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ABSTRACT 
The aim of the present paper is to obtain sufficient conditions for starlike functions of order β . We establish two 
theorems. The first theorem provides improvement of the sufficient conditions for starlikeness obtained earlier by several 
research workers such as Lewandowski et al. [5], Li and Owa [6], Nunokawa et al. [8,9], Ramesha et al. [10] and 
Ravichandran et al. [11]. The second theorem gives sufficient conditions for a function f  to be in the subclass ( , )nB µ α  
of analytic and univalent functions on the unit disk.  
 
AMS Subject Classifications : 30C45; 30C50. 
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1. INTRODUCTION 
 
Let nA be the class of functions of the form  
 

= 1
( ) = m

m
m n

f z z a z
∞

+

+ ∑
                                                                                              

(1.1) 

 
which are analytic in the open unit disk { }= :| |< 1U z C z∈ . Let 1 .A A≡  
 
A function ( )f z A∈  is said to be starlike of orderα , if  
 

( )( ) > 0 < 1; .R
( )

zf z z Ue f z
α α

′ 
≤ ∈ 

                                                                               
(1.2) 

 
The class of all starlike functions of order α is denoted by * ( )S α . Let * *(0)S S≡ . Also, a function f  belonging to S  is 
said to be convex of order α  if  
 

( )( )1 > 0 < 1; .R
( )

zf z z Ue f z
α α

′′ 
+ ≤ ∈ ′                                                                           

(1.3) 

 
We denote by ( )K α , the subclass of A consisting of functions which are convex of order α  inU . Also a function
f S∈  is said to be in close-to-convex of order α  if  
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( )( ) > 0 < 1; .R f z z Ue α α′ ≤ ∈                                                                                  (1.4) 

  
We denote this class by ( )CC α , the subclass of A  consisting of functions which are close-to-convex of order α  inU
. 
Following Frasin and Jahangiri [3] (see also [1]), we introduce the class ( , )nB µ α  defined as follows: 
 
Definition. A function ( ) nf z A∈  is said to be member of ( , )nB µ α  if and only if  
 

1

( ) 1 < 1 ( )
( )
zf z z U

f z

µ

α
+

 ′ − − ∈ 
                                                                            

(1.5) 

 
for some (0 < 1)α α≤  and 1µ ≥ − . 
 
Note that the condition (1.5) is equivalent to   

 

( )
1

( ) > 0 < 1, 1; .R
( )
zf z z Ue

f z

µ

α α µ
+   ′ ≤ ≥ − ∈  

                                                              
 (1.6) 

 
Clearly *(0, ) ( ), ( 1, ) ( )n n n nB S B CCα α α α≡ − ≡  and 1(1, ) ( )B Bα α≡ , the class which has been introduced and studied 
by Frasin and Darus [4] (see also [2]). 

 
The following theorems dealing with the sufficient conditions for starlikeness were obtained. 
 
Theorem A: ([5])  Let ( )f z A∈  satisfy the condition  
 

( ) ( )1 > 0 ( ),R
( ) ( )

zf z zf z z Ue f z f z
 ′ ′′  + ∈  ′     

 
then *( ) .f z S∈  
 
Theorem B: ([10]) Let ( )f z A∈  satisfy the condition 
  

( ) ( )1 > 0 ( ),R
( ) ( )

zf z zf z z Ue f z f z
α

 ′ ′′  + ∈  ′     
 
where 0α ≥ , then *( ) .f z S∈  
 
Theorem C: [6] Let ( )f z A∈  satisfy the condition  
 

( ) ( )1 > ( ),R
( ) ( ) 2
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where 0α ≥ , then *( ) .f z S∈  
 
Theorem D: [6] Let ( )f z A∈  satisfy the condition  
 

2( ) ( )1 > (1 ) ( ),R
( ) ( ) 4
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αα α
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where 0 < 2α≤ , then ( )*( ) / 2 .f z S α∈  
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Theorem E: [6] Let ( )f z A∈  satisfy the condition  
 

( ) ( )1 > 0 ( ),R
( ) ( )
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then *( ) (1/ 2).f z S∈  
 
Theorem F: [9] Let ( )f z A∈  satisfy the condition  

2
( ) ( ) ( )1 > 1 3 ( ),R I
( ) ( ) 2 ( )
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where 0α ≥  then *( ) .f z S∈  
 
The results discussed in Theorem A, B, C, D, E and F were obtained earlier by Lewandowski et al. [5], Ramesha et al. 
[10], Li and Owa [6] and Nunokawa et al. [9] respectively. 
 
Obviously Theorems C, D and E are improvement of the Theorems A and B while Theorem F is an improvement of 
Theorem C.  
 
Recently Nunokawa, Goyal and Kumar [8] proved the following theorem: 
 
Theorem G: Let ( )f z A∈  satisfy the condition  
 

2
( ) ( ) ( )1 > 1 3 ( )R
( ) ( ) 2 ( )

zf z zf z zf z z Ue f z f z f z
αα
  ′ ′′ ′    + − + ∈    ′        

 
where 0α ≥  then *( ) .f z S∈  
 
The above theorem provides an improvement of all the aforementioned Theorems A to F. 
 
Ravichandran et al. [11] discussed the sufficient conditions for a starlike function of order β  and obtained the result: 
 
Theorem H: Let ( ) nf z A∈  satisfy the condition  
 

( ) ( )1 > (1 ) ( )R
( ) ( ) 2

zf z zf z n z Ue f z f z
α β α β β

 ′ ′′      + − − + ∈      ′         
 
where 0α ≥  then *( ) ( ).nf z S β∈  

 
To prove our main results, we shall require the following lemma: 
 
Lemma 1.1:. [7]  Let 1

0 1( ) = ...( )n n
n np z b b z b z n N+

++ + + ∈  be analytic in U  with 0( )p z b≠ . If 00 < | |< 1z  and 

{ } { }0
| | | |0

( ) = ( ) ,R Rmin
z z

p z p ze e
≤

 then  

 

{ }
2

0 0
0 0

0 0

| ( ) |
( ) .

2 ( )R
b p znz p z

b p ze
−′ ≤ −
−

 

 
In this paper, we establish two theorems. These theorems provide sufficient conditions for the functions to be starlike of 
order β . The first theorem is an improvement of the Theorem H and is a generalization of Theorem G which in turn is an 
improvement of Theorems A to F. Our second theorem generalize and improve the result obtained by Frasin [1].  
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2. MAIN RESULTS 
 
Theorem 2.1:  If ( ) nf z A∈  satisfies  
 

2
( ) ( ) ( )1 > (1 ) 1 .R
( ) ( ) 2 2 (1 ) ( )

zf z zf z n n zf z
e
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β
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                           (2.1) 

  
then *( ) ( ).nf z S β∈  
 
Proof: Let us put  
 

( )(1 ) ( ) = ,
( )

zf zp z
f z

β β
′

− +                                                                                         (2.2) 

 
then ( )p z  is analytic in U  and (0) = 1p .  
 
If there exists a point 0 \{0}z U∈  such that 
 

0 0{ ( )} > 0 for | |<| |, ( ) =R p z z z p z ie γ  
 
where γ  is a real number. Then applying Lemma 1.1, we have  
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0 0( ) (1 )

2
nz p z γ′ ≤ − +  
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On the other hand  
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                                 { }2
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                                 ( ){ 22 2
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2

0 0

0
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(1 ) 1 .
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z f zn n
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β

 ′     ≤ − − + − + −      −        
 
This is a contradiction and therefore the proof of the Theorem 2.1 is complete. 
 
Remark: For = 0β  and for = 1n , the Theorem 2.1 will reduce to the result given in Theorem G. For = 1/ 2 , = 1β α  
and = 1n , we get the following result: 
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Corollary 2.2: If If ( )f z A∈  satisfies  
 

2
( ) ( ) ( ) 11 > 1R
( ) ( ) ( ) 2

zf z zf z zf z
e

f z f z f z

  ′ ′′ ′  + − + −   ′         
 
then *( ) (1/ 2).f z S∈  
 
The next theorem gives sufficient conditions for a function ( )f z  to be in the class ( , )nB µ α . 

 
Theorem 2.3:  If ( ) , 1, = 0,nf z A µ µ /∈ ≥ −  satisfies  

1 21( ) (1 )R
( ) ( ) ( )
z z z zf z ze f z f z f z
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21
(1 )> (1 )(1 ) ( )
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ββδ β δ δ
δ

+
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                                                                                                                  (2.4) 
 then ( ) ( , ) ( = 0).nf z B µ α µ /∈  
 
Proof: Let us put  

1

(1 ) ( ) = ( ) ,
( )
zp z f z

f z

µ

δ δ
+

 ′− +  
                                                                                 

(2.5) 

then ( )p z  is analytic in U  and (0) = 1.p .  
 
Since  

1

( ) = .
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µ µ µ
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It follows from (2.5) and (2.6) that  
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If there exists a point 0 \{0}z U∈  such that 
 

0 0{ ( )} > 0 for | |< | |, ( ) =R p z z z p z ie γ  
 
where γ  is a real number. Then applying Lemma 1.1, we have  

2
0 0( ) (1 )

2
nz p z γ′ ≤ − +  

or  

( )2
0 0 0( ) 1 | ( ) | .

2
nz p z p z′ ≤ − + (2.8) 

 
From (2.5), (2.7) and (2.8), we have  
 

1 2
20 0 0 0

0 0
0 0 0

1( ) (1 )R
( ) ( ) ( )
z z z z

f z ze f z f z f z

µ µ µ
µβ β
µ µ

+          −     ′ + − −                     
 

                                                       { }0 0 0= (1 ) ( ) (1 )(1 ) ( )R p z z p ze βδ β δ β δ ′+ − + − −  

                                              0 0 0= (1 ) { ( )} (1 )(1 ) { ( )}R Rp z z p ze eβδ β δ β δ ′+ − + − −  

                                              
2

0(1 )(1 ) 1 | ( ) |
2
n p zβδ β δ  ≤ − − − +                                                    

                                              

21

0
0

0

(1 )(1 )(1 ) ( ) .
2 2 (1 ) ( )

zn n f z
f z

µ
ββδ β δ δ
δ

+
 −  ′≤ − − − − −   −   

 



S. P. Goyal1* et al./ On Sufficient Conditions for Certain Subclasses of Analytic and Univalent Functions/ IJMA- 3(2), Feb.-2012, 
Page: 512-518 

© 2012, IJMA. All Rights Reserved                                                                        517  

 
This is a contradiction and therefore the proof of the Theorem 2.3 is complete.  
 
Putting = 1 , = 1n µ , we get the following result: 
 
Corollary 2.4: If ( )f z A∈  satisfies  
 

( )
22 2

2
2 2

( ) ( 1 ) 1 1 (1 ) ( )(1 ) >R
( ) 2 2 (1 )( ) ( )

z f z z z f zz z Ue f zf z f z
δ β δ ββ β δ

δ
 ′ ′  + + − − − − − − ∈   −     

 
then ( ) ( ).f z B δ∈  
 
The above corollary is an improvement to the result in [1, Theorem 2.3]. 

 
Putting = 0β  in Theorem 2.3, we get the following result: 
 
Corollary 2.5:  If ( ) nf z A∈  satisfies  

212

2

1 1> (1 ) 1 ( )R
( ) ( ) 2 ( )(1 )
z z z n zz f ze
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µ µ µ
µ δ δ
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+          −   ′   − − − + −           −              
 
then ( ) ( , ).nf z B µ δ∈  
 
If we put = 0, = 1β µ  in Theorem 2.3, we get the following result: 
 
Corollary 2.6.  If ( ) nf z A∈  satisfies  
 

22
2

2 2

1 ( )> (1 ) 1R
( ) 2 (1 ) ( )
z n z f zze f z f z

δ δ
δ

   ′    − − − + −   −         
 
then ( ) ( ).nf z B δ∈  
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