝑤  and 𝑆𝑆, and 𝐴𝐴𝑗𝑗  and 𝑇𝑇 are 2- compatible, then 𝑧𝑧 is the unique common fixed point of  𝑆𝑆,𝑇𝑇 and the 
family  {𝐴𝐴𝑤𝑤}𝑤𝑤∈ℕ. 
 
In proving this theorem the sequence {𝑦𝑦𝑎𝑎} is constructed as follows:  
 
Let 𝑦𝑦0 ∈ 𝐶𝐶, the sequence {𝑥𝑥𝑎𝑎} is defined by 𝑇𝑇𝑥𝑥2𝑎𝑎+1 = 𝐴𝐴𝑤𝑤𝑥𝑥2𝑎𝑎 = 𝑦𝑦2𝑎𝑎  and 𝑆𝑆𝑥𝑥2𝑎𝑎+2 = 𝐴𝐴𝑗𝑗𝑥𝑥2𝑎𝑎+1 = 𝑦𝑦2𝑎𝑎+1 𝑓𝑓𝑓𝑓𝑟𝑟 𝑎𝑎 = 0,1,2 … .  
 
Then it is observed that for all 𝑎𝑎 > 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑎𝑎 ∈ ℕ 
 
𝐹𝐹𝑦𝑦𝑎𝑎 ,𝑦𝑦𝑎𝑎+1 (𝑎𝑎) ≥ 𝐹𝐹𝑦𝑦𝑎𝑎−1,𝑦𝑦𝑎𝑎 �𝜑𝜑(𝑎𝑎)� ≥  … .≥ 𝐹𝐹𝑦𝑦0,𝑦𝑦1 (𝜑𝜑𝑎𝑎(𝑎𝑎)). 
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To show that {𝑦𝑦𝑎𝑎} is a Cauchy sequence, the authors proceeded like this: 
 
𝐹𝐹𝑦𝑦𝑎𝑎 ,𝑦𝑦𝑎𝑎+𝑚𝑚 (𝑎𝑎) ≥ 𝐹𝐹𝑦𝑦𝑎𝑎 ,𝑦𝑦𝑎𝑎+𝑚𝑚 �𝑎𝑎 ��1 − 1

𝑚𝑚+1��
� 

 
                    ≥  ∗ … . . .∗ (𝐹𝐹𝑦𝑦𝑎𝑎 ,𝑦𝑦𝑎𝑎+1�

𝑎𝑎
1.2�, … … … ,𝐹𝐹𝑦𝑦𝑎𝑎+𝑚𝑚−1,𝑦𝑦𝑎𝑎+𝑚𝑚 ( 𝑎𝑎

𝑚𝑚 (𝑚𝑚+1)))  
 

                    ≥ ∗ �∗ … ∗ � 𝐹𝐹𝑦𝑦0,𝑦𝑦1 �𝜑𝜑
𝑎𝑎� 𝑎𝑎

1.2�� ,𝐹𝐹𝑦𝑦0,𝑦𝑦1 �𝜑𝜑
𝑎𝑎+1 � 𝑎𝑎

2.3
�� , … ,𝐹𝐹𝑦𝑦0,𝑦𝑦1 �𝜑𝜑

𝑎𝑎+𝑚𝑚−1� 𝑎𝑎
𝑚𝑚 (𝑚𝑚+1)���� 

 
Finally the authors concluded that {𝑦𝑦𝑎𝑎} is a Cauchy sequence, since {∗𝑎𝑎 (𝑥𝑥)} is equicontinuous at 𝑥𝑥 = 1 and 
lim𝑎𝑎→∞ 𝜑𝜑𝑎𝑎+𝑚𝑚−1 (𝑎𝑎) = ∞ ∀ 𝑎𝑎 > 0. 
 
However this argument is not sufficient to conclude this, since 𝜑𝜑𝑎𝑎+𝑚𝑚−1� 𝑎𝑎

𝑚𝑚 (𝑚𝑚+1)� may not go 
to ∞ 𝑎𝑎𝑒𝑒 𝑎𝑎 → ∞ 𝑓𝑓𝑓𝑓𝑟𝑟 𝑎𝑎𝑖𝑖𝑖𝑖 𝑚𝑚 ∈ ℕ.  
 
This is shown in the following example:  

Example 1.8: Define 𝜑𝜑:ℝ+ → ℝ+   by  𝜑𝜑(𝑤𝑤) = �
     𝑎𝑎 + 1    𝑤𝑤𝑓𝑓  𝑤𝑤 ∈ [𝑎𝑎,𝑎𝑎 + 1),𝑎𝑎 ≥ 1
           1

𝑚𝑚      𝑤𝑤𝑓𝑓  𝑤𝑤 ∈ � 1
𝑚𝑚+1

� , � 1
𝑚𝑚
� , 𝑚𝑚 ≥ 1

0              𝑤𝑤𝑓𝑓            𝑤𝑤 = 0

�  

 
For any  𝑎𝑎 > 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑚𝑚 ∈ ℕ,  lim𝑎𝑎→∞ 𝜑𝜑𝑎𝑎+𝑚𝑚−1 � 𝑎𝑎

𝑚𝑚 (𝑚𝑚+1)� ≠ ∞. In fact  𝜑𝜑𝑎𝑎+𝑚𝑚−1� 𝑎𝑎
𝑚𝑚 (𝑚𝑚+1)� = 1

𝑎𝑎2+𝑎𝑎+2
   for every 𝑚𝑚 ∈ ℕ. 

 
Thus the argument does not hold. 
 
Consequently, in this paper we obtain a sufficient condition for a sequence in a Menger space to be Cauchy. 
 
2. MAIN RESULTS: 

 
In this section we obtain a sufficient condition for a sequence in a Menger space to be Cauchy. First we start with a 
definition.  
 
Definition 2.1: (i) If 𝜑𝜑:ℝ+ → ℝ+ is such that  
 
(𝑎𝑎)𝜑𝜑 is increasing, 
(𝑏𝑏)𝜑𝜑(𝑤𝑤) > 𝑤𝑤  ∀  𝑤𝑤 > 0 , 
(𝑠𝑠)𝜑𝜑(𝜑𝜑(𝑤𝑤) − 𝑤𝑤) ≥ 𝜑𝜑2(𝑤𝑤) − 𝜑𝜑(𝑤𝑤)  𝑓𝑓𝑓𝑓𝑟𝑟 𝑒𝑒𝑣𝑣𝑒𝑒𝑟𝑟𝑦𝑦 𝑤𝑤 > 0, 

 
 then 𝜑𝜑 is called a contractive control function of type (A). 
 
(ii) If 𝜑𝜑:ℝ+ → ℝ+ is such that a contractive control function which is strictly increasing, 𝜑𝜑 is onto and 
 𝜑𝜑�𝑤𝑤 − 𝜑𝜑−1(𝑤𝑤)� ≥ 𝜑𝜑(𝑤𝑤) − 𝑤𝑤 𝑓𝑓𝑓𝑓𝑟𝑟 𝑒𝑒𝑣𝑣𝑒𝑒𝑟𝑟𝑦𝑦 𝑤𝑤 > 0, then 𝜑𝜑 is called a contractive control function of type (AS). 
 

Examples 2.2: If 𝜑𝜑:ℝ+ → ℝ+  is defined by  𝜑𝜑(𝑤𝑤) = �
     𝑎𝑎 + 1    𝑤𝑤𝑓𝑓  𝑤𝑤 ∈ [𝑎𝑎,𝑎𝑎 + 1)

1           𝑤𝑤𝑓𝑓     𝑤𝑤 ∈ (0,1)
0            𝑤𝑤𝑓𝑓          𝑤𝑤 = 0

� 

 
then 𝜑𝜑 is a contractive control function of type (A) but not of type (AS). 
 
Examples 2.3: If 𝜑𝜑ℝ+ → ℝ+  is defined by 𝜑𝜑(𝑤𝑤) = 𝑘𝑘𝑤𝑤    ∀  𝑤𝑤 > 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑓𝑓𝑓𝑓𝑟𝑟 𝑒𝑒𝑓𝑓𝑚𝑚𝑒𝑒 𝑘𝑘 > 0, then 𝜑𝜑 is a contractive control 
function of type (AS). 
 
We use the following lemma in our main result. 
Lemma 2.4:  
 
(i) If 𝜑𝜑:ℝ+ → ℝ+ is a contractive control function of type (A), then  
 
𝜑𝜑𝑎𝑎(𝜑𝜑(𝑤𝑤) − 𝑤𝑤) ≥ 𝜑𝜑𝑎𝑎+1(𝑤𝑤) − 𝜑𝜑𝑎𝑎(𝑤𝑤)𝑓𝑓𝑓𝑓𝑟𝑟 𝑒𝑒𝑣𝑣𝑒𝑒𝑟𝑟𝑦𝑦 𝑎𝑎 ∈ ℕ. 
 

  m times 
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(ii). If 𝜑𝜑:ℝ+ → ℝ+ is a contractive control function of type (AS), then 

 
𝜑𝜑𝑎𝑎� 𝑤𝑤 − 𝜑𝜑−1(𝑤𝑤)� ≥ 𝜑𝜑𝑎𝑎(𝑤𝑤) − 𝜑𝜑𝑎𝑎−1(𝑤𝑤) 𝑓𝑓𝑓𝑓𝑟𝑟 𝑒𝑒𝑣𝑣𝑒𝑒𝑟𝑟𝑦𝑦 𝑎𝑎 ∈ ℕ. 
 
Proof: (i) Since  𝜑𝜑(𝜑𝜑(𝑤𝑤) − 𝑤𝑤) ≥ 𝜑𝜑2(𝑤𝑤) − 𝜑𝜑(𝑤𝑤) 𝑓𝑓𝑓𝑓𝑟𝑟 𝑒𝑒𝑣𝑣𝑒𝑒𝑟𝑟𝑦𝑦 𝑤𝑤 > 0, the result is true. 
 
Now the proof follows by induction. 
 
Assume that 𝜑𝜑𝑎𝑎(𝜑𝜑(𝑤𝑤) − 𝑤𝑤) ≥ 𝜑𝜑𝑎𝑎+1(𝑤𝑤) − 𝜑𝜑𝑎𝑎(𝑤𝑤) 
 
             ⇒   𝜑𝜑𝑎𝑎+1(𝜑𝜑(𝑤𝑤) − 𝑤𝑤) ≥ 𝜑𝜑(𝜑𝜑𝑎𝑎+1(𝑤𝑤) − 𝜑𝜑𝑎𝑎(𝑤𝑤)) 

 
                                             = 𝜑𝜑(𝜑𝜑(𝑒𝑒) − 𝑒𝑒)  𝑤𝑤ℎ𝑒𝑒𝑟𝑟𝑒𝑒 𝑒𝑒 =  𝜑𝜑𝑎𝑎(𝑤𝑤) 
 
                                             ≥ 𝜑𝜑2(𝑒𝑒) − 𝜑𝜑(𝑒𝑒) 
 
                                               = 𝜑𝜑2�𝜑𝜑𝑎𝑎(𝑤𝑤)� − 𝜑𝜑(𝜑𝜑𝑎𝑎(𝑤𝑤)) 
 
                                             = 𝜑𝜑𝑎𝑎+2(𝑤𝑤) − 𝜑𝜑𝑎𝑎+1(𝑤𝑤) 
 
Therefore by induction,  𝜑𝜑𝑎𝑎(𝜑𝜑(𝑤𝑤) − 𝑤𝑤) ≥ 𝜑𝜑𝑎𝑎+1(𝑤𝑤) − 𝜑𝜑𝑎𝑎(𝑤𝑤)𝑓𝑓𝑓𝑓𝑟𝑟 𝑎𝑎𝑖𝑖𝑖𝑖 𝑎𝑎 ∈ ℕ. 
 
 (ii) Since  𝜑𝜑�𝑤𝑤 − 𝜑𝜑−1(𝑤𝑤)� ≥ 𝜑𝜑(𝑤𝑤) − 𝑤𝑤, the result is true for n = 1. 
 
The proof now follows by induction. 
 
Assume that 𝜑𝜑𝑎𝑎� 𝑤𝑤 − 𝜑𝜑−1(𝑤𝑤)� ≥ 𝜑𝜑𝑎𝑎(𝑤𝑤) − 𝜑𝜑𝑎𝑎−1(𝑤𝑤) 
 
                    ⇒ 𝜑𝜑𝑎𝑎+1� 𝑤𝑤 − 𝜑𝜑−1(𝑤𝑤)� ≥ 𝜑𝜑(𝜑𝜑𝑎𝑎(𝑤𝑤) − 𝜑𝜑𝑎𝑎−1(𝑤𝑤)) 
 
                             = 𝜑𝜑�𝑒𝑒 − 𝜑𝜑−1(𝑒𝑒)�  where 𝑒𝑒 = 𝜑𝜑𝑎𝑎(𝑤𝑤) 
 
                             ≥ 𝜑𝜑(𝑒𝑒) − 𝑒𝑒 
 
                                                        =  𝜑𝜑�𝜑𝜑𝑎𝑎(𝑤𝑤)� − 𝜑𝜑𝑎𝑎(𝑤𝑤) 
 
                                                        ≥ 𝜑𝜑𝑎𝑎+1(𝑤𝑤) − 𝜑𝜑𝑎𝑎(𝑤𝑤) 
 
Therefore by induction, 𝜑𝜑𝑎𝑎� 𝑤𝑤 − 𝜑𝜑−1(𝑤𝑤)� ≥ 𝜑𝜑𝑎𝑎(𝑤𝑤) − 𝜑𝜑𝑎𝑎−1(𝑤𝑤) 𝑓𝑓𝑓𝑓𝑟𝑟 𝑒𝑒𝑣𝑣𝑒𝑒𝑟𝑟𝑦𝑦 𝑎𝑎 ∈ ℕ. 
 
Notation: Let Ф be the class of contractive control functions of type (AS) such that 𝜑𝜑𝑎𝑎(𝑤𝑤) − 𝜑𝜑𝑎𝑎−1(𝑤𝑤) → ∞ 𝑎𝑎𝑒𝑒 𝑎𝑎 → ∞ 
for every t > 0.  
 
We observe that 𝜑𝜑 ∈ Ф ⇒ 𝜑𝜑𝑎𝑎(𝑤𝑤) → ∞ 𝑎𝑎𝑒𝑒 𝑎𝑎 → ∞ 
 
Theorem 2.5: Let (𝑋𝑋,𝐹𝐹,∗) be a Menger space with Hadzic type t-norm * and 𝜑𝜑 ∈ Ф. If {𝑥𝑥𝑎𝑎} is a sequence in 𝑋𝑋 such 
that 𝐹𝐹𝑥𝑥𝑎𝑎 ,𝑥𝑥𝑎𝑎+1 (𝑤𝑤) ≥  𝐹𝐹𝑥𝑥𝑎𝑎−1,𝑥𝑥𝑎𝑎 (𝜑𝜑(𝑤𝑤)) for every 𝑤𝑤 > 0, then {𝑥𝑥𝑎𝑎} is a Cauchy sequence in 𝑋𝑋.    
 
Proof: By hypothesis,  𝐹𝐹𝑥𝑥𝑎𝑎 ,𝑥𝑥𝑎𝑎+1 (𝑤𝑤) ≥ 𝐹𝐹𝑥𝑥𝑎𝑎−1,𝑥𝑥𝑎𝑎 �𝜑𝜑(𝑤𝑤)� ≥  …  ≥ 𝐹𝐹𝑥𝑥0,𝑥𝑥1�𝜑𝜑

𝑎𝑎(𝑤𝑤)�                                                           (2.5.1) 
 
                                                                                                ≥ 𝐹𝐹𝑥𝑥0,𝑥𝑥1�𝜑𝜑

𝑎𝑎(𝑤𝑤) − 𝜑𝜑𝑎𝑎−1(𝑤𝑤)� 
 
                                                                                                = 𝜆𝜆𝑎𝑎(𝑤𝑤)   
Since  𝜑𝜑 ∈ Ф, 𝜆𝜆𝑎𝑎(t) → 1 𝑎𝑎𝑒𝑒 𝑎𝑎 → ∞. 
 
Now we show that 𝐹𝐹𝑥𝑥𝑎𝑎 ,𝑥𝑥𝑎𝑎+𝑘𝑘

(𝑤𝑤) ≥ ∗𝑘𝑘 (𝜆𝜆𝑎𝑎(𝑤𝑤))  
 
This is true for 𝑘𝑘 = 1 and any  𝑎𝑎 ∈ ℕ by (2.5.1) 
 
Assume the truth for 𝑘𝑘. 
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𝐹𝐹𝑥𝑥𝑎𝑎 ,𝑥𝑥𝑎𝑎+𝑘𝑘+1

(𝑤𝑤) ≥  ∗ �𝐹𝐹𝑥𝑥𝑎𝑎 ,𝑥𝑥𝑎𝑎+1 (𝑤𝑤 − 𝜑𝜑−1(𝑤𝑤)),𝐹𝐹𝑥𝑥𝑎𝑎+1,𝑥𝑥𝑎𝑎+𝑘𝑘+1�𝜑𝜑
−1(𝑤𝑤)�� 

 
                      ≥ ∗ �𝐹𝐹𝑥𝑥0,𝑥𝑥1 �𝜑𝜑

𝑎𝑎� 𝑤𝑤 − 𝜑𝜑−1(𝑤𝑤)�� ,∗𝑘𝑘 �𝐹𝐹𝑥𝑥0,𝑥𝑥1�𝜑𝜑
𝑎𝑎+1(𝜑𝜑−1(𝑤𝑤)� − 𝜑𝜑𝑎𝑎(𝜑𝜑−1(𝑤𝑤))��   

 
                      ≥  ∗ �𝐹𝐹𝑥𝑥0,𝑥𝑥1�𝜑𝜑

𝑎𝑎(𝑤𝑤) − 𝜑𝜑𝑎𝑎−1(𝑤𝑤)�,∗𝑘𝑘 �𝐹𝐹𝑥𝑥0,𝑥𝑥1�𝜑𝜑
𝑎𝑎(𝑤𝑤) − 𝜑𝜑𝑎𝑎−1(𝑤𝑤)���, by Lemma 2.4 

 
                      =  ∗𝑘𝑘+1 �𝐹𝐹𝑥𝑥0,𝑥𝑥1�𝜑𝜑

𝑎𝑎(𝑤𝑤) − 𝜑𝜑𝑎𝑎−1(𝑤𝑤)�� 
 
                      =  ∗𝑘𝑘+1 (𝜆𝜆𝑎𝑎(𝑤𝑤))                                                                                                                                      (2.5.2)  
 
Let  𝜀𝜀 > 0, since ∗ is Hadzic type t-norm and ∗ is equicontinuous at 1, there exists 𝜂𝜂 ∈ (0,1) such that 
 
 1 ≥ 𝑒𝑒 > 1 − 𝜂𝜂  𝑤𝑤𝑚𝑚𝑝𝑝𝑖𝑖𝑤𝑤𝑒𝑒𝑒𝑒  ∗𝑘𝑘+1 (𝑒𝑒) > 1 − 𝜀𝜀. 
 
Since 𝜆𝜆𝑎𝑎(t) → 1 𝑎𝑎𝑒𝑒 𝑎𝑎 → ∞, there exists 𝑁𝑁 such that 𝑎𝑎 ≥ 𝑁𝑁 implies 𝜆𝜆𝑎𝑎(t) > 1 − 𝜂𝜂. 
 
Hence by (2.5.2), we have  𝐹𝐹𝑥𝑥𝑎𝑎 ,𝑥𝑥𝑎𝑎+𝑘𝑘+1

(𝑤𝑤) ≥  ∗𝑘𝑘+1 �𝜆𝜆𝑎𝑎(𝑤𝑤)� 
 
                                                                  > 1 − 𝜺𝜺  𝑓𝑓𝑓𝑓𝑟𝑟 𝑎𝑎𝑖𝑖𝑖𝑖 𝑎𝑎 ≥ 𝑁𝑁. 
 
Consequently  𝐹𝐹𝑥𝑥𝑎𝑎 ,𝑥𝑥𝑚𝑚 (𝑤𝑤) > 𝜀𝜀 whenever 𝑚𝑚 > 𝑎𝑎 ≥ 𝑁𝑁. 
 
Hence {𝑥𝑥𝑎𝑎} is a Cauchy sequence. 
 
We conclude this paper with an open problem: 
 
Open Problem 2.6: Is the above theorem still true if 𝜑𝜑 is not necessarily a member of Ф but is such that 𝜑𝜑 is 
increasing and 𝜑𝜑𝑎𝑎(𝑤𝑤) → ∞ 𝑎𝑎𝑒𝑒 𝑎𝑎 → ∞  ∀  𝑤𝑤 > 0 ? 
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