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ABSTRACT 

 
In the paper, the classic solution of one-dimensional boundary value problem for a pseudohyperbolic equation with 
non-classic boundary conditions is investigated. For that the stated problem is reduced to the not-self-adjoint boundary 
value problem with equivalent boundary condition. Then, using the method of separation of variables, by means of the 
known spectral problem the given not self-adjoint boundary value problem is reduced to an integral equation. The 
existence and uniqueness of the integral equation is proved by means of the contraction mappings principle and it is 
shown that this solution is a unique solution for a not-adjoint boundary value problem. Finally, using the equivalence, 
the theorem on the existence and uniqueness of a non-local boundary value problem with integral condition is proved.      
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Keywords and Phrases: mixed problem, contracted mappings, fixed point, existence, uniqueness, classic solution, 
pseudohyperbolic equation. 
________________________________________________________________________________________________ 
 
1. INTRODUCTION: 
 
Contemporary problems of natural sciences make necessary to state and investigate qualitative new problems, the 
striking example of which is the class of non-local problems for partial differential equations. Among non-local 
problems we can distinguish a class of problems with integral conditions. Such conditions appear by mathematical 
simulation of phenomena related to physical plasma [1], distribution of the heat [2] process of moisture transfer in 
capillary-simple environments [3], with the problems of demography and mathematical biology.   
 
2. THE PROBLEM STATEMENT AND ITS REDUCTION TO THE EQUIVALENT PROBLEM: 
 
Consider the equation [4] 
 

),(),()(),(),(),( txftxutqtxutxutxu xxttxxtt +=−−   (1) 
 

in the domain }0,10:),({ TtxtxDT ≤≤≤≤=  and state for it a problem with initial conditions 
 

,)()0,( xxu ϕ=  )10()()0,( ≤≤ψ= xxxut  (2) 
 

and non-local conditions 
),1(),0( tutu β=    )0( Tt ≤≤ , (3)  

 

0),(
1

0

=∫ dxtxu    )0( Tt ≤≤ ,  (4) 

where 1±≠β  is a given number, )(tq , ),( xtf , )(xϕ , )(xψ  are the given functions, ),( txu  is a sought function. 
Earlier, the boundary value problems with non-local integral equations were considered in the papers [1], [2] and [8]. 
Here, for 0=β  we have an Ionkin type boundary condition [3]. 
________________________________________________________________________________________________ 
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Definition: Under the classic solution of problem (1)-(4) we understand the function ),( txu  continuous in a closed 
domain TD  together with all its derivatives contained in equation (1), and satisfying all conditions (1)-(4) in the 
ordinary sense. 
 
The following lemma is proved similarly [7]. 

Lemma 1: Let ],0[)( TCtq ∈ , )(),( TDCtxf ∈ , ]1,0[)(),( Cxx ∈ψϕ , 0),(
1

0

=∫ dxtxf  )0( Tt ≤≤  and the following 

agreement conditions be fulfilled: 

                          0)1()0( =ϕβ−ϕ ,   0)(
1

0

=ϕ∫ dxx , )0()1( ϕ′=ϕ′ ,  

0)1()0( =ψβ−ψ , 0)(
1

0

=ψ∫ dxx ,  )0()1( ψ′=ψ′ . (5) 

 
Then the problem on finding the classic solution of problem (1)-(4) is equivalent to the problem on defining of the 
function ),( txu  from (1)-(3) and   
 

 ),1(),0( tutu xx =   )0( Tt ≤≤ .    (6) 
 

Proof: Let ),( txu  be the solution of problem (1)-(4). Integrating equation (1) with respect to x  from 0 to 1, we have:  

=−−−−∫ )),0(),1(()),0(),1((),(
1

0
2

2

tutututudxtxu
dt
d

xxttxttx )0(),(),()(
1

0

1

0

Ttdxtxfdxtxutq ≤≤+ ∫∫  .                  (7) 

Assuming that 0),(
1

0

=∫ dxtxf )0( Tt ≤≤ , )0()1( ϕ′=ϕ′ , )0()1( ψ′=ψ′  and allowing for (2), we find: 

,0)),0(),1(()),0(),1(( =−+− tutututu xxttxttx  
 

 ,0)0,0()0,1( =− xx uu  0)0,0()0,1( =− txtx uu . 
Hence we arrive at fulfillment of (6). 
 
Now, assume that ),( txu  is the solution of problem (1)-(3), (6).  Then allowing for (6), from (8) we find: 
 

).0(0),()(),(
1

0

1

0
2

2

Ttdxtxutqdxtxu
dt
d

≤≤=− ∫∫                                                (8) 

From (2) and 0)(
1

0

=ϕ∫ dxx , ∫ =ψ
1

0

,0)( dxx  it is obvious that 

            0)()0,(
1

0

1

0

=ϕ= ∫∫ dxxdxxu ,  0)()0,(
1

0

1

0

=ψ= ∫∫ dxxdxxut .                                (9)  

Since problem (8), (9) has only a trivial solution, then  0),(
1

0

=∫ dxtxu ),0( Tt ≤≤  i.e. condition (4) is satisfied. The 

lemma is proved. 
 
3. AUXILIARY FACTS: 
 
Now, in order to investigate problem (1)-(3), (6) we cite some known facts. 
 
Consider the following spectral problem [3] and [5]: 
 

0)()( =λ+′′ xXxX    )10( ≤≤ x ,  (10)    
                                 

)1()0(,)1()0( XXXX ′=′β=   )1( ±≠β .  (11) 
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Boundary value problem (10), (11) is not self-adjoint. The problem  
 

 0)()( =λ+′′ xYxY )10( ≤≤ x ,  (12) 
 

,)1()0( YY =  )0()1( YY ′β=′ ,  (13) 
 
will be a conjugated problem. 
 
We denote the system of eigen and adjoint functions of problem (10), (11) in the following way [5]: 
 

,...,sin)(,cos)()(...,,)( 2120 xxXxbaxxXbaxxX kkkk λ=λ+=+= −  (14) 
where 

)1/(,0)1/()1(,...),2,1,0(2 β+β=≠β+β−==π=λ bakkk . (15) 
 

We choose the system of eigen and adjoint functions of the conjugated problem as follows [5]: 
 

...,sin)1(4)(,cos4)(...,,2)( 2120 xaxbxYxxYxY kkkk λ−−=λ== − . (16) 
 

It is directly verified that the biorthogonality conditions  

∫ δ==
1

0

)()(),( ijjiji dxxYxXYX  

are fulfilled. 
 
Here, ijδ  is Kronecker’s symbol. 
 
The following theorem is valid. 
 
Theorem 1 [7]: The system of functions (14) forms a Riesz basis in the space )1,0(2L  and the estimates  

( ) ( )
)1,0(

0

2
)1,0( 22 L

k
kL

xgRgxgr ≤≤ ∑
∞

=

, (17) 

where 

∫==
1

0

)()())(),(( dxxYxgxYxgg kkk , ,...)1,0( =k  

1

]1,0[

22
2

)(1
2
1

4
3

2
3

3
1

−


















 +++










+






 +=

c
baxbbar , 

( )
[ ]






 −−+=

1,0

2118
C

axbR  are valid for any function ( )1,0)( 2Lxg ∈ .       

     
Under the assumptions 
 

[ ],1,0)( 12 −∈ iCxg  )1,0()( 2
)2( Lxg i ∈  

 

)1()0( )2()2( ss gg β= , )1()0( )12()12( ++ = ss gg   )1;1,0(
______

≥−= iis  
 

we establish the validity of the estimates: 

)1,0(

)2(
2
1

1

2
12

2

2
)(22)(

L

i

k
k

i
k xgg ≤







∑
∞

=
−λ ,                                                                                                   (18)  

)1,0(

)12()2(
2
1

1

2
2

2

2
)(2)1)((22)(

L

ii

k
k

i
k xaigaxbxgg −

∞

=

−−−≤






∑ λ .                                                    (19) 
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Further, under the assumptions  
 

],1,0[)( 2iCxg ∈    )1,0()( 2
)12( Lxg i ∈+ , 

 
),1()0( )2()2( ss gg β=   ),0;1()1()0( )12()12( isigg ss =≥= −− .       

                                    
we prove the validity of the estimates: 

)1,0(

)12(
2
1

1

2
12

12

2

)(22)(
L

i

k
k

i
k xgg +

∞

=
−

+ ≤







λ∑ ,                                                                                                           (20) 

)1,0(

)2()12(
2
1

1

2
2

12

2
)()12()1)((22)(

L

ii

k
k

i
k xgiaaxbxgg +−−−≤







 +
∞

=

+∑ λ .                                        (21) 

 
Now, denote by α

TB ,2  [6] an aggregate of all the functions of the form 

∑
∞

=

=
0

)()(),(
k

kk xXtutxu  

Considered in TD , where each of the functions from ...)2,1,0()( =ktuk  is continuous on ],0[ T  and 

+∞<







+








+≡ ∑∑

∞

=

∞

=
−

2
1

1

2
],0[2

2
1

1

2
],0[12],0[0 ))(())(()()(

k
TCkk

k
TCkkTC

tututuuJ αα λλ , 

 
where 0≥α . The norm in this set is defined as follows: 
 

)(),(
,2

uJtxu
TB
=α . 

 
It is known that α

TB ,2  is a Banach space. 
 
3. EXISTENCE AND UNIQUENESS OF THE SOLITION OF THE BOUNDARY VALUE PROBLEM: 
 
Since the system (14) forms a Riesz basis in )1,0(2L and systems (14), (16) form a system of functions biorthogonal 
in )1,0(2L , each solution of problem (1)-(3), (6) has the form: 

∑
∞

=

=
0

)()(),(
k

kk xXtutxu ,                                                                                                                                    (22) 

where 

,...)1,0()(),()(
1

0

== ∫ kdxxYtxutu kk ,                                                                                                                (23) 

 
Moreover, )(xX k  and )(xYk  are defined by relations (14) and (16) respectively. 
 
Applying the method of separation of variables for determining the sought functions )(tuk  ,...)1,0( =k , from (1), (2) 
we have: 

)()()()( 000 tftutqtu +=′′ ,   )0( Tt ≤≤     (24) 
 

)0,...;2,1()()()()()()1( 121212
2

12
2 Ttktftutqtutu kkkkkk ≤≤=+=λ+′′λ+ −−−− ,                                          (25) 

 
)0,...;2,1())()((2)()()()()()1( 1212222

2
2

2 Ttktutuatftutqtutu kkkkkkkkk ≤≤=+′′λ−+=λ+′′λ+ −− , (26) 
 

kku ϕ=)0( , ,...)1,0()0( =ψ=′ ku kk ,     (27) 
where 

,)(),()(
1

0
∫= dxxYtxftf kk   ∫ϕ=ϕ

1

0

)()( dxxYx kk ,   ,...)1,0()()(
1

0

=ψ=ψ ∫ kdxxYx kk . 
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Solving problem (21)-(24), we have: 
 

),0();()()(
0

0000 TtduFtttu
t

≤≤τττ−+ψ+ϕ= ∫                                                                                                           (28) 

 

)0,...;2,1()(sin);(
)1(

1sin1cos)(
0

122121212 TtkdtuFtttu k

t

k
kk

kk
k

kkk ≤≤=ττ−βτ
λ+β

+βψ
β

+βϕ= ∫ −−−− ,                                   (29) 

 

ττβτ
λβ

βψ
β

βϕ dtuFtttu k

t

k
kk

kk
k

kkk )(sin);(
)1(

1sin1cos)(
0

22222 −
+

++= ∫  

ττβξξβξ
λβ
βλ

ψ
β

ββ
β

βϕ
λβ
βλ

τ

dtdtuFa

ttttta

k

t

kk
kk

kk

k
k

kk
k

kk
kk

kk

)(sin)(sin);(
)1(

)1(2

1cossin1sin
)1(
)1(

0 0
12222

2

12122

2

−







−

+
−

−

















−+

+
−

−

∫ ∫ −

−−

 

,)(sin);(
)1(

2

0
222 ττ−λτ

λ+β
λ

− ∫ dtuFa
k

t

k
kk

k        )0,...;2,1( Ttk ≤≤=                               (30) 

where 
)()()();( tutqtfutF kkk +=    ,...)2,1,0( =k . 

 
After substitution of expressions )(0 tu , )(12 tu k− , )(2 tu k  of (28), (29), (30), respectively in  (22) we have:  
 

)();()(),( 0
0

000 xXduFtttxu
t









−++= ∫ τττψϕ  

∑ ∫
∞

=
−−−− 








−

+
+++

1
12

0
1221212 )()(sin);(

)1(
1sin1cos

k
kk

t

k
kk

kk
k

kk xXdtuFtt ττβτ
λβ

βψ
β

βϕ  

∑ ∫
∞

=




−

+
+++

1 0
2222 )(sin);(

)1(
1sin1cos

k
k

t

k
kk

kk
k

kk dtuFtt ττβτ
λβ

βψ
β

βϕ  

















−+

+
−

− −− 12122

2 1cossin1sin
)1(
)1(

k
k

kk
k

kk
kk

kk ttttta ψ
β

ββ
β

βϕ
λβ
βλ

 

          )(,)(sin);(
)1(

2)(sin)(sin);(
)1(

)1(2
2

0
222

0 0
12222

2

xXdtuFadtdtuFa
kk

t

k
kk

k
k

t

kk
kk

kk







ττ−λτ

λ+β
λ

−ττ−β









ξξ−βξ

λ+β
β−λ

− ∫∫ ∫
τ

− .(31) 

 
Now, proceeding from definition of the solution of problem (1)-(3), (6) similar to [6], the following lemma is proved. 
 

Lemma 2: If ∑
∞

=

=
0

)()(),(
k

kk xXtutxu  is any solution of problem (1)-(3), (6), the functions ...)2,1,0()( =ktuk  satisfy 

system (28)-(30). 
 
Theorem 2: Let 
 
1. ],0[)( TCtq ∈ , 1±≠β ; 

2. ],1,0[)( 2Cx ∈ϕ ),1,0()( 2Lx ∈ϕ ′′′ ),1()0( βϕ=ϕ ),1()0( ϕ′=ϕ′ )1()0( ϕ′′β=ϕ′′ ;    

3. ],1,0[)( 2Cx ∈ψ ),1,0()( 2Lx ∈ψ ′′′ ),1()0( βψ=ψ ),1()0( ψ′=ψ′ )1()0( ψ ′′β=ψ ′′ ; 
4. )0(),1(),0(),(),(),(),( 2 TttftfDLtxfDCtxf TxT ≤≤β=∈∈ . 
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Then problem (1)-(3), (6) under small values of T  has a unique classic solution.  
 
Proof: Denoting  

∑
∞

=

=
0

)();(
k

kk xXutu PP , 

 
where );(0 utP , );(12 utk−P , );(2 utkP  equal the right hand sides of (28), (29), (30), respectively and we write equation 
(31) in the form: 
 

uu P= .                                                                                                                                                               (32) 

We’ll study equation (32) in the space 3
,2 TB . 

 
It is easy to see that 

12/1 <β< k ,  
2
110 2 <β−< k ,    

 
Taking into account these relations, we have: 
 









+++≤ ∫ ],0[0],0[

2

0

2
000],0[0 )()()();(

TCTC

T

TC
tutqTdfTTTut ττψϕP . 

2
1

1

2
12

3
2
1

1

2
12

3
2
1

1

2
],0[12

3 )(22)(2));(( 







+








≤







 ∑∑∑
∞

=
−

∞

=
−

∞

=
−

k
kk

k
kk

k
TCkk ut ψλϕλλ P  

                 
2
1

1

2
],0[12

3
],0[

2
1

0 1

2
12 ))(()(22))((22 








λ+










ττλ+ ∑∫∑

∞

=
−

∞

=
−

k
TCkkTC

T

k
kk tutqTdfT , 

 

2
1

1

2
2

3
2
1

1

2
2

3
2
1

1

2
],0[2

3 )(20)(10));(( 







+








≤







 ∑∑∑
∞

=

∞

=

∞

= k
kk

k
kk

k
TCkk ut ψλϕλλ P                                      

                                                  
2
1

0 1

2
2 ))((20 








+ ∫∑

∞

=

T

k
kk dfT ττλ

2
1

1

2
],0[2

3
],0[

))(()(20 







+ ∑

∞

=k
TCkkTC

tutqT λ  

                                  
2
1

1

2
12

3
2
1

1

2
12

3 )()1(10)(10 







++








+ ∑∑

∞

=
−

∞

=
−

k
kk

k
kk TaaT ψλϕλ  

                                                                
2
1

1

2
12

3
2
1

1

2
12

3 )()1(10)(10 







++








+ ∑∑

∞

=
−

∞

=
−

k
kk

k
kk TaaT ψλϕλ  

                                 

2
1

1

2
],0[12

3
],0[

2

2
1

0 1

2
12

))(()(102

))((102









+









+

∑

∫∑

∞

=
−

∞

=
−

k
TCkkTC

T

k
kk

tutqaT

dfTaT

λ

ττλ
. 

 
Here, allowing for (18)-(21), we have: 

 

3
,2222

),()(),()()();(
],0[

2
)()1,0()1,0(],0[0

TT BTCDLLLTC
txutqTtxfaTTxaTxaut +++≤ ψϕP ,         (33) 
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)()1,0()1,0(

2
1

1

2
],0[12

3

222
),(24)(24)(24));((

TDLxLL
k

TCkk txfTxxut +′′′+′′′≤






∑
∞

=
− ψϕλ P ,                (34) 

3
,2

),()(2
],0[ TBTC

txutqT+  

)1,0()1,0(

2
1

1

2
],0[2

3

22
)(3)1)((8)(3)1)((8));((

LL
k

TCkk xaaxbxxaaxbxut ψψϕϕλ ′′−−−′′′+′′−−−′′′≤






∑
∞

=

P  

                                                        
)1,0()( 22

)(8),()1)(,(8
LDLx xaTtxafaxbtxfT

T
ϕ ′′′+−−−+  

                                                              
)1,0(2

)()1(8
L

xTa ψ ′′′++            

                                                                   3
,22

),()()1(22),(8
],0[)( TT BTCDLx txutqaTTtxfTaT +++ ,  (35) 

 
Now, consider the operator P  in the sphere   

 
)1)(( 3

,2
+≤= TAuKK

TBR  from 3
,2 TB , 

where 
 

)1,0()()1,0()1,0( 2222
)()22(4),()()()(

LDLLL
xaTtxfaTTxaTxaTA

T
ϕψϕ ′′′++++=  

                         
)1,0(2

)())1(22(4
L

xTa ψ ′′′+++
)(2

),()2(4
TDLxx txfaTT ++  

                             
)1,0(2

)(3)1)((8
L

xaaxbx ϕϕ ′′−−−′′′+
)1,0(2

)(3)1)((8
L

xaaxbx ϕϕ ′′−−−′′′+  

                                
)(2

),()1)(,(8
TDLx txafaxbtxfT −−−+                                                                            (36) 

 
It is seen from (33)-(35) that for any RKuuu ∈21,,  the estimates : 

3
,2

3
,2

),()()(
TT BB

txuTBTAu +≤P , (37) 

 

3
,2

3
,2

),()(21
TT BB

txuTBuu ≤−PP , (38) 

where  

],0[
)())21(2)221(()(

TC
tqTaTTB +++= . (39) 

are valid. 
 
Then it follows from estimates (37), (38) that under sufficiently small values of T  the operator P  acts in the sphere 

RKK =  from 3

,2 TB  and it is contractive. Therefore, in the sphere RKK =  the operator P  has a unique fixed point{ }u  
that is a solution of equation (32). 
 
The function ),( txu , as an element of the space 3

,2 TB , is continuous and has continuous derivatives ),(),,( txutxu xxx  
on TD . Now, prove that ),( txutt  and ),( txuttxx  are continuous in TD . From (24)-(26) we have: 

)1,0(],0[],0[0
2

),()(),()(
LTCTC

txutqtxftu +≤′′ ,                                                                                                   (40) 

)1,0(],0[],0[

2
1

1

2
],0[12

3

2
3

,2
),(

2
6),())(1(3))((

LTCxBTC
k

TCkk txftxutqtu
T
++≤







 ′′∑
∞

=
−λ ,                           (41) 

3
,2

),())(3(5))((
],0[

2
1

1

2
],0[2

3

TBTC
k

TCkk txutqtu +≤






 ′′∑
∞

=

λ                                               

                                                  
2
1

1

2
],0[12

3

)1,0(],0[
))((52),(),(

2
10

2








 ′′+++ ∑
∞

=
−

k
TCkk

LTCx tuatxftxf λ .   (42) 
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It follows from estimates (40)-(42) that ),( txutt  and ),( txuttxx  are continuous in TD .Further, it follows from (27) that 
 

)10()()()()0()0,(
00

≤≤ϕ=ϕ== ∑∑
∞

=

∞

=

xxxXxXuxu
k

kk
k

kk , 

 

)10()()()()0()0,(
00

≤≤ψ=ψ=′= ∑∑
∞

=

∞

=

xxxXxXuxu
k

kk
k

kkt , 

 
since by the given theorem 

+∞<ϕλ∑
∞

=
−

1

2
12

3 )(
k

kk ,    +∞<ϕλ∑
∞

=1

2
2

3 )(
k

kk , 

 

+∞<ψλ∑
∞

=
−

1

2
12

3 )(
k

kk ,    +∞<ψλ∑
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and the more so,  
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Thus, conditions (2) are fulfilled. 
 
It is obvious that conditions (3) is fulfilled for the function 
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It is easy to see that 
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Now, if we use systems (25)-(27), equality (40) takes the form:  
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Where the functions  )(xX k ,...)2,1,0( =k  are determined by relation (14), and  

 
)()()();( tutqtfutF kkk +=    ,...)2,1,0( =k . 

 
Under the conditions of the theorem it is obvious that 
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Then it follows from (45) that for any fixed ],0[ Tt∈ : 
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Thus, relations (44) and (46) yield 
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Consequently, the function ),( txu  satisfies equation (1) everywhere in  TD . 
 
So, ),( txu  is a solution of problem (1)-(3), (6), and by lemma 2 it is unique. The theorem is proved. 
 
By means of lemma 1 we prove the following 
 
Theorem 3: Let all the conditions of theorem 2 and agreement conditions (5) be fulfilled. Then for sufficiently small 
values of T , problem (1)-(3) has a unique classic solution.   
 
 
4. CONCLUSION: 
 
The following results have been obtained: 
 
1. The existence of the solution of a not self-adjoint boundary value problem for a fourth order pseudohyperbolic 

equation has been proved; 
 

2. The uniqueness of the solution of a not self-adjoint boundary value problem for a fourth order pseudohyperbolic 
equation has been shown; 

 
3. The existence of the classic solution of a non-classic boundary value problem with integral boundary for a fourth 

order pseudohyperbolic equation has been proved; 
 
4. The uniqueness of the classic solution of a non-classic boundary value problem with integral boundary for a fourth 

order pseudohyperbolic equation has been shown. 
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