International Journal of Mathematical Archive-3(2), 2012, page: 519-527
@SJMA Available online through www.ijma.info ISSN 2229 - 5046

A NON-LOCAL BOUNDARY VALUE PROBLEM WITH INTEGRAL CONDITIONS
FOR A FOURTH ORDER PSEUDOHYPERBOLIC EQUATION

Azizbayov E.1.* and Y. T. Mehraliyev
Mechanics-mathematics faculty, Baku State University, Baku, Azerbaijan
E-mail: azel azerbaijan@mail.ru

(Received on: 26-01-12; Accepted on: 24-02-12)

ABSTRACT

In the paper, the classic solution of one-dimensional boundary value problem for a pseudohyperbolic equation with
non-classic boundary conditions is investigated. For that the stated problem is reduced to the not-self-adjoint boundary
value problem with equivalent boundary condition. Then, using the method of separation of variables, by means of the
known spectral problem the given not self-adjoint boundary value problem is reduced to an integral equation. The
existence and uniqueness of the integral equation is proved by means of the contraction mappings principle and it is
shown that this solution is a unique solution for a not-adjoint boundary value problem. Finally, using the equivalence,
the theorem on the existence and uniqueness of a non-local boundary value problem with integral condition is proved.
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1. INTRODUCTION:

Contemporary problems of natural sciences make necessary to state and investigate qualitative new problems, the
striking example of which is the class of non-local problems for partial differential equations. Among non-local
problems we can distinguish a class of problems with integral conditions. Such conditions appear by mathematical
simulation of phenomena related to physical plasma [1], distribution of the heat [2] process of moisture transfer in
capillary-simple environments [3], with the problems of demography and mathematical biology.

2. THE PROBLEM STATEMENT AND ITS REDUCTION TO THE EQUIVALENT PROBLEM:

Consider the equation [4]
Uy (X, 1) = Ugge (X, 1) = U, (X, 1) = ()X, t) + f (X, 1) (1)

in the domain D; ={(x,t):0<x<1,0<t<T } and state for it a problem with initial conditions

u(x0)=0(x), U (x0)=y(x) (0<x<1) 2)
and non-local conditions

u(,t)=pu(t) (0<t<T), (3)

1

ju(x,t)dx:O 0<t<T), (4)

where B = +1 isa given number, q(t), f(t,x), e(x),y(x) arethe given functions, u(x,t) is a sought function.
Earlier, the boundary value problems with non-local integral equations were considered in the papers [1], [2] and [8].
Here, for B =0 we have an lonkin type boundary condition [3].
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Definition: Under the classic solution of problem (1)-(4) we understand the function u(x,t) continuous in a closed
domain D, together with all its derivatives contained in equation (1), and satisfying all conditions (1)-(4) in the
ordinary sense.

The following lemma is proved similarly [7].
1

Lemma 1: Let q(t) eC[0,T], f(x,t)eC(D;), o(x), w(x) e C[0]], If(x,t)dx:o (0<t<T) and the following
0

agreement conditions be fulfilled:

0(0)-Bo® =0, [e(x)dx=0, ¢/1)=¢'(0),
w(0)-By®) =0, [y()dx=0, y'@)=y'(0). (5)

Then the problem on finding the classic solution of problem (1)-(4) is equivalent to the problem on defining of the
function u(x,t) from (1)-(3) and

u,(0,t) =u Lty (0<t<T). (6)

Proof: Let u(x,t) be the solution of problem (1)-(4). Integrating equation (1) with respect to x from 0 to 1, we have:

2 1 1 1
%Iu(x,t)dx—(um(l,t)—unX(O,t))—(ux(l,t)—uX(O,t))= a) fu(xtydx+ [ f(xt)dx 0<t<T). )
0 0 0

Assuming that J' f(x,t)dx=0 (0<t<T),0'(M) =0¢'(0), y'(1) =y'(0) and allowing for (2), we find:
(ultx (1! t) - utlx (Ovt)) + (ux (11 t) - ux (Ort)) = O,

u,(4,0)-u,(0,0)=0, u,(10)-u,(0,0)=0.
Hence we arrive at fulfillment of (6).

Now, assume that u(x,t) is the solution of problem (1)-(3), (6). Then allowing for (6), from (8) we find:
d2 1 1
Wju(x,t)olx—q(t)ju(x,t)olx =0 (0<t<T). (8)
0 0
1 1
From (2) and j @(x)dx =0, j w(x)dx =0, it is obvious that
0 0

Jl‘u(x,O)dx = j(p(X)dX =0, j‘ut(x,O)dx = j\y(x)dx =0. 9)

Since problem (8), (9) has only a trivial solution, then ju(x,t)dx=0 (0<t<T), i.e. condition (4) is satisfied. The
lemma is proved. 0

3. AUXILIARY FACTS:

Now, in order to investigate problem (1)-(3), (6) we cite some known facts.

Consider the following spectral problem [3] and [5]:

X"(X)+AX(x) =0 (0<x<1), (10)

X(0)=pX(), X'(0)=X"(Q) (B==1). (11)
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Boundary value problem (10), (11) is not self-adjoint. The problem
Y'(x)+AY(x) =0 (0<x<1),
YO)=Y@®), Y'Q)=BY'(0),
will be a conjugated problem.
We denote the system of eigen and adjoint functions of problem (10), (11) in the following way [5]:

Xo(X)=ax+Db,..., X, ,(X) = (ax+Db)cosi, X, X,, (X) =SinA,X,...,
where
M =2kn (k=012,.), a=@0-B)/A+P) =0, b=R/1+p).
We choose the system of eigen and adjoint functions of the conjugated problem as follows [5]:
Yo(X) =2,..., Yy 1 (X) = 4COSA, X, Y, (X) =4(1—b—ax)sinA,x,....
It is directly verified that the biorthogonality conditions
1
(Xi,Y;) = [ X:00Y; ()dx =3,
0
are fulfilled.

Here, §; is Kronecker’s symbol.

The following theorem is valid.

Theorem 1 [7]: The system of functions (14) forms a Riesz basis in the space L,(0,1) and the estimates

rfo(x)

L,(0,1) < kz(;gkz < R”g(x]hz(o,l)’

where

g« = (9(x), Y (X)) = Ig(x)Yk(X)dX » (k=01..)

-1
2
r= {1((a+3bj +3b2J+1[1+(ax+b)2 j} :
3 2 4 2 c[0,1]
R= 8(1+ H(l— b- ax)ZH : ]) are valid for any function g(x) € L,(0,1).
C|0,1
Under the assumptions

g(x) eC¥?0,1], g (x)eL,(0))

90 =pg* @, g*P(0)=g*?@Q) (s=0i-1i21)

we establish the validity of the estimates:

(i(ﬂi‘gn_az]z <2429 ® (¥

L,(0.1)"

(i(ﬂiigzuz)z < 242[g" (x)( - b~ ax) — 2aig " (x)|

L(01)
1 2(0,1)
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Further, under the assumptions

g(x)eC01, g“¥P(x)eL,(01),

g(ZS) (0) — Bg(ZS) (1)’ g(ZS—l) (0) _ g(ZS—l) (1) (I >1: s=0, I) .

we prove the validity of the estimates:

1
Sotan | <2 g™ )

(20)

L01)"

. 21
L,(0.2) D)

(iui“w]z < 24/2)g @ (x)(1—b — ax) - a(2i + g (x)|

k=1
Now, denote by B;; [6] an aggregate of all the functions of the form

Wt = Y X, ()
k=0

Considered in D; , where each of the functions from u, (t) (k =0,1,2...) is continuous on [0,T] and

306) = 00Oy | G s Ol ||+ 30 Ol || <0

=1
where o > 0. The norm in this set is defined as follows:

lu(x,t)

B =J(u).

It is known that s;

T

is a Banach space.

3. EXISTENCE AND UNIQUENESS OF THE SOLITION OF THE BOUNDARY VALUE PROBLEM:

Since the system (14) forms a Riesz basis in L, (0,1) and systems (14), (16) form a system of functions biorthogonal
in L,(0,1) , each solution of problem (1)-(3), (6) has the form:

b0t = D0, X, 00, 22)
k=0
where
u, (t) = Iu(x,t)Yk (x)dx (k =01,...), (23)

Moreover, X, (x) and Y, (x) are defined by relations (14) and (16) respectively.
Applying the method of separation of variables for determining the sought functions u,(t) (k=01,...), from (1), (2)
we have:
Us(t) = a®uy () + fo(t), (0<t<T) (24)
(L4 AUz (6) + AUy 4 (1) = QO 4 (0) + Ty (1) (K=12,..;0<t<T), (25)

@+ W)U, (1) + AUy, (1) = A(t)uy, (1) + f,, () — 28k, (U5 () + Uy, (1) (k=12,.;0<t<T),  (26)

U (0) =@y, u(0) =y, (k=01..), 27)
where

f® = [ F OGOV 00dx, @y = (Y, (00dx, v, = WY, ()dx (k=01,..).
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Solving problem (21)-(24), we have:

uo(t):(p0+t\|10+j.(t—'c)F0(t;u)dt (0<t<T), (28)
Uy s (8) = gy COSBkt+Bl\V2k—13iant+WJ‘sz L(mu)sinB, (t-t)dt (k=12,...;0<t<T), (29)
U, (t) =g, cos g t+— L sm,BH;j'F (z;u)sin g, (t—7)dr
2 Dok k B, Vo k B, (1+/1i) J 2k \Ts k

_ak 1-p2) . 1 . 1

—— | tp t+| — t-t t|—

B, (1+ﬂ ) Po1SIN Bt + B, sin 3, cos 3, B, Voka

2a4, (1

% | U s (0)sin A, (- f)dfjsmﬂk (t-r)dr

k
ngk(r usind, (t-t)dr,  (k=12,...;0<t<T) (30)

where
Fu)=f,®)+qt)u ) (k=012..).

After substitution of expressions u, (t) , u,, ,(t). u, (t) of (28), (29), (30), respectively in (22) we have:

u(x,t) =[¢0 +ty, +j(t—r)F0(r;u)erX0(x)

1

+ e —
B A+ A)

=~

T M

1

1 . ; .
[%kl cos Bt + ﬂ_wzk—l sin Bt + I Fy(mu)sin g, (t—7)d TJ X1 (X)
k

+i(¢2k cos S, t +ﬁ’i%k sin t+—— IFZk (r;u)sin g (t—7)d7
= k

k=1

ﬁk(l + )
_aA(@-57)
B+ 4)

2an (1-B?)
B2(L+22)?

to,, ,Sin g t+ (isin St —tcosﬂktJil//2kl
B By

k

WJFZk (v;u)sin ., (t —r)er 2 (%) (31)

j[ [Facs(&u)sing, (t- a)da}smﬁk(t ~7)de-
Now, proceeding from definition of the solution of problem (1)-(3), (6) similar to [6], the following lemma is proved.

Lemma 2: If u(x,t) = iuk(t)xk(x) is any solution of problem (1)-(3), (6), the functions uy (t) (k =0,1,2...) satisfy
k=0

system (28)-(30).
Theorem 2: Let

q(t) eC[0,T], B = +1;
o(x) € C*[0], ¢"(x) € L,(01), 9(0) =Po(D), ¢'(0)=¢'®), ¢"(0) =B’

1
2
3. w(x)eC?[01], y"(x)eL,(01), w(0) =By, v'(0)=y'Q), y'(0)=Py"Q);
4. F(x,t)eC(D,), f,(x,t) e L,(D;), f(0,t) =Bf (Lt) (0<t<T).
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Then problem (1)-(3), (6) under small values of T has a unique classic solution.

Proof: Denoting

Pu= iPk(t;u)Xk(x) )
k=0

where P, (t;u), P, ,(t;u), P, (t;u) equal the right hand sides of (28), (29), (30), respectively and we write equation
(31) in the form:

u=Pu. (32)
We’ll study equation (32) in the space B} .

It is easy to see that

1/~2 <B, <1, 0<1-PB%<

Taking into account these relations, we have:

T
”PO (t ; u)”C[O,T] < |¢0| +T |'7”0| +T ﬁ(“ fO (T)|2 dz+T 2||q(t)||C[O,T] ”uO (t)”C[O,T] ’
0

(i(ﬂi ||P2k_1(t:u)||c[m)2j2 < 2@(@ |<o2k_1|)2]2 v zﬁ(i@i |w2k_1|)2]2

+22T { [>0. ka_l(r)fer + 2ﬁTq(t)c[0,T][i(ﬁk qu_1<t)C[O_T])2]2 ,

e ||P2k<t;u)||c[m>2]2 <3

k=1 k=1

(2 |pp ) ] (i(ﬂwzkb J

k=1

207 [Ii(zklfzk(r)l) dfj 420 TIIQ(t)IICmT](Zw"“”(t)”°[°” Jz
410 aT[ (A |pas])? ]2+‘/Ea(l+T)(i(}“i|%k‘l|)2T
+\/EaT(i(/1i |¢2k_1|)2]2 ¥ ‘/Eaa”)(i(/ﬁ |W2H|)2]2

+2/10aTT [] S (A s (D)7 TJZ

k=1

i 2
+ 24087 o0 22Ol
k=1

Here, allowing for (18)-(21), we have:

[Po 0oy < @O, o)+ T O oy +TT AT OO, + T2 1AL U D, - @3
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1

(i(ﬂi ||F>2k_1(t;u)||c[oﬂ)zj2 < 42" (0

+2T|

+ N2y "), oy + 2T, (3,1

(34)

L(0.1) L(Dr)’

9O cgory XD,

L,(0,1)

1

(Sl |

<8p" (x)1-b-ax) - 3a(p"(x)”Lz(o,1) +8y " (x)(1-b—-ax)-3a ‘/’”(X)”Lz(o,n

+8YT| £, (x,)A~b - ax) —af (x.b)|
+ 83.(1+ T )”l//”’(x)”L2 (0.1
+8aTT||f, (x1)]

+8aT|

"
L,(Dr) ¢ (X)”Lz(o,n

L,(Dr) + 2\/§T (l+ aT)”q (t)HC[O,T]”u(x’t)”BgT » (39)

Now, consider the operator P in the sphere
K= KR(HUHB;T < A(T)+1) from B;,,
where
AT) =alp(XN)], o) +aTI O] o0 *TVT A F D) o, +4(N2 +22aT)|
+4(2+2a@+ Ty " (), 5y + 4T N2 +T)| Fo (X1,
+8p"(X)(1-b —ax)— 3a(p”(x)||L2(0‘l) +8lp"(X)(1-b—ax) - 3a(p”(x)||L2(0‘l)

(pm(x)”Lz(o,l)

+8JT|f,(x,t)(1-b-ax)-af €99/ (36)
It is seen from (33)-(35) that for any u,u,,u, e K the estimates :
[Pul; < AM)+BM)uxt), . (37)
IPu, —Pu ”33 < B(T)|u(x, t)|| , (38)
where
B(T) =T ((L+2v2a)T +2(L+2))[a ()] 01, (39)
are valid.

Then it follows from estimates (37), (38) that under sufficiently small values of T the operator P acts in the sphere
K =Ky from &, and it is contractive. Therefore, in the sphere K = K the operator P has a unique fixed point{u}

that is a solution of equation (32).

The functionu(x,t), as an element of the space B;T, is continuous and has continuous derivatives u,(x,t), u,,(x,t)
on D; . Now, prove that u, (x,t) and u,,(x,t) are continuous in D; . From (24)-(26) we have:

U5 (O o < o1l 0 (40)
1
(S sO || <VB Ol ok, =2 D], @
1
(SR Ol ] sJ€<s+||q<t>||qo,n>||u<x,t>||B;,T
o1l o +2J_ a(Z(f”qu 1(t)||C[OYT])2];. (42)
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It follows from estimates (40)-(42) that u, (x,t) and u,,, (x,t) are continuous in D; .Further, it follows from (27) that

U(x0) = U OX, () =Y 0 X, (X =0() O<x<1),
k=0 k=0

0,60 = U)X, (0 = YW X, () =w(x) (0<x<D),
k=0 k=0

since by the given theorem

0 0

2(7"3k‘(p2k—1‘)2 <+, zo‘i‘q)Zk‘)z < +00,

k=1 k=1

Z(kak‘\lfzm‘)z <40, Z(ﬁk‘“’zk‘)z <400,
k=1 k=1

and the more so,

o0 o0
Z‘(pk‘ < 400, Z“Vk‘ < 400,
k=1 k=1

Thus, conditions (2) are fulfilled.

It is obvious that conditions (3) is fulfilled for the function
u(x,t) = Zuk(t)xk (%) = Uy (t) X, () +Zu2k—l(t)X2k—1(X) +Zu2k (1) X5 (X))
k=0 k=1 k=1
It is easy to see that

Uy (X, t) — U (X, t) — Uy (th) = Ug(t) + i[(1+ )“Zk )u;k—l(t) + }"Zkuzk—l(t)]xzk—l(x) +

k=1

+ i[(“‘ WUz (0) + 25U (1) + 280, (U1 (8) + Up s D)X () (K =12,..;0<t<T).

k=1

Now, if we use systems (25)-(27), equality (40) takes the form:
Uy (X, 1) = Ugoe (X, 1) = U, (X, ) = Ry (t5U) + Z Foa(tsu) Xp () + Z Fo (t5u) X (X) = Z Fe(t5u) X (%),
k=1 k=1 k=0

Where the functions X, (x) (k =012,...) are determined by relation (14), and
F (Gu)=f, ®)+qtu ) (k=012,..).

Under the conditions of the theorem it is obvious that
D R tu)] < +oo.
k=0
Then it follows from (45) that for any fixed t €[0,T]:
DR (Gu) X, (x) = Fu(x ) =qu(x,t)+ f(xt) vxe[0].
k=0

Thus, relations (44) and (46) yield

Uy (X, 1) = U (X, 1) — U, (X, 1) = q()u(x, t) + T (x,1)
© 2012, IIMA. All Rights Reserved
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Consequently, the function u(x,t) satisfies equation (1) everywhere in D; .
So, u(x,t) isa solution of problem (1)-(3), (6), and by lemma 2 it is unique. The theorem is proved.

By means of lemma 1 we prove the following

Theorem 3: Let all the conditions of theorem 2 and agreement conditions (5) be fulfilled. Then for sufficiently small
values of T, problem (1)-(3) has a unique classic solution.

4. CONCLUSION:
The following results have been obtained:

1. The existence of the solution of a not self-adjoint boundary value problem for a fourth order pseudohyperbolic
equation has been proved;

2. The uniqueness of the solution of a not self-adjoint boundary value problem for a fourth order pseudohyperbolic
equation has been shown;

3. The existence of the classic solution of a non-classic boundary value problem with integral boundary for a fourth
order pseudohyperbolic equation has been proved;

4. The uniqueness of the classic solution of a non-classic boundary value problem with integral boundary for a fourth
order pseudohyperbolic equation has been shown.
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