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ABSTRACT

In this paper we establish some Fixed Point Theorems for multivalued contraction and some generalized multivaled
contraction mappings in D* - metric space. In natural setting it has very important application in control theory which
is initated by Nadler. Jr[18] and subsequently developed by Assad and Kirk[17]Browder[14] Goebel [16] lami-Doze
[17] in metric spaces. In what follows (X, D*) will denote D* - metric space, (CB(X),H) is a Hausdorff metric space
introduced by D*-- metric ,N, the set of all natural number and R*, the set of all positive real number.
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1. INTRODUCTION:

There have been an number of generalization in generalized metric space (or D-Metric space) initiated by Dhage [2] in
1992. He proved the existence of unique fixed point theorems of a self map satisfying a contractive condition in
complete and bounded D- Metric space. Dealing with D- Metric space, B. Ahmad M. Ashraf, and B.E. Rhoades [1] ,
Dhage [2,3,4] Rhoades [8], Singh and Sharma [9] and others made a significant contribution in fixed point theory of D-
Metric space. Unfortunately almost all theorems in D-Metric space are not valid (See S.V.R Naidu and others [5-7]).
Here our aim is to prove some common fixed point theorems using some generalized contractive conditions in D*-
Metric space as a probable

Definition: 1.1 Let X be a non empty set. A generalized metric (or D* - metric) on X is a function D*: X® — [0,<) that
satisfies the following conditions for each x, y, z, a € X.

1.D*(x,y,2) 20

2.D*(x,y,z)=0ifandonlyifx=y =2

3.D* (x,y, z) = D* (p{x, y, z}) where p is permutation function.

4.D* (x,y,z) £D* (Xx,y, a) + D* (a, z, 2).

The pair (X, D*) is called generalized metric (or D*- metric) space.

Examples: 1.2

(a) D*(x, y, z) = max {d(x, y), d(y, z), d(z, x)},

(b) D*(x, y, z) =d(x, y) + d(y, z) + d(z, x). Here, d is the ordinary metric on X.
(c) If X = R" then we define

D*(x,y,z) = (Ix — yll"+lly — zll ” + llz — xIl )P for every p € R*

ce D* (x,y,y) =D* (X, X,y)
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Definition: 1.4 A open ball in a D* - metric space X with centre x and radius r is denoted by Bp- (x, r) and is defined
by Bp« (x,1) = {y €X: D* (x, y, y) <r}.

Example: 1.5 Let X =R Denote D* (x,y,z) =Ix -yl +ly -zl + lz—xl for all x, y, z€ R.
Thus Bp+(0,2)={y e R/D* (0,y,y) <2}

={ye R/I0—yl+ly—yl+ly—0l<2}
={ye R/lyl+lyl<2}

={yeR/lyl<1}
={yeR/-1<y<1}
=CL 1)

Definition: 1.6 Let (X, D*) be a D* - metric space and A ¢ X
1.1If for every x € A, there exist r > 0 such that Bp« (X, r) C A, then subset A is called open subset of X.
2.Subset A of X is said to be D* - bounded if there exist r > 0 such that

D* (x,y,y)<rforallx,y € A.

3.A subset A of a D*-Metric Space X is closed in X if A®is open in X

4. A sequence {x,} in X converges to x if and only if D* (x,, X,, X) = D* (X, X, X;) — 0 as n — oo. That is, for each

€ > 0 there exist np € N such that for all n > nj implies D* (x, x, x,) < €. This is equivalent for each € > 0, there exist

ng € N such that for all n, m = nyimplies D* (x, x,, X,) < € .Itis also noted that D* (x,, Xx,, x) = D* (x, X, X,) < € for all
n = ng, for some ng € N,

5. A square {x,} in X is called a Cauchy sequence if for each € > 0, there exist ny € N such that D* (x,, X, Xi,) < € for
each n, m > ny The D* - metric space (X, D*) is said to complete if every Cauchy sequence is convergent.

Remark: 1.7

(1) D* is continuous function on X>

(2) If sequence {x,} in X converges to X, then x is unique.

(3) Any convergent sequence in (X, D¥) is a Cauchy sequence.

Definition: 1.8 Let CB(X) be set of all non empty bounded closed subsets of D*-Metric space X
Define H: CB(X)x CB(X)x CB(X) —[0, o) by H( A,B,C ) = inf {e¢ / AUB c Bp- (C, € ), AUC < Bp« (B, € ) and BUC
c Bp+ (A, €)}for A, B, Ce CB(X) where Bp- (C, €)= {x €X: D* (x, ¢, c) <€ for some c €C, where €>0} Clearly H
is metric on CB(X) and it is called Hausdorff metric on CB(X).

Definition: 1.9 Let (X,D*) and (Y,D*) be two D*-Metric spaces. Let T : X — CB(Y) .Then T is said to be multivalued
contraction mapping if and only if H(Tx, Ty, Tz ) <k D*(x,y.z) forallx,y,ze Xand 0 <k < 1.

Definition: 1.10 A multivalued map T: X — CB(X) is orbitaly continuous if x,, — x implies T x,,—Tx
Definition: 1.11 A point x in X is a fixed point of a multivalued map T: X -CB(X) if x € T(x)
Example: 1.12 Let X = [0, 1] and f: X — X be a map such that
(x)+ %2 for 0 < x < 172
f(x) =
Jax) + 1 for 2 <x <1
Define T: X — CB(X) by T(x) = {0} U {f(x)} forall x € X.Then2/3 e T (2/3)
Clearly T is a multivalued map from X to CB(X) and 2/3 is fixed point of T.
2. MAIN RESULTS:
Theorem: 2.1 Let (X, D*) be a D*-complete metric space s) and (CB(X), H) be a Haussdorf metric space induced by

D*- metric .Let T : X — CB(X) be a orbitaly continuous map such that H (Tx , Ty , Tz) £ q D*(x y, z) for all
X,y,z€ Xand 0<q< 1. Then T has a unique fired point

© 2012, IJMA. All Rights Reserved 271



T. Veera Pandi®", Aji M. Pillai’ and Dr. A. Subramaniam’/ SOME FIXED POINT THEOREMS FOR MULTIVALUED MAPPINGS... /
UUMA- 3(1), Jan.-2012, Page: 270-284

Proof: Let x, € X a fixed arbitrary element.
Define the sequence {x,} in X as x,,; € Tx, forn=0,1,2. . .
For n > 0 we have,

D*(Xm Xns Xn+1) < H(Txn-la Txn—lv Txn)
< q D* (Xn-l’ Xn-15 Xp )

.
<q"D (X0, X0, X1) = 0, as n — oo,
For m >n_ we have

D*(Xm Xn, Xm) < D*(Xm Xn, Xn+1) + D*(Xn+1, Xn+1s xm)
< D*(an Xn, Xn+l) + D*(Xnﬂ, Xn+1s xn+2) +. .+ D*(xm-l» Xm-1, Xm) —0as m, n — o<,

Thus {x,} is D*- Cauchy sequence in X. Since X is D*- complete x,, — x in X and T is orbitaly continuous T x, — Tx

Now we prove thatx € Tx.

H(TX X, X) = llm H( Tan Xn+15 Xn+l )

n—oo

< lim H (Tx,, TX,, TX,)

n—oo

=0
Thus x € Tx
Now we prove the uniqueness. Suppose x #y such thaty € Ty
D*(,y,y) <H (Tx, Ty, Ty)
<q {D*x,y,y)
< D* (x,, y), which is contradiction.
Hence T has a unique fixed point.
Theorem: 2.2 Let (X, D*) be a D*-complete metric space and (CB(X), H) be a Haussdorf metric space induced by
D*- metric .Let T: X— CB(X) be a orbitaly continuous map such that H (Tx , Ty, Tz) <q{ D*(x .y z)+D%*(a, b, c)}
forallx,y,ze Xandforall ae Tx,be Ty, ce Tz and 0<q< 1./2 Then T has a unique fired point
Proof: Let xy € X a fixed arbitrary element.
Define the sequence {x,} in X as x,;,;€ Tx, forn=0,1,2. . .

For n > 0 we have,

D*(Xm Xn+1s XnJrl) <H (Txn-ls TXn, Txn)
<q {D* Xn-1, Xn» Xn) + D*(Xy 5 Xt 1, Xne1) }

(1'Q) D*(Xm Xn+1s Xn+l) < q D*(xn—]» Xn > Xn)

D*(Xm Xn+ls Xn+l) < (q/l'Q) D*(xn—]» Xn» Xn)
<b D*(Xy.1, Xn, Xy). Where b =(q/1-q) < 1.

.
< b"D (Xg, X1, X1) — 0, as n —> oo,
For m >n, we have

D*(Xm Xn, Xm) < D*(Xm Xns Xn+1) + D*(Xnﬂa Xn+l1s Xm)
S D*(Xps Xps Xnt1) + D*(Xne1, Xne1s Xns2) + + o+ DF(Xppop, X1, X) — 0 @as m, n — o<,
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Thus {x,} is D*- Cauchy sequence in X.

Since X is D*- complete x, — x in X and T is orbitaly continuous Tx, — Tx

Now we prove thatx € Tx

H( Tx x , x )= lim H(TXy, Xups1, Xns1)

n—oo

< lim H (Tx,, TX,, Tx,)

n—oo
=0.
Thus xe Tx

Now we prove the uniqueness. Suppose x # y such that thaty € Ty

D*(x,y,y) <qH (Tx, Ty, Ty)
<q{DX,y,y)+D*x,y,y) }
<2gD*(x,y,y)
< D* (x,y, y), which is contradiction.

Thus T has a uniqe fixed point.

Theorem: 2.3 Let (X, D*) be a D*-complete metric space and (CB(X), H) be a Haussdorf metric space induced by D*-
metric .Let T: X—CB(X) be a orbitaly continuous map such that

H (Tx, Ty, Tz) < q{D*(x y.z) + D¥*(x, b, ¢ ) + D*(a, b, c)}for all X, y, z€ X and for all a€Tx,beTy,ce Tz

and 0 <q < 1./4 Then T has a unique fired point

Proof: Let x, € X a fixed arbitrary element.

Define the sequence {x,} in X as x,;; € Tx, forn=0,1,2. . .

For n > 0 we have,

D*(Xm Xn+1s Xn+]) < H (Txn—ls TXn, Txn)
< q {D* (Xn-la Xn» Xn) + D*(Xn-h Xn-+15 Xn-*—l) + D*(Xm Xn+1s Xn+1)}
=q {2 D*(Xn s Xn+1» Xn-i—l) + 2 D*(Xn—laxna Xn)}
< 2q D*(Xn—la Xn axn) + 2q D*(Xna Xn+1 » Xn+l)}

(1'2CI) D*(Xna Xn+1s Xn+l) < 2q D*(Xn-l’ Xn Xn)

D*(Xna Xn+1s Xn+1) < (2q/1-2CI) D*(Xn-h Xn s Xn)
<b D*(Xy.1, Xn» Xp). Where b =(2q/1-2q) < 1.

.
< b"D (Xq, X1, X;) = 0, as n — oo,
For m>n=n,, wehave

D*(Xm Xn, Xm) < D*(Xm Xn, Xn+1) + D*(Xrﬁls Xn+ls Xm)
< D*(Xn, Xn, Xn+l) + D*(Xn+l, Xn+1s Xn+2) +. ..+ D*(Xm—h Xm-15 Xm) - O as m, n — o<,

Thus {x,} is D*- Cauchy sequence in X.
Since X is D*- complete x, — x in X and T is orbitaly continuous Tx,, — Tx

Now we prove that x € Tx

H (Tx x, x) = lim H(Tx,, Xps1, Xne1,)

n—oo

Iim H(Tx, Tx,, Tx,)

n—oo

=0.

IN
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Thus xe Tx
Now we prove the uniqueness. Suppose x # y such that thaty € Ty

D*(x,y,y) < q {H(Tx, Ty, Ty)
<q{D,y,y) +D*x, y,y) + D*(x,y,y) }
<3gD*(x,y,y)
< D* (x,y, y), which is contradiction.

Thus T has a uniqe fixed point.

Theorem: 2.4 Let (X, D*) be a D*- complete metric space and (CB(X), H) be a Haussdorf metric space induced by
D*- metric. Let T: X — CB(X) be a orbitaly continuous map such that H (Tx , Ty , Tz) <q {D*(x y.z) + D*(x, b, ¢)
+ D* (a,y, c) +D*(a,b.c )} forall X, y, z € X and for all ae Tx ,beTy, ce Tz and 0<q< 1./5 Then T has a unique
fired point.

Proof: Let x, € X a fixed arbitrary element.

Define the sequence {x,} in X as x,;; € Tx, forn=0,1,2. . .

For n > 0 we have,

D*(Xm Xn+ls Xn+]) <H (TXn—la Txna TXn)
Sq {D*(Xn-l: Xns Xn)"'D*(Xn-l’ Xn-+15 Xn+l)+D*(Xn > Xns Xn+1)+D*(Xn > Xn-+15 Xn+1)}
Sq {2 D*(Xn—la Xns Xn)+3D*(Xn > Xny Xn+1)}

(1-3(1) D*(Xn’ Xn+1s Xn+l) < 2q D*(Xn-l’ Xn Xn)

D*(Xn’ Xn+1s Xn+1) < (2(1/1‘3(1) D*(Xn-l’ Xn s Xn)
<b D*(Xy.1, Xn» Xp). Where b =(2q/1-3q) < 1.

.
< b"D (Xq, X1, X;) = 0, as n — oo,
For m>n  we have

D*(Xm Xn, Xm) < D*(Xm Xn, Xn+1) + D*(Xn+1, Xn+1s xm)
< D*(Xm Xn, Xn-i—l) + D*(Xn+], Xn+1s Xn-¢—2) + ..t D*(Xm—lv Xm-15 Xm)—» 0 as m, n — <.

Thus {x,} is D*- Cauchy sequence in X.
Since X is D*- complete x, — x in X and T is orbitaly continuous Tx, — Tx

Now we prove thatx € Tx

H(Tx x, x)= lim H(TXy, Xos1, Xns1)

n—oo

< lim H (Tx, Tx,, TX,)

n—oo
=0.
Thus xe Tx

Now we prove the uniqueness. Suppose x # y such that thaty € Ty
D*(x,y,y) < {H(Tx, Ty, Ty)
<q {D*X,y,y) + D*X,y,y) + D*(X, v, y) + D*(x, y, y) }
< 49 D*(X,y,y)
<D*(x,y,y)

Thus T has a uniqe fixed point.
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Theorem: 2.5 Let (X, D*) be a D*- complete metric space and (CB(X), H) be a Haussdorf metric space induced by
D*- metric .Let T : X — CB(X) be a orbitaly continuous map such that

H(Tx,Ty,Tz)<q D*xyz)+ D*X,b,c)+D*(a,y,c)+D*(a,b.,z)+D*(a,b.c) } forallx,y,ze X
andforall ae Tx,be Ty, ce Tz and 0<q< 1./6 Then T has a unique fired point

Proof: Let xy € X a fixed arbitrary element.
Define the sequence {x,} in X as x,;; € Tx, forn=0,1,2. . .
For n > 0 we have,
D*(Xm Xn+ls xn+1) < H(Txn-ls TXm Txn)
< q {D*(Xn-l: Xn, Xn)"'D*(Xn-l, Xn-+15 Xn+1)+D*(Xn > Xny Xn+1)"'D*(Xn > Xn-+15 Xn) + D*(Xn > Xn-+1> Xn+1 )}
Sq {2 D*(Xn-ls Xn» Xn)+ 4 D*(Xn s> Xn» Xn+1)}
(1' 4q) D*(Xm Xn+1s Xn+1) < 2q D*(Xn-l’ Xn Xn)

D*(Xp, Xnt1, Xns1) < (2q/1- 4q) D*(Xp.1, Xn » Xn)
<b D*(Xn-l» Xn s Xn). where b = (Zq/] _4q) <1.

;
<b"'D (Xo,X],X])—>0, as n — oo,
For m>n _ we have

D*(Xn’ Xn, Xm) < D*(Xn’ Xns Xn+1) + D*(Xnﬂa Xn+l1s Xm)
< D*(Xps Xps Xnt1) + D*(Xnt1, Xns1s Xne2) + + + + D*(Xpno1, X1, Xm) —» 0 @as m, n — <,

Thus {x,} is D*- Cauchy sequence in X.
Since X is D*- complete x, — x in X and T is orbitaly continuous Tx, — Tx

Now we prove that x € Tx

H (Tx x,x) = lim H(TXp, Xn41, Xne1,)

n—yoo

< lim H(Tx, Tx., Tx,)

n—oc0

=0.
Thus xe Tx
Now we prove the uniqueness. Suppose x # y such that that y € Ty

D*(x,y, y) < {H (Tx, Ty, Ty)

<q {D*(x,y,y) + D¥(x,y,y) + D*(x, y, y) + D*(x, y, y) }
< 49 D*(x,y,y)
<D*x,y,y)

Thus T has a uniqe fixed point.

Theorem 2.6: Let (X, D*) be a D*-complete metric space and (CB(X), H) be a Haussdorf metric space induced by
D*- metric .Let T : X — CB(X) be a orbitaly continuous map such that H(Tx, Ty, Tz) <a; D*(x,y,z)+ (a, /12)
{D*(x,b,c)+D*(a,y, c)} +az;{D*(a,b,z)+D*(a,b,c)}forall ae Tx,be Ty,ce Tz andforallx,y,z e X,
and 0< a;+2a,+2a;< 1. Then T has a unique fixed point.

Proof: Let x, € X be a fixed arbitrary element.

Define the sequence {x,} in X as x,4,1€ Tx, forn=0,1,2. ..

For n > 0 we have
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D*(Xm Xns Xn+]) S H (Txn—la TXn—lv TXn)
< a; D*(Xp.1, Xno1, Xn) + @{D*(Xn-1, Xn 5 Xne1) + D¥ (Xn, Xpe1, X1 )+ a3 {D¥(Xn 5 Xn , X )
+ D*(xn s Xns Xn+l )}
=aq D*(Xn—h Xn-1s Xn) +a2 D*(Xn—l’ Xns Xn+!) + a3 D*(Xn > Xns Xn+l)
<@+ a ) D*(Xpo, Xpo15 Xp) + (@2 + a3 ) D¥*(Xy, Xp, Xne1)

(l - — a}) D*(Xnv X ns Xn+1) < (a1+ aZ) D*(Xn-h Xn-15 Xn)

D*(Xm Xns xn+1) S ( (al+ aZ) /(1 -d—as ) ) D*(xn-l, Xn-15 xn)
D*(Xp, Xpy Xn41) £ @ D*(Xp.1, X1, X) , where a= ((a;+ ap) /(1 - ay—a3 ) )< 1.

<a"D* (X, X, X;) = 0asn — o<
Now we prove that {x,} is D* - Cauchy sequence in X .
For m > n, we have

D*(xm Xn, Xm) < D*(Xm Xns Xn-ﬂ—l) + D*(Xn+|, Xn+1s xm)
< D*(Xm Xn, Xn-ﬂ—l) + D*(xn+]» Xn+1s Xn+2) +...+ D*(xm—la Xm-1» xm) —0as n, m-— oo,

Thus {x,} is D* - Cauchy sequence in X.
Since X is D*- complete x, — x in X and T is orbitaly continuous Tx, — Tx

Now we prove thatx € Tx

H (TX, X, X) = hm H (TXm Xn+l, xn+1,)

n—o0

< lim H (Tx, Txu,, Tx,)

n—oo
=0.
Thus xe Tx
Uniqueness:

Suppose x #y such thaty e Ty.

D*(x,y,y) < H(Tx, Ty, Ty)

<a; DX, y, y) + & {D*(x, y,y) +D*Xx,y, y)}+a; {D*(x, y, y) + D* (x,y,y)}
=(a+2a,+2a3) D*(x,y,y)
<D* (x,y, y), which is contradiction.

Thus T has a unique fixed point.

Theorem: 2.7 Let (X, D*) be a D*-complete metric space and (CB(X), H) be a Haussdorf metric space induced by
D*- metric .Let T T: X — CB(X) be a orbitaly continuous map and forall ae Tx,be Ty, c € Tz such that
H(Tx, Ty, Tz) < a; D*(x,y,z) +a, D¥(x,b,c)+a3; D*(a,y, c) + a,D*a,b,z)+ as D¥*(a,b,c) for
allx,y,ze X,and 0< a;+2'a,+ a3 + a4+ as< 1. Then T has a unique fixed point.

Proof: Let x, € X be a fixed arbitrary element.
Define the sequence {x,} in X as x,4,1 € Tx, forn=0,1,2. ..
For n > 0 we have
D*(Xn, Xns1, Xne1) S H (TXpp, T, , TXy)
<a; D*(Xp15 Xn» Xn) + 2D*(Xao1, Xne1 5 Xnet) + 83 D (Xa, X, Xner ) + 24 {DF(Xy 5 Xng1 5 Xn )

+asD*(X 1, Xne1 > Xne1))
< (al + aZ) D*(Xn-h Xn » Xn) + ( A t+az, atas ) D*(Xn, Xn+l » Xn+1)
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(1 - ay—a3— az—as) D*(Xp, X ny1, Xpet) < (ar+ a2) D*(X, Xy, Xp)

D*(Xp, X, Xne1) £ ((a1+ @) /(1 -2y —a3 — a3 —as5 ) ) D*(Xy.1, Xno1, Xn)
D*(Xy, Xn, Xn+1) £ @ D*(Xo1, X1, Xn) , where a= ((aj+ ap) /(1 - ay—az—ag—as ) )<1.

<a" D* (xg, Xg, X1) — 0asn — o
Now we prove that {x,} is D* - Cauchy sequence in X .
For m > n, we have

D*(Xm Xn, Xm) < D*(Xm Xn, Xn+1) + D*(Xn+1, Xn+1s xm)
< D*(an Xn, Xn+l) + D*(Xnﬂa Xn+1s Xn+2) + ..t D*(Xm-h Xm-15 Xm) —0as n, m—oo.,

Thus {x,} is D* - Cauchy sequence in X.
Since X is D*- complete x, — x in X and T is orbitaly continuous Tx, — Tx

Now we prove thatx € Tx

H (TX, X, X) = llm H (Txm Xn+1, Xn+],)

n—oo

< lim H (Tx, Tx,, Tx,)

n—oo

=0.
Thus xe Tx
Uniqueness:
Suppose x #y such thaty € Ty.

D*(x,y,y) < H (Tx, Ty, Ty)
<a D*X,y,y)+ & D¥*x, y,y)+a; D*x,y,y)}+as {(D*(X,y,y)+ as D*(x,y,y)}

=(a+a+a;+a,+as5) D¥ (x,y,y)
< D* (x,y, y), which is contradiction.

Thus. T has a unique fixed point.

Theorem: 2.8 Let (X, D*) be a complete D* - metric space and (CB(X), H) be a Haussdorf metric space induced by
D*- metric .Let T and T: X—X be a map such that

H (Tx, Tk, T°x) < a D*(x, Tx, T?x) for all x € X and 0 < a <1. Then T has a unique fixed point.

Proof: Let x, € X be a fixed arbitrary element.

Define the sequence {x,} in X as x,,; = Tx, forn=0,1,2. . .

For n >0, we have

D*(Xns Xns Xne1) = D*(TXpo1, TXp1, TXn)

Theorem: 2.7 Let (X, D*) be a complete D* - metric space and (CB(X), H) be a Haussdorf metric space induced by
D*- metric .Let T : X—CB(X )be a map and orbital continuous such that H(Tx , T2k ,T3X) <aD*(x, Tx, sz) for all x
€ X and 0 <a<l. Then T has a unique fixed point.

Proof: Let x, € X be a fixed arbitrary element.

Define the sequence {x,} in X as x,;; € Tx,forn=0,1,2. . .
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For n >0, we have

D*(Xm Xn» Xn+]) < H (Txn—la T : Xn-2 ,T3 Xn-2 )
<a D*(Xn—la TXn—Za T : Xn—Z)

< a“.D*(xo, Xo, X1) — 0 as n— oo,
For m > n we have
D*(Xy, Xn, Xm) £ D*(Xy, Xn, Xns1) + D*¥(Xnstr Xoets Xns2) + « - o+ DFXpo1, Ximo1s Xm) = 0asm,n — o<
Hence {x,} is a Cauchy sequence in D* - complete metric space.
Thus x, — x in X.

Now we prove Tx = x. Supper x # Tx

D*(X, X, TX) = lim D*(xn+3s Xn+2, TX)

n—oo

= lim D*(T%%,, T, TX)

n—soo

<a lim D*(T?x,, TX,, X)

n—yoo

=a hm D*(Xn+2, Xn+ls X) =0

n—o0

Thus x = Tx

Uniqueness:

Supper x # y such that Ty =y.

Then D*(x, v, y) = D*(T°x, Ty, Ty)
<aD*(T%, Ty, y)
=aD*x,y,y)

This implies

(I-a) D* (x,y,y) <0

Hence 1 - a <0 (since D*(x, y, y) > 0)

Therefore a > 1. This is contradiction to a < 1.

Thus T has a unique fixed point .

Theorem: 2.5 Let (X, D*) be a complete D* - metric space and (CB(X), H) be a Haussdorf metric space induced by
D*- metric .Let T : X — X be a map such that H(Tx, Ty, Tz) < a max {D*(x, y, z), D*(x, Tx, Ty), D*(y, Ty, Tz),

1
D(,y, Ty), D(y, z, Tz)} forall x,y,ze Xand0<a< E . Then T has a unique fixed point.

Proof: Let x, € X be a fixed arbitrary element.
Define the sequence {x,} in X as x,4; = Tx,,forn=0,1,2. . .

For n >0, we have

D*(Xp, X, Xp41) = D*(Txp.p, TXpep, TXy)
< a max {D*(Xn-l’ Xn-15 Xn)s D*(Xn-ls Txn-l’ Txn-l)’ D*(Xn-h TXn-h TXn)7 D*(Xn-h Xn-15 Txn-l)s
D*(Xn-ls Xn, TXn)}
=amax {D*(Xn-l’ Xn-1» Xn), D*(Xn-ls Xns Xn)’ D*(Xn-ls Xns Xn+l)’ D*(Xn-l’ Xn-15 Xn) D*(Xn-l, Xns Xn+l)}
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=amax {D*(xn-h Xn-15 xn)7 D*(xn-ls Xn, xn+l)}
< amax {D*(Xn.1, X1, Xn), D*(Xue1, Xne15 Xn) + D*(Xny Xns Xna1) }
<a D*(Xn—la Xn-1» Xn) +a D*(Xm Xns Xn+l)

(1 - a) D*(Xn’ Xns Xn+1) <a D*(Xn-l’ Xn-15 Xn)

D*(Xm Xn» Xn+1) < D*(Xn-l’ Xn-1» Xn)

—da
< b D*(Xy.1, Xn-1, Xn) Where b = <1 foralln
l1-a
< b;1 D*(xg, Xg, X;) = 0 asn — o
Now we prove that {x,} is D* - Cauchy sequence in X.
For m > n we have,
D*(Xp, Xn, Xm) < D*(Xp, Xn, Xne1) + DFXpa1, Xnels Xne2) ++ -+« + D¥(Ximo1, X1, Xm) @ 0asm. n — o<

Thus {x,} is a D* Cauchy sequence in X and X is D* - complete x, = x in X .

Now we shall prove that Tx = x

D*(Tx, x, x) = lim D*(TX, Xns1, Xps1)

n—oo

= lim D*(Tx, Tx,, Tx,)

n—oo

<a lim max {D*(X, Xy, Xa), D*(X, TX, TXy), D*(X,, TXp, TX,) D*(X, Xu, TXn), D*(Xp, Xny TX,)}

n—oo

<a llm max {D*(X, Xn, Xn), D*(X, TX, xn+l)a D*(Xm Xn+1s Xn-¢—1)7 *(Xa Xns Xn+l)7 D*(Xm Xns Xn+l)}
n—eo

— a {D*x, Tx, x)}
< D*(Tx, X, x), Which is a contradiction. Thus x = Tx

Uniqueness:
Suppose x #y such that Ty =y
D*(x,y,y) = D*(Tx, Ty, Ty)

<amax {D*(x, y, y), D*(x, Tx, Ty), D*(y, Ty, Ty), D*(x, y, Ty), D*(y, y, Ty)}
=amax {D*x,y, y), D¥, x, y), D¥(y, y, y), D¥(x, y, y), D*(y, ¥, )}
=aD*X,y,y)

< D* (x,y, y), which in contradiction. Thus x =y

Therefore T has a unique fixed point.

Theorem: 2.6 Let (X, D*) be a complete D* - metric space and (CB(X), H) be a Haussdorf metric space induced by
D*- metric .Let T: X—CB(X) be a map such that

H(Tx, Ty, Tz) < a; D* (x,y, z) + a, max {D*(x, Tx, Ty), D*(y, Ty, Tz)} for all x,y, z, e X and 0 <a; + 2a, < 1. Then
T has a unique fixed point.

Proof: Let x, € X be any arbitrary fixed element and define a sequence element and define a sequence { x, } in X as
Xpe1= Xp forn=0,1,2 . . .

For n >0, we have.

D* (Xn, Xns Xn+l) = D*(Txn—ls Txn—]» Txn)
<a; D*(Xp.1, Xpe1, Xn) + @ max {D*(X,.1, TXp.1, TXp1), D*(Xpo1, TXpo1, TXp)}
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=a D*(xn—h Xn-15 xn) + a; max {D*(xn—la Xn, Xn)a D*(Xn—la Xns Xn+l)}
< a D*(Xn-h Xn-15 Xn) +a {D*(Xn-lv Xn-15 Xn) + D*(Xnv Xns Xn+l)}

(1- az) D*(Xp, X, Xpe1) < (a1 + 22) D*(Xp1, X1, Xna1)

a, + a,
D*(Xm Xn, Xn+l) L— D*(Xn-ls Xn-1» Xn)
a, + a,
Thus D*(X,, Xp, Xpr1) < a D*(Xy1, Xo1, Xn), Wherea = ——= < 1.
l-a,
<a" D*(XQ, X0, Xl) — 0 asn — oo,
Now for m >n > 0 we have
D*(Xm Xn, Xm) < D*(Xm Xns Xn-i—l) + D*(Xn+la Xn+1s Xm)
m—1
< Z D*(X, X Xip1) = 0asm, n — oo
k=n
Thus {x,} is a Cauchy sequence in complete D* - metric space.
Hence there exist a point x € X such that x, — x in X.
Now we shall prove that x is a fixed point of T.
D*(x, X, TX) = liIM D* (X1, X1, TX)
n—oo
= lim D*(Tx,, Tx,, TX)
n—»eo
< lim {a; D*(Xp, Xn, X) + 2, max {D*(X,, TXn, TXy), D*(Xy, TXn, TX)}
n—oo

< hm {211 D*(Xn’ Xn» X) + a; max {D*(Xn’ Xn+l1s Xn+1)a D*(Xn’ Xn+l1s TX)}} — 4 (0) +a D*(X’ X, TX)

n—o0

asn — oo,
Thus D*(x, x, Tx) < D*(x, x, Tx). Which is contradiction.
Thus implies x = Tx.
Now we shall prove uniqueness. Suppose x #y such that Ty =y
Then D*(x, y, y) = D*(Tx, Ty, Ty)
<a; D*(x, y, y) + ay max {D*(x, Tx, Ty), D*(y, Ty, Ty)}
=a; D*(x, y, y) + aymax {D*(x, x, y), D*(y, y, y)}
=(a;+a) D*(x, y,y)
< D*(x, y, y), which is contradiction. There fore T has a unique fixed point.

Remark: 2.7 If we put a,=0 and a, = a in the above theorem we get the following Theorem as corollary.

Corollary: 2.8 Let (X, D*) be a complete D* - metric space and (CB(X), H) be a Haussdorf metric space induced by
D*- metric .Let T: X — X be a map such that

H(Tx, Ty, Tz) <aD*(x,y, z) forall x,y,z€ X and 0 <a< 1. Then T has a unique fixed point. The above Theorem is
know as Banach contraction Type Theorem in D* - metric space.

Remark: 2.9 If we put a; = 0 and a, = a in the above theorem 1. We get the following theorem as corollary 2.10.
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Corollary: 2.10 Let (X, D*) be a complete D* - metric space and (CB(X), H) be a Haussdorf metric space induced by

a
D*- metric. Let T: X —X be a map such that H (Tx, Ty, Tz) < E max {D*(x, Tx, Ty), D*(y, Ty, Tz)} for all
1 o .
X,y,zeXand 0<a< E . Then T has a unique fixed point.

Theorem: 2.11 Let (X, D*) be a complete D* - metric space and (CB(X), H) be a Haussdorf metric space induced by
D*- metric .Let T: X — X be a map such that

H (Tx, Ty, Tz) < a; D*(x, y, 2) + a; max {D*(x, Tx, Ty), D*(y, Ty, Tz) }+ a3 max {D*(x, y, Ty), D*(y, z, T2)}
forallx,y,ze X and 0 <a; + 2a,+ 2a;< 1. Then T has a unique fixed point.

Proof: Let xy € X be a fixed arbitrary element.
Define a sequence {x,} in X as X,.;=Tx, forn=0, 1, 2. . .
Now for n > 0 we have.

D*(Xn, Xns Xn41) = D*(TXp1, TXpo1, TXy)
= {al D*(xn—ls Xn-15 xn) + a; max {D*(xn—la Txn—l» Txn—l) ) D*(xn—l» Txn—la Txn)}
+ a3 max {D*{X,.1, Xp.1, TXp.1), D¥(Xpe1, Xn, TXp) }
= {al D*(Xn—la Xn-1» Xn) + a; max {D*(Xn—l’ Xn, Xn) > D*(Xn—h Xn, Xn+]) + a3 max {D*(anl’ Xn-15 Xn)v
D*(Xn—h Xns Xn+1)}
S{al D*(Xn-l’ Xn-15 Xn) + 212{ D*(Xn-l’ Xn-15 Xn) + D*(Xm Xns Xn+1)}+ a}{D*(Xn-la Xn-15 xn) +D*(Xm Xns Xn+1)}

(1'32' a}) D*(Xn’ Xn, Xn+1) < (al+ a+ 213) D*(Xn-h Xn-15 Xn)-
a, t+a, +a,
D*(xm Xn, Xn+1) <— D*(Xn-h Xn+1s Xn)
— a4, —d;
a, + a, + as
D*(Xy, Xn, Xne1) < a D* (X1, Xp.1, Xp) foralln >0, where g =—— <1
l-a, —a,

<a" D*(Xo, X0, Xl) —0asn— o
Now we shall prove that {x,} is a D* - Cauchy sequence in X.

For m >n >0, we have

D*(X"’ Xn, Xm) < D*(Xm Xn, Xn+l) + D*(Xn+l’ Xn+1s Xm)
m—1
< Z D*(Xk, Xk, Xis1) — 0 @as m, n — o<
k=n

Thus {x,} is a Cauchy sequence in D* - complete metric space X.
Hence there is a point x in X such that x, — x in X.

Now we shall prove that x is fixed point of T.

Now D*(x, x, Tx) = lim D*(Xps1, Xnt1, TX)

n—eo

= lim D*(Tx,, Tx,, Tx)

n—oo

< lim {a; D*(X,, Xa, X) + & max {D*(X,, TXy, TXn), D*(X,, TX,, TX)}

n—oeo
+ a3 max {D*(Xm Xns TXn), D*(Xn, X, TX)}

= hm {al D*(xn’ Xn, X) + a; max {D*(Xm Xn+l» Xn+1)7 D*(Xm Xn+1» TX)}
n—eo

+ az max {D*(xm Xns Xn+l)7 D*(Xm X, TX)}
=a; (0) + a, D*(x, x, Tx) + a3 D*(x, x, Tx)
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< D*(x, x, Tx),
which is contradiction. Thus Tx = x.
Uniqueness: Suppose y # x such that Ty =y.
Now D*(x, y, y) = D*(Tx, Ty, Ty)
<{a; D*(x, y, y) + a max {D*(x, Tx, Ty), D*(y, Ty, Ty)}+ a3 max {D*(x, y, Ty), D*(y, y, Ty)}
= {a; D*(x,y, y) + a; max {D*(x, X, y), D¥(y, y, y) + a3 max {D*(x, y, y), D*(y, y, y)}
=a; D*(x,y,y) + a D*(x, y, y) + a3 D*(x, y, y)
= (aj+ay+az) D*(x, y, y)
< D*(x, y, y), which is contradiction.

Hence T has a unique fixed point.

Theorem: 2.10 Let (X, D*) be a complete D* - metric space and (CB(X), H) be a Haussdorf metric space induced by
D*- metric .Let T X — CB(X) be a orbital continuous map such that

D * (x,Tx, Ty) +D*(y,Ty,Tz>}

H(Tx, Ty, Tz) £a, D*(x, y, z) + a, max |: >

{D*(x, ¥, Ty)+ D *(y,2,Tz)

a
> }}forallx,y,ze XandOSa1+372<l.ThenThasa

unique fixed point.

Proof: Let x, € X be any fixed arbitrary element.

Define a sequence {x,} in X as x,;; € Tx,forn=0,1,2. . .
For n >0, we have

D*(Xm Xns xn+1) <H (Txn-la TXn-l’ Txn)

< a; D*(Xp-1, Xo-15 Xn) + @y max

{D *(x,.Tx, ,Tx, )+ D*(x,_,,Tx, ., Tx, )}
2 E

{D *(x,_,x, . Tx,_)+D*(x,_, xn,Txn)}

2
D*(x .,x ,x )+D*(x .,x ,x
<a; D*(Xy.1, Xpi15 Xp) + @, max: ( n n) ( ) s
2
{D*(‘xn—l’xn—l’xn)-i_D*(‘xn—l’xn’an)
2

< aj D*(Xn-l’ Xn-1, xn)
+a {D*(’xn—l’xn’xn)+D*('xn’xn”an)+D*('xn—1”xn—l’xn)
2
2

a
1_ ? D*(Xn, Xn» Xn+1) < (al + az) D*(Xn-ly Xn-1» Xn)

a, + a,
D*(Xm Xn, xn+1) < D*(xn-l’ Xn-1» Xn)
[
2
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a, +a,
<aD*(Xp.1, Xp.1, Xp) foralln >0 and a = —
a
2

2

< a" D*(xo, Xg, X;) =0 as n — o<,
Now we shall prove that {x,} is a Cauchy sequence in X.

For m > n >0, we have
m—1

D* (o X Xm) € D D¥(Xio Xi Xgrr) — 0 a8 m, 1 —ec.
k=n

Thus {x,} is a D* - Cauchy sequence in X.

Since X is complete D*- metric space and x, — x in X.

Since T is orbital continuous Tx, — Tx in X.

Now we prove that x € Tx suppose x # Tx.

H(x, x, Tx) = M H (Xp41, Xpe1, TX)
n—oo

< }.I—EE {a; D*(Xp, Xn, X) + 072 max {D*(X,, TX,, Tx,) + D*(X,, Tx,, TX),
{D*(Xn, Xn» TXp) + D*(Xp, X, TX)}}
= B0 (31 D% (5 )+ 2 5 (D70 St Kr) + D5, T,
{D*(Xns Xny Xns1) + D*(Xp, X, TX) } }
=a; (0)+ % max {D*(x, x, Tx) , {D*(x, x, Tx)}
< D*(x, x, Tx), which is contradiction. Thus Tx = x.
Uniqueness:
Suppose y # x such that Ty =y.
Now D*(x, y, y) = D*(Tx, Ty, Ty)

S{ a; D*(x,y,y) + %2 max {D*(x, Tx, Ty)+ D*(y, Ty, Ty)},{D*(x, y, Ty)+ D*(y, y, Ty)}}
a
= {al D*(x,y,y) + 72 max {{D*(x, X, y) +D*(y,y, )} , {D*(x, y, y) + D*(y,y,y) }}

a
< a D*Xx,y,y) + TZD*(x, v, y)

a,
=(aj+ 7 ) D*(x,y,y)
< D*(x, y, y), which is contradiction.
Hence T has a unique fixed point.
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