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ABSTRACT
In this paper, we show that the g-integral transforms can be used to solve some g-heat and g-wave equations.
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1. INTRODUCTION:

In classical analysis, it is well known that one of the powerful technique of solving differential or partial differential
equations, with initial values or boundary conditions, is the method of integral transforms, since these later transform a
differential equation to an algebraic or functional one, which can be solved easily (see [5, 8] and references therein).

From the seventies, the interest on the g-deformation theory, that its origin back to the eighteenth century, have
witnessed a great development, due to the role of this theory in many areas such as physics and quantum groups. For
instance, partial g-difference equations and g-difference-differential equations with more than one variables are one

of this interest. But they are generally studied by means of the method of separation of variables or by the techniques
of Lie symmetry (see [1, 13, 14] and references therein). However, in literature few papers studied these equations by
using integral transforms (see [3, 4, 15]).

In this paper, we use the g-Mellin transform and the properties of some integral transforms to study the Dunkl and g-
Dunkl g-wave, and g-heat equations. We note that the majority of the so-mentioned works turn out to be particular
cases of ours. For instance, if we take o = —1/ 2, the Dunkl g-wave and g-heat equations reduce to those studied in [4],
and the g-Dunkl g-wave and g-heat equations reduce to those studied in [3].

This paper is organized as follows: in Section 2, we present some preliminary results and notations that will be useful in
the sequel. In Sections 3, we study the g-heat and g-wave equations for the Dunkl operator. Finally, Section 4 is
devoted to study the g-heat and g-wave equations for the g-Dunkl operator.

2. PRELIMINARIES:
Throughout this paper, we fix ¢ €]0,] and we write R, = {iq", ne Z} and R, = {q“, ne Z}.

2.1. Basic symbols: We follow the general reference [10] for the definitions, notations and properties of the g-shifted
factorials:

For complex number @, the g-shifted factorials are defined by:
n-1

(2,0), =1 (a0), =H(1—a dj) n=12,...,0.

k=1
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We also write

[x] _1-9 , xeC and nl =
b1 (1-a)

The forward Jackson’s g-derivative Dq is defined by

f(a'z)-f(2)

D, f(2) = TEnE

,2#0

D, f(0)=1limD, f (2)

The Rubin’s differential operator is defined by (see [15])

,(f)(2) = 12 + feas) - f(@) + ) - 2f(2)

1

2L - q)2 W

Note that if f is differentiable atz, then Iin; D,f(2)= Iinqaq f(2)=f'(2).
q- q-
The g-Jackson’s integrals from O to +oo and from —co to +oo are defined by (see [10, 11])
J, f00dx = @- o) f(a)e’
and
[Cf00dx = @-a) Y f@)a +@-aq) > f(-a"aq",
N=-o0 n=—o0

provided the sums converge absolutely.
For p >0, the notation L?, =L°, (Rq) will stand for the Banach space induced by the norm

1

< P 2a+l P
[~ 1P
and L =L} (Rq) will stand for the Banach space induced by the norm
[ .. =sup[f ().
xequ
A g-analogue of the exponential function is given by (see [10])
- n(n-1)
2 n
2 _ q z
S0 = Z nt
n=0 g
This exponential function induces two g-trigonometric functions given by:
E(;X + Eq—ix . E:( _ Eq—ix

Cos, (x) = — and Sin, (x) = — 2
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It is easy to verify that

. 1 1. ) 1
DqquaEq, Dqusq(x)z—aqu(x) and Dquq(x):aCosq(x)

Jackson defined a g-analogue of the Gamma function by (see [11])

r,(0 = (G9). 4o xr0-1-2..

(a%5a),
It satisfies the following properties

l“q(x+1)=[x]q r,(x),r,=1 and IqiLrlqu(x):F(x)

and it has the g-integral representation

1
1q
s-1p—qt
Fq(s)zjt E,"d,t.
0

Log(1-q)
Log(q)

sl -
r,(s)= I tE, " .
0

In the particular case eZ, we get

In the remainder, we assume that this condition holds.

2.2. The g-Mellin transform: The g-Mellin transform of a suitable function f on Rq& is given by (see [9])

M, (f)(s) = j wts‘lf(t)dqt.

when the g-integral converges. It is analytic on a strip <aqyf ; ﬂqyf > , called the fundamental strip.

The inversion formula for the g-Mellin transform is given by (see [9])

Cr———

vxeR, f(x) :2:_%(_0%) TTML(f)s)xs,

“Log(a)
where C e<aqyf s Byt >

The g-Mellin transform satisfies also the two following properties (see [9]):

(1) For aeR, and 56<aq'f;ﬂq,f>, we have

M. [f@)]ts)=a"M,[f](s).
(@ For se(a, +1 B, +1),

we have

M, [ D, |(s)=—[s—-1]M[ f](s-1).
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By induction, we have for all positive integer n andall se <aq,f +0; B + n>,

M [ D7 ](s)=(-1)"[s-1] [s—2],..[s—n], M [ f](s—n). @

3. g-HEAT AND Q-WAVE EQUATIONS FOR THE DUNKL OPERATOR:

. 1 . .
3.1. The Dunkl operator and the Dunkl transform: The Dunkl operator on R of index (a +Ej associated with

the reflection group Z, is the differential-difference operator introduced by C. F. Dunkl in [6] by

df 1) f(x)— f(=x) 1
AfX)=—X+|a+=|————=, a=——. 5
L L e ®
It was shown (see [12]) that for each A € C , the differential-reflection problem
A, f=iAf
f(0) =1,

has a unique analytic solution ;' called Dunkl kernel and given by

« . AX .
l//ﬂ, (X) = Ja(ﬂ“x)+2a+2 Ja+l(ﬂ’x)' XER’

where j_ is the normalized spherical Bessel function of order « defined by

i(2)= F(a+1)z( V2" e

NIl (a + n+1)

1
Note that z//lz(x) =" and forall o > - andall 4,xeR

f(0)|<1 6)

1
In the remainder, we fix « > _E and we note z¢, for the weighted Lebesgue measure
on R, given by

| |2a+]

du ()=—
Ha(X) 2 N(a+1)

For pe [0, + oo], the notation L° =L" (]R, d/la) will stand for the Banach space induced by the norm

U‘w|f(x)|pdya(x)Jp if p>0

esssup| f (x)| if p=oo.
xeR

11, =
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Note that L, is the Lebesgue space L” (R) .

The Dunkl transform Fy  is defined on LY by (see [7])

Fo (f)(4) =J. FOJw e, ()du, ()

According to [12], the Dunkl transform FJ satisfies the following properties:

e Forall felL, suchthat FS(f)eL, ,we have the inversion formula

f(x)zf F(DAws ()du, (A), ae xeR. ™

e Forall feS(R) and 1eR
FS(A, f)=iAFy(f) an d A FS(f)=-iAFy(f),

where S(IR) is the Schwartz space.

e Plancherel theorem: FJ is an isomorphism from L2 (resp. S(R)) onto itself and for f e L2, we have

3.2. g-Heat equation for the Dunkl operator: Let us consider the following g-heat equation for the Dunkl operator

Fs (1), =Ifl,..

D, u(x,t)=AZ u(xt), xeR, teR,,, )
with the initial condition: u(x,0) = f (X).

We assume that f e}, and FJ(f)eL, . By taking a Dunkl transform in x and a g-Mellin transform in t, the
equation (7) becomes

[s—l]qU(f,s—l)zngU (£,9). 9)
A solution of the equation (9) is given by

U (&,8) = A(§)E T, (s), (10)
where  A(&) is a function only in the variable & .

According to the g-integral representation of the g-Gamma function, the inversion g-Mellin transform of é‘zsl“q (s) is

Log(a) [ o oy . LOG(@) [0 .
I (s)x'ds=——"— I (s)(&x) ds=E ",
2iz(l-q) ). - ¢ 2i7z(1—q)[ - ()(&%) |

Log(q) Log(q

Moreover, by the inversion formula (7), it follows that

u(x.t) = J' AE; 2 (d 4, (£) (1)
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In particular, for t =0, we get
f(x)=u(x,0 ;:j A (x)d 1, (8). (12)

Then, since f and FZ(f) are in L, we have

A(S) =j FOw % () d a1, (x) = Fg' (£)(S).

Therefore, a solution of (8) is

u(x,t) =I R (F)(©)E,* e (0d, (&) (13)

Conversely, from the relations (3) and (6), and the Lebesgue convergence theorem, it is easy to conclude that (13)
satisfies (8).

3.3. g-Wave Equation for the Dunkl operator: We consider the following g-wave equation for the Dunkl operator:
Diu(x,t) =AZu(xt), xeR, teR,,, (14)
with the initial conditions: u(x,0)=f(x), D,u(x,0)=g(x).

We assume that f € S(R).

By applying the Dunkl transform in X and the g-Mellin transform in t, the equation (14) turn out to be
[S—l]q[S—Z]qU(.f,s—Z):—fo (&,9). (15)
A simple calculation shows that a solution of the equation (15) is given by

U(£9)=| AQ)(-i£) " +B&)(i)" |, () (16)

where A(&) and B(&) are functions only in the variable & .

From the g-Mellin inversion formula, we get
Fo (U)(&.1) = A(SES™ + B(SE,™, (17)
where F5 (U)(&,t) is the Dunkl transform of u(x,t) with respect to the variable X.

It follows from the relations (2) that
Fo (U)(£,1) =C(&)Cos, (ast) + D(£)Sin, (adt), (18)
where C(&) and D(&) are functionsin &.

Now, the inverse-Dunkl transform (7) gives

u(xt) = j [C(&)Cos, (a2t)+ D(&)Sin, (a&t) Jwe ()d 4, (£). (19)
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By taking t =0 in (19) and using the fact that f € S(IR), we obtain

C(&)=F5 (1)().

On the other hand, by using the relation (3), we get

g(x) =D, ,u(x,0 %I ED(Sy: (¥)dp, (£)
So, since g € S(R) , we obtain £D(&) e S(R) and

Fp (9)(5) =¢D(&). (20)

Therefore the final solution of (14) is

u(x) - j m[FS(f)(é)Gosq(qft)+@8inq(qft)}wg(x)dua@. @

4. g-Heat and g-wave equations for the g-Dunkl operator:

1
4.1. The g-Dunkl operator and the g-Dunkl transform: For o > _E' the g-Dunkl operator is defined in [2] by

wq(f)=0 [f +q° 1, ](X)+[2a+1] w

with f, and f, are respectively the even and the odd parts of f .
It was shown in [2] that for each 1 € C, the function
iAX
[Za + 2]
q

is the unique solution of the g-differential-difference equation:

pit(x) =, (A%9%)+ Jun(2%07)
A, f =idf
£(0) =1,

where j,(.;q°) is the normalized third Jackson’s g-Bessel function given by

n(n+1) on
j, (z:07) = Z( i e [ ) 2

Ck q)(q :q%),

For o >_E the g-Dunkl transform F3** is defined on L10(,q (see [2]) by

a - a 20+
Fs(f)(A) =K, _[ FOOw (I dyx
where K, :&.
ZFqZ (x+1)
It satisfies the following properties:
e Forall f el suchthat xf(x)eL,,, wehave

a,q’

FOO(A,  F)=IAFSI(F)  and A, F&9(f)=—iFS9(xf).
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e Plancheral theorem : F5*% is an isomorphism from Li’q (resp. Sq (Rq))into itself and for f L' , we

a,q’

have

Here, Sq (Rq) is is the g-analogue of the Shwartz space, constituted of functions f defined on ]Rq satisfying:

Fs ()], , =l Fl,,.qand (F5 ) (D0 =K, [ w2 dya.

vmneN, P,,.(f)= sup x"0) f (x)‘ <o and  limagf(x) exists.

xeRg

4.2. g-Heat equation for the g-Dunkl operator: Consider the following g-heat equation for the g-Dunkl operator
A

a,q’

D, u(xt) =A% u(xt), xeR, teR,,, (22)
with the initial condition: u(x,0) = f (x), fel,.

By applying the g-Dunkl transform respecting to x and the g-Mellin transform respecting to t, equation (22) can be
transformed to

[s—l]qU(g,s—l)zngU (£,9). (23)
It is easy to verify that a solution of (23) is given by
U(&,5)=A(&)S T, (), (24)

where A(&) is a function only in the variable & .

As we proved, the inversion g-Mellin transform of §’Zsl“q (s) is Eq'qu‘. Then, by applying the inversion theorems
for the g-Mellin and the g-Dunkl transforms, we obtain

ux,t) =K, _[ A)E;“ ()| d & (25)

—00

For t=0, we obtain
o =un0 K, [ Awetoole = a.e @)
Then, since f L, we get by the Plancheral theorem that Ae L, . and

A= [ 10O d x5

Hence, the final solution of (22) is

u(x.t)= j Fo (£ “ e ()¢l dyé. (27)
Conversely, from the relations (3) and the fact that A, 7% (X) =idw (), we conclude that (27) satisfies (22).
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4.3. g-Wave Equation for the g-Dunkl operator: We consider the following g-wave equation for the g-Dunkl
operator

2 2
DXu(x,t)=A, u(xt),  xeR, teR,, (28)
with the initial conditions: u(x,0)=f(x), D,u(x,0)=g(x).

We assume that f,g e S, (R,).

By putting applying U =M [ngq (u):|  the equation (28) can be transformed to the following functional equation

X

[s—l]q[s—Z]qU((,‘,s—Z)=—§2U (£,9). (29)
A simple calculation shows that a solution of the equation (29) is given by
U(£9) =] AG)(-i)" +BE)(i) |, (6), (30

where A(&) and B(<&) are functions only in the variable & .

Then, from the g-Mellin inversion formula and the relations (2), we get

Fg* (U)(S,1) = C()Cos, (ast) + D(£)Sin, (adt), (31)
where C(&) and D(&) are functionsin &.

So, by the g-Dunkl inversion formula we obtain
u(x,t) = Kaf [C(&)Cos, (agt)+ D(&)sin, (agt) Jwe* (e[ dy& - (32)

By taking t=0 in (31) and using the Plancheral theorem, since f €S (R,), we obtain CeS (R)and
C(E=F(f)(&).

Moreover, using the relation (3), we get
9(X) = Dyu(x,0 ¥K, j EDEwE ([l dyé.
So, since g € S, (R,), we obtain {D(&)e S, (R,) and

Fo*(9)(6)=¢D(&). (33)

Therefore the final solution of (28) is

u(x ) = KQHFS”(f)(é)Cosq(qét)+wsmq(qft)}wg*‘*(x)wr“‘ .. (3

Finally, as in the previous sections, it is easy to verify that this function is a solution of the equation (28).
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