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ABSTRACT

The aim of the present paper is to obtain sufficient conditions for starlike functions of order f. We establish two

theorems. The first theorem provides improvement of the sufficient conditions for starlikeness obtained earlier by several
research workers such as Lewandowski et al. [5], Li and Owa [6], Nunokawa et al. [8,9], Ramesha et al. [10] and
Ravichandran et al. [11]. The second theorem gives sufficient conditions for a function f to be inthe subclass B, (u, @)

of analytic and univalent functions on the unit disk.
AMS Subject Classifications : 30C45; 30C50.
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1. INTRODUCTION

Let A, be the class of functions of the form

f(z)=z+ iamzm (11)

m=n+1
which are analytic in the open unit diskU ={zeC:|z|<1}.Let A =A

A function f(z) e A is said to be starlike of order « , if

Re{%}>a (0<a<l;zel). (1.2)

The class of all starlike functions of order « is denoted by S™(«r) . Let S™(0) = S™. Also, a function f belongingto S is
said to be convex of order « if

Re{1+ Z;:’((ZZ))}>0( (0<a<i;zeU). (1.3)

We denote by K(«), the subclass of A consisting of functions which are convex of order « inU . Also a function
f €S issaidto be in close-to-convex of order « if
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Ref'(z)>a (0<a<l;zeU). (1.4)
We denote this class by CC(«), the subclass of A consisting of functions which are close-to-convex of order « inU
Following Frasin and Jahangiri [3] (see also [1]), we introduce the class B, (u,«) defined as follows:

Definition. A function f(z) € A, is said to be member of B (u,«) if and only if

‘f’(z){%}ﬂ —l_‘<l—a (zeU) (L5)

for some a(0<a <1) and u>-1.

Note that the condition (1.5) is equivalent to

Re{f’(z)[%} }>a (0O<a<l,uz-1zeU). (1.6)

Clearly B,(0,a) =S, (), B,(-1,a)=CC,(«) andB,(1,a)=B(«), the class which has been introduced and studied
by Frasin and Darus [4] (see also [2]).

The following theorems dealing with the sufficient conditions for starlikeness were obtained.

Theorem A: ([5]) Let f(z) e A satisfy the condition

Re{Zf '(2) [1+ 2f ”(z)j} >0 (zel),

f(2) f'(2)
then f(z2)eS’.

Theorem B: ([10]) Let f(z) € A satisfy the condition

zf'(2) zf"(2)
Re{ f(2) (Ha f'(z) ]}>O #=0)

wherex >0, then f(z)eS’.

Theorem C: [6] Let f(z) e A satisfy the condition

zf'(2) zf"(z) a
Re{ 0 (l+a ) j}>—5 (zeU),

wherex >0, then f(z)eS’.

Theorem D: [6] Let f(z) e A satisfy the condition

7f'(2) 7f"'(2) al
Re{ 0 (1+a ) J}>—T(l—a) (zeU),

where0<a <2, then f(z)eS (a/2).

© 2012, IIMA. All Rights Reserved 513



S.P. Goyall et al./ On Sufficient Conditions for Certain Subclasses of Analytic and Univalent Functions/ IIMA- 3(2), Feb.-2012,
Page: 512-518

Theorem E: [6] Let f(z) e A satisfy the condition

zf'(2) zf"(2)
Re{ Q) [“ (2) ]}m <t)

then f(z)e S (1/2).

Theorem F: [9] Let f(z) e A satisfy the condition
zf'(2) zf"'(2) a zf'(2) ’
Re{ ) (1+a 2) j}>—5{1+3[lmmj } (zeU),

where a >0 then f(z)eS".

The results discussed in Theorem A, B, C, D, E and F were obtained earlier by Lewandowski et al. [5], Ramesha et al.
[10], Li and Owa [6] and Nunokawa et al. [9] respectively.

Obviously Theorems C, D and E are improvement of the Theorems A and B while Theorem F is an improvement of
Theorem C.

Recently Nunokawa, Goyal and Kumar [8] proved the following theorem:

Theorem G: Let f(z) e A satisfy the condition
’ n 2
Y ROl PR OB SR P (zeU)
f(z) f'(2) 2

where a >0 then f(z)eS’.
The above theorem provides an improvement of all the aforementioned Theorems A to F.

zf'(2)
f(z)

Ravichandran et al. [11] discussed the sufficient conditions for a starlike function of order £ and obtained the result:

Theorem H: Let f(z) € A, satisfy the condition

zf'(2) zf"'(2) n
Re{ 0 (l+a 2) ]}>{ﬁ—a(1—ﬂ)[ﬁ+5j} (zeU)

where o >0 then f(z)eS,(B).

To prove our main results, we shall require the following lemma:

Lemma 1.1:. [7] Let p(z)=b,+b,z" +b,,z"" +..(ne N) be analytic inU with p(z)#b,. If 0<|z,|<1 and

Re{p(z,)} = |gllizn‘Re{ p(z)}, then

ﬂ |bo B p(zo) |Z

2P () < et — p(z,)]

In this paper, we establish two theorems. These theorems provide sufficient conditions for the functions to be starlike of
order S . The first theorem is an improvement of the Theorem H and is a generalization of Theorem G which in turn is an

improvement of Theorems A to F. Our second theorem generalize and improve the result obtained by Frasin [1].
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2. MAIN RESULTS

Theorem 2.1: If f(z)e A, satisfies

zf'(2) f "(2) o n n #f'(z) ’
Re{ 19 (““ ) )}>{ﬂ «tt-m(s+3)] { (Hzx—mj @ ﬂ‘ } @y
then f(z)eS, (B).
Proof: Let us put
a-pp@+p=15, 22)
(2)
then p(z) isanalyticin U and p(0)=1.
If there exists a point z, €U \{0} such that
Re{p(2)}>0for|z|<|z,|. p(z) =iy
where y is areal number. Then applying Lemma 1.1, we have
2 P(2) <~ (1+77)
or
2,P'(20) <51+ p(z) F). (2.3)

On the other hand

Re{ZO f'(z,) (1+a 2,f"(2,)

: j} - Re{[(l—ﬁ)P(Zo)+ﬂ]{a[(1—ﬂ)p(Zo)+ﬂ]+w+l—a}}
(z,) f'(z,)

1-B)p(z)+p
= Re{al(1- B)p(2)) + BT +a(l- B)z,p'(2,) + (1~ a)(1- B)p(2,) + B(L- )}

=Re{a(1- A’ (p(@,))' + B'a+2Ba(1- P p(z,) +a(1- B)2,P'(z,)
HL-a)(1- A)p(z,) + A1)}

= a(1- f)*Re{p(zo)} + Bl +2pa(l- fRe{p(z,)}+a(1- B)Relz,p'(2,)}
+(1-a)(1- B)Re{p(z,)}+ f(1- )

<-all- ) | p(@) F +f°a-a(l- )3 (1] p@) )+ BL-a)

n n |zt 2
s{ﬂ—a(l—ﬁ)(ﬂJrgj}_{ [1+2(1—ﬁ)j| @ }

This is a contradiction and therefore the proof of the Theorem 2.1 is complete.
Remark: For g =0 and forn =1, the Theorem 2.1 will reduce to the result given in Theorem G. For g=1/2,a =1
andn =1, we get the following result:
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Corollary 2.2: If If f(z) e A satisfies

zf '(2) f "(2)
Re{—f(z) (l+—f © ]} > {1+

then f (z) € S™(1/2).

#'@) 1f
f(z) 2

The next theorem gives sufficient conditions for a function f(z) to be inthe class B, (x, «).

Theorem 2.3: If f(z)e A, ,u>-1,u#0, satisfies

, i!Hrl ) ,U_—l Lﬂ _ﬁ Lﬂ _ﬂ _ _ _E(l_ﬁ)
Re{ﬂf(z)[f(z)] “a [’){ ; Z[(f(z)]} ﬂ[[f(z)] ]]Hw p- o3

2

ol -

(2.9)
then f(z) e B, (¢, ) (1 # 0).
Proof: Let us put
o)
(1-0)p(z)+o=f (Z)( f(z)j ; (2.5)

then p(z) isanalyticin U and p(0) =1..

Since

, z /Hl_ YA “ YA Z “
ol i) @) Z[(ﬁj ] &

It follows from (2.5) and (2.6) that

sy AL (2 V22 Y
t-om@==, Z[(f(z)” u[(f(Z)] ] @7

If there exists a point z, e U \{0} such that

Re{p(2)}>0for|z[<|z,|, p(z)=iy
where y is areal number. Then applying Lemma 1.1, we have

, n
Z,p (ZO)S_E(]'-'—]/Z)
or

2P(20) <3 {1+ p(z) F). (28)

From (2.5), (2.7) and (2.8), we have

, , VU el YY) # [ g Y
Re{ﬂf (ZD)(f(ZO)] +(1 ﬂ)[ H ZO [[f(zo)] J ﬂ[(f(ZO)] ]:|}

=Re {5+ B(1-0)p(z)) + (1- B)(1-5)2,P'(2,)}
= p6+ B(1-6)Re{p(z,)}+ (1= A)(1-5)Re{z,P'(7,)}

< p5-2 (- HA-8)[1+] p(z) ]

n@-p 2
2 (1-96)

f'(zo)[%j -5
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This is a contradiction and therefore the proof of the Theorem 2.3 is complete.

Puttingn =1,u =1, we get the following result:

Corollary 2.4: If f(z) e A satisfies

f'(2) G+l p+5-1 11-p|2t@ [
Re{ﬂ 72 -(1-p)z (f()]} 5 2 §)| ) -5 (zeU)

then f(z) € B(9).
The above corollary is an improvement to the result in [1, Theorem 2.3].

Putting S =0 in Theorem 2.3, we get the following result:

Corollary 2.5: If f(z) e A, satisfies

-1 z Y| 2 z Y n
R{Tﬂﬁj ]7([Wj J}*z‘”’ s

then f(z) e B, (u,9).

-5
of55)

Ifweput £=0, =1 inTheorem 2.3, we get the following result:

Corollary 2.6. If f(z) e A, satisfies

2 1
Re{— (f( )]}>_—( - )|: (1_5)2

then f(z) € B, (9).

zzf'(z)_§2
f%(2)
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