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ABSTRACT

Certain polyadic filters and ultrafilters have been used to express deduction in polyadic algebra and functional
polyadic algebra with terms.

Keywords and phrases: polyadic algebra filter, terms, deduction.

2000 Mathematics Subject classification: 03Gxx: Algebraic logic and 03G15: Cylindric and polyadic algebras,
relation algebras.

1. INTRODUCTION:

Polyadic algebra is an extension of Boolean algebra with operators corresponding to the usual existential and universal
quantifiers over several variables together with endomorphisms to represent first order logic algebraically.

In this paper we study deduction I +a in a polyadic algebra B by using the polyadic filter F'(I") generated by I"
where I' C B anda € B. The notion is extended to functional polyadic algebra with terms. Polyadic ultrafilter
UF (I') generated by I is also used to express the dichotomy either I'+a or I' +a' where a' is the complement
of a in B

POLYADIC ALGEBRA:

Suppose that B is a complete Boolean algebra. An existential quantifier on B is a mapping 3: B — B such that
i 30)=0

i) a< 3(61) forany a€ B

iiiy IaA3(b))=3a)A3b) forany a,be B (B,3) is called a monadic algebra.

Let I be a set usually countable to index the variables . A mapping not necessarily one to one or onto from I into

itself is called a transformation. Let ]’ = {T‘T :1 — I is a transformation (. Denote the set of all endomorphisms

on B by End (B ) and the set of all quantifiers of B by Qant(B )

A polyadic algebra is (B,I,S,H) where S: 1" — End(B) and 3:2" — Qant(B) such that for any J, K € 2’
andany 0,7€ I we have:

D @) =id

2) AJuUK)=3IJ)AK)

3) Slid)=id

4 S(or)=S(c)s(z)

5y S(e)A)=Ss(3v) if G|H= 7,

(J)S(T) = S(’L’)EI(T_l (J)) if Tis oneto one on "' (J)

LLI

6)
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For J < I we may define V(J) by V(J)(a) = (3(])(61 '))' forany a€ B.
3. POLYADIC IDEALS AND FILTERS:

A subset U of a Boolean algebra B is called a Boolean ideal if
iy 0eU
iiy avbeU forany a,be U

iii) fae U and b<a then be U

A subset F' of a Boolean algebra B is called a Boolean filter if
iy le F
iiy anbe F forany a,be F

iii) Ifae Fand b>a then be F .

A subset U of a polyadic algebra B is called a polyadic ideal of B if
i) U is aBoolean ideal

iy 1t J 1 and ac U then I(J)a)e U
iii) If ae U and o€ I' then S(c)a)e U

A subset F' of a polyadic algebra B is called a polyadic filter of B if
i) F isaBoolean filter

iy 1¥Jcland ac F then ¥(J)a)e F
iiiy Ifac Fand oel' then S(c)a)e F .

Proposition: 3.1 [4] A subset U of a polyadic algebra B is an ideal of it if and only if U is an ideal of the Boolean
algebra B and 3(1 )(a)e U forevery ae U. F isafilter of B if and only if F is a filter of the Boolean algebra

B and V([ )(a)e F whenever ae F.

Proof: Let U be an ideal of a polyadic algebra, by the definition U is an ideal of a Boolean algebra
andEl(I)(a)E U.

Let U be an ideal of a Boolean algebra B and 3(1)(61)6 U forevery ac U .

If Jc I , then EI(J)(a)< 3(1)(61), so that 3(])(61)6 U . Now we verify that S(a)(a)e U,if aeU and
oel' Wehave a< 3(1 )(a) and S (O' )(a) <S (O' )3(1 )(a) , 0 it means to show that every S (O' ) acts as identity
transformation from I since there is nothing out of /. Then S (O' )3([ )(a) = (id )3(1 )(a) = 3(1 )(a), therefore
S(o)a)eU.

A similar argument proves the second part.

Proposition: 3.2 [4] There is a one to one correspondence between ideals and filters : if U/ is an ideal , then the set
U’'=F ofall a’ with a€ U is afilter . Analogously, if F is a filter, then U = F’ = {a' ‘ae F} is an ideal.

Proposition: 3.3 The set of all polyadic ideals and the set of all polyadic filters are closed under the arbitrary
intersections.

Let B be a polyadic algebra and I" < B . Let U (I") denote the least polyadic ideal containing I' and F(I") denote
the least polyadic filter containing I" .We say that U (I") and F'(I") are generated by I".
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Proposition: 3.4 Let B be a polyadic algebra and I € B . Then
i Ur)= {be B:b<x, vx,v..vx, for some x,Xx,,...X, € F}U{O}
iy F(I')= {be B:b=x, Axy, A.AX, for some x|, X,,...,X, € F}u {1}
Proof:
i) Let J :{be B:b<x,vx,v..vx, forsome x,,x,,...x, € F}U{O} Oe J. Let b,b, € J. Then

b<xvx,v..vx andb, <y Ay, A..AY, forsome x,,y,€T.

bvb,<x,VX,V..VvX, VY VY, V..vYy Therefore b vb,e J.Ifa<b<x vx,Vv..Vx,,then

n

a€ J .Then J isaBoolean ideal containing I". Therefore U (F) cJ.

If be J, then b, < X, VX, V..vx, where x, € I ie. x, € U(T). Then be U(F).Thus U(F)=Jasa

Boolean ideal.

Letae J thena<x VX,V..VX, EI(I)(a)SEI(I)(x1 VX, V..V xn):EI(I)(xl)vEI(I)(xz)v...vEI(I)(xn).
Therefore 3(1 )(a)e U (F)

ii) A similar argument leads to (ii).
Afilter F of a polyadic algebra is called ultrafilter if F is maximal with respect to the property that 0 & F .
Ultrafilters satisfy the following important properties [3]

Proposition: 3.5 Let F' be a filter of polyadic algebra B . Then
iy F isan ultrafilter of B iff forany a € F exactly one of a,a' belongsto F .

i) F isultrafilterof B iff 0€ F and avbe F iff ae€ For be F forany a,be F .
iii) Ifa€ B — F , then there is an ultrafilter L suchthat ¥ < L and a€ L.

Let I' C B . The ultrafilter containing F'(I") is denoted by UF (I') .

A mapping [ : B, — B, between two Boolean algebras is called a Boolean homomorphism if
i ulanb)=pla) A ulb)

i) u(a’)=(ula))

obviously, #(a v b) = u(a)v u(b), 1(0)=0, u@1)=1.

A mapping {4 : B, = B, between two polyadic algebras is called polyadic homomorphism if
i) M is a Boolean homomorphism

i) gA=du
iii) (o = oy forany o€ I'

Obviously, 4V =Vu.
4. DEDUCTION:

Notation: for ' € B and b€ B, I' +b reads b is deduced from I" in B . Now, we define I' b in a polyadic
algebra B iff be F(I').

By definitions of filter and deduction + we have:
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Proposition: 4.6
i) 'rland T O
i) fTFx, I'Fy then 'FxAy.

General properties of deduction are given by the following:

Theorem: 4.7

i)y Ifbel then'Fb

i) FI'rband ' C X then X+b

iii) f X+a forany a€ I" and ' +b,then X +b

iv) ¥ T+b . then 6(I") - &(b) for any substitution &

v) If I'+b, then I'y+b for some finite Iy < I

Proof:
iy bel ~beF({) -~Trb
i)y I'vb ..be F(F) sb2x Ax, A AX, forsome x; €T

FcYy ~beF(E) ~Trb

iy LetTrb  ~.be F(T)

sb2x Ax, Al AX, forsome x; €T

XX, XF Xy, ZFX,

Y +X, AX, A...A X, by proposition 4.6

X, AX, A AX, € F(X) ~beF(X) ~Zrb

ivy Trb ..beF(I) b2x, Ax, A AX, forsome x; €T

o(b)> 0'()c1 AXy Al A xn): G(xl)/\ O'(xz)/\.../\ O'(xn) for some G(xi )e F(o(I))

~ob)e Flo(T) . o)rol)
v) By proposition 3.4(ii) and proposition 4.6

5. FUNCTIONAL POLYADIC ALGEBRA:

Let (B,v,/\,',O,l) be a complete Boolean algebra, B* = {p|p : A — Bis a function} where A is an algebra of
type F.

For p,q€ B* definepv g, pAq, p and 0,1 pointwise as follows:
(pvala)=pla)vqla) ., (prgla)= pla)rqla), p'(a)=(pla)), 0(a)=0, I{a) =1 forany ac A.
We have:

Proposition: 5.8 [2] (B A VA ,0,1) is a functional Boolean algebra.

Proposition: 5.9 [2] (B A,EI) is a functional monadic algebra, where 3:B * 5 B* s given by
A(p)a)=supipl(a): ae A}.

Proposition: 5.10 (BA,I , S,ﬂ) is a functional polyadic algebra, where S :1' —)Ena{BA) and 3:2" — Qam‘(B A)
are given by S(T)(p)(a) = p(z’(a)) forany 7€ I' and 3(J)p(a) = sup{p(a):ae A} forany J I .
J
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Proof: Forany J,M € 2’ andany 0,7€ I we have:

 J¢)pla )=sup{p(a)}=p(a) - Ap)=id
(

00 )ple) = sopofall =soploasuptplal =) pla 0 ole) 2 0m)= o),
i S()pla)= plid(a))= pla) - $(d)=id

(
iv) S(or)p @)= plo(e(a) = S(@)plela) = (55 ENpla) . 5(07)=5(o)s(r)
(

S0 )pla)= S(o)sup{Pla)l= S(e)suplplal} if of ., =],

J

)
=S(c)a ) (a)  ~SleB)=5(RV) i, =1,
vy A()S(z)pla)=3(7)p(e (a))sup{p(r(a))}—sup{S( Jp(a)} it zis 1-1onz™'(J)

=S(f)§gl(g){p( a)}=S(z)]3 ( '(7))pla) ~3()s(@)=s(Eal" (7).

Natural inference rules of polyadic logic are now transferred into certain algebraic rules in B A governing the algebraic

deduction in F (F) where I' € B* . These are given as follows:

A
Theorem: 5.11 Let I'cB
i) T'tland I'+0.

i) 'tpagiff T'Fpand '+gq.
iy Trp iff T p'.

ivy T'kpvgiff T'kp orT'g.

v Trpitt T+Y(JI)p.

viy F(D)r p(ay)itt F(T)-3(J)p(a).

. Then

Proof:
i) By proposition 5.6(i)

ii) Follows from definition of filter and proposition 3.1

iii) This is so because if both I' - p and I'+ p' we get p(a)and (p(a)) 'in F(F). Thus we get O ,which is a
contradiction.

iv) Lee Trpvg . pl@vg@e F(T)  ~(pa)vqa)e F(T)
(p(@)'Alg(a))'e F(T)
(p(@))'e F(T) or (g(a))'e F(T) - pa)e F(T) or g(a)e F(T). ThusTFp or T+q.

Let Tp or kg s pla)e F() or g(a)e F(T') - pa)v q(a) = p(a)
s pla)vgla)e F(F) . Therefore T'+p v q.

v) Thisisby Vp < p and V(F(I'))c F(T).
vi) This is so by the definition 3(J)p(a) = sup{p(a) cae A}.
J
If we alter the definition of deductionto I' + p if pe UF (F) we get the following dichotomy by proposition 3.5
Theorem: 5.12 Either ' por '+ p'.

6. TERMS:

Let X be a set of variables and ‘F be a type of algebra. The set T (X ) of terms of type Fover X is the smallest set
such that
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D XU F,cT(X)

ii) If ¢,,...t, e T(X) and f e F, then f(t,,...2,) e T(X).[3]

For t€ T(X) we often write t as #(X,,...,x, ) to indicate that the variables occurring inf are among X,,...,X, A

n

term f is an n-ary if the number of variables appearing explicitly is less than or equal to 7.

The term tdefines a function f, : A" — A as follows ¢,(a,,...a,) =t(x;/a;) for a,,...,a, € A. The term

algebra T'(X ) of type Fover X has as its universe the set 7'(X ) and the fundamental operations satisfy:
Fr et ) f(tysent,) for fEF, andt, e T(X) ,1<t<n.

Now, consider the functional polyadic algebra (B 4 1LS, 3). A term f defines a function 7, : B* — B™ as follows:
t.(p)(a) = pt,(a)= pt(x/a), where x =(X,,...,x,) and a = (a,,...,a,).

Proposition: 6.13 [1]
i) t.€ End(B")
ii) 3(]) t. =t*E|(J) forany J < 1.

Note that £, (F(F)) = F(t* (F)) and 1, (UF(F)) = UF(t* (F)) Define '+ pt if pte F(t* (F)) .Then theorem
5.10 can be generalized with respect to terms as follows:

Theorem: 6.14
i) Trptagtiff T+ ptand I'+qgt.

iy Tr ptiff Ty p't

iii) Crptvagtifft I'+-ptor I'+qt.
iv) Trpriff TV(J)pt.

v) I'vpt(a,) iff I’ |—EI(J)pt(a).

Also we have:

Theorem: 6.15 With respect to UF (F) ,either ' pt or '+ p't.
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