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ABSTRACT 

A Merton’s type portfolio optimization problem with HARA utility function and transaction costs in finite-horizon case 

is considered in this paper. One case for a particular class of utility and bequest function of the Merton’s problem of an 

investor has been solved analytically.    

 

Key words: Transaction costs, Stochastic differential equation, Ito lemma, Bellman principles, Hamilton-Jacobi-

Bellman equation, Brownian motion, Expected utility function, hyperbolic absolute risk aversion (HARA).  
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1. INTRODUCTION: 

 

Since von Neumann and Morgenstern (1944), many researchers have tried to model portfolio optimization problems 

within an expected utility maximization framework. Different utility function have been used in this approach, and the 

most notable recent works in this area are belonged to Long (1990) and Luenberger (1993), where log optimal 

portfolios are constructed and analyzed. 

 

Merton has used stochastic control theory with continuous time dynamics to model multi-period portfolio optimization 

problems by reducing the problem into solving Hamilton-Jacobi-Bellman equations. His most important contributions 

include two papers: Merton (1969) and Merton (1971).  

 

In general, all the studies on portfolio optimization with transaction costs different from each other through the 

modeling of transaction costs structure or with respect to the objective function of investors. Structures of transaction 

costs have been modeled in several ways.  

 

Under a first approach, the investor has to pay a fixed fraction of his current wealth at the time of the transaction. This 

is called portfolio management fee approach. These types of models were investigated by Morton& Pliska (1995), 

Cadenillas & Pliska (1996), Atkinson & Willmot (1995). 

 

In second approach, the transaction costs are assumed to be proportional to the trading volume of the risky assets, 

where the proportionality rate is constant and less than one. Under this cost formulation, the optimal consumption-

investment policy has been studied by many authors in the continuous as well as the discrete time framework. 

Constantinides (1979) considers a discrete time of the proportional transaction cost model when there are one risky and 

one risk-free asset.     

 

In the continuous time framework, when the price of the risky asset follows a geometric Brownian motion, 

Constantinides (1986), Davis &Norman (1990), and Dumas & Luciana (1991) investigate the problem for the investor 

maximizing his expected utility of the future consumption.  

 

FORMULATION OF THE MODEL AND ITS SOLUTION NECESSARY CONDITION: 

 

Merton’s portfolio problem is a well known problem in continuous time finance. An investor with a finite lifetime must 

choose how must to consume and must allocate his wealth between stocks and a risk-free asset so as to maximize  
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expected lifetime utility. The problem was formulated and solved by Robert C. Merton in 1969, where research has 

continued to extend and generalize the model.   

 

Objective functions and Budget Equation for Investor: 

 

In our case the investor lives from time 0 to time T; his wealth at time t is denoted ��� He starts with a known initial 

wealth ��� At time � he must choose what fraction of his wealth to consume: �� and what fraction to invest in a stock 

portfolio.    

 

Let’s assume that  ����	 is the period utility function for consumption at time t, and 
��� � 	 is the utility function for 

bequest. Then the optimization problem for the investor is  

 

�����������	�� ����������	�� � 
����	�
�

 � 
 

where � is the expectation operator, ! is the subjective discount rate, T is the planning horizon.  

 

Here the wealth evolves according to the stochastic differential equation.  

 

Suppose there are " assets, and the price (#$) of each asset follows correlated "-dimentional geometric Brownian 

motion  

 �#$��	 % &$#$��	�� � #$��	' ($)�
)��	*)+, �----------------. % /�0�1 � ", 

 

where &$-drift function, ($)-diffusion coefficient shock of 2-asset effect to .-asset price, 
)��	-standard Brownian 

motion.  

 

If we assume that, at time t the investor owns 3$��	 units of asset., then the total wealth is determined to be 

 

���	 %43$��	#$��	�*
$+,  

 

The portfolio �3$��	� remains unchanged over the time interval5�� � � ��5. Then the change in wealth over that time 

interval is  

����	 %43$��	�#$��	�*
$+,  

 

if there is no consumption. Assuming the consumption pattern is constant in interval 5�� � � ��	 in the same way as for 

portfolio selection, the budget equation becomes 

 

����	 %43$��	�#$��	 6 ���	���*
$+, -----------------------------------------------------�/	- 

Let  7$��	 % 3$��	#$��	���	 �- 
the share of wealth in asset 8, with   

47$��	*
$+, % /� 

 

Then the budget equation (1) can be written as 

 

����	 %47$��	&$���	�� 6 ���	�� �*
$+, 47$��	���	4($)�
)��	*

)+, �----------------------�0	*
$+,  

 

 

Suppose the "-th asset is rick-free ((* % 9) with constant rate of return &* % : ; 9. Then the budget is found as  
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-����	 % 4�&$ 6 :	7$��	���	�� � �:���	 6 ���		�� �*�,
$+, 47$��	���	4($)�
)��	*

)+, �-----------------�<	*�,
$+,  

 

Transaction costs are considered as comprising of two parts, an asset exchange or brokerage fee and a liquidity or 

marketability cost. Transaction costs are assumed to be proportional to the volume of the risky asset traded. In that 

case, the transaction cost is expressed following.  

 

=��	 % >�/ 6 7*	���	 % > ?47$*�,
$+, @���	 

where  =��	-transaction cost, >-proportional coefficient. 

 

Then the change in transaction costs is  

�=��	 % > ?47$*�,
$+, @���	���--------------------------------------------------------------------�A	 

Substituting �A	 into �<	, we have 

 

����	 % 4�&$ 6 : 6 >	7$��	���	�� � �:���	 6 ���		�� �*�,
$+, 47$��	���	4($)�
)��	*�,

)+,
*�,
$+, � 

 

Where we denote 7��	 % B7,��	�1 � 7*�,��	C�, D % �&, 6 : 6 >�E � &*�, 6 : 6 >	�, F % �($)	$�)+,* , 

 �
��	 % ��
,��	� � � � �
*�,��		� respectively, change in wealth is determined following stochastic differential 

equation.  

 ����	 % ���	7�D�� � B���	: 6 ���	C�� ����	7�G�
��	----------------------------------�H	 
 

Finite-Horizon Problems, necessary condition of solution: 

 

If we will suppose that the problem for investor is written below  

 

���������	����������	�� � 
����	�
�

�-----I� J-�H	� K8JL---�� % �-M8NOP�-----------------------�Q	 
then the solution to this problem is the well-known consumption-portfolio rule.   

 

Let the present value of the indirect utility function at time t be 

 

R�����	 % �����S���T	����U����T���T	�V � 
����	�
�

�-----7� �-�H	� 
 

Now we will write HJB equation for �Q	 problems. HJB equation is 

 9 % ���������� W�������	 � R� � ��7�D ��: 6 �	RU � /0 ��X7�Y7	RUUZ�-------------------------------�[	 
 

which is a Bellman equation and it is necessary condition for stochastic optimal control problems. Where Y % F \ F�. 

Transversality condition is the boundary condition 

 R����	 % 
����	� 
 

In the absence of a bequest motive, the model assumes R����	 % 9.   

 

The optimal consumption/portfolio rules are governed by 

 ]�\	]� % ���� \ ^� � RU % 9� ]�\	]7 % �DRU ��XY7RUU % 9� 
 

The first equation  
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�����_��	 % RU�------------------------------------------------------------------------------�`	 
 

says that consumption is so chosen that, in current values, the marginal utility of consumption equals the marginal 

utility of wealth. The second equation determines the optimal ratio for each risky asset:  

 7 % a6 RU�RUUbY�,D�----------------------------------------------------------------------�c	 
 

The term of the bracket is the reciprocal of the Arrow-Pratt relative risk aversion. Substituting expressions �`	� �c	 
into�[	, we obtain 

 

9 % �������	 � R� 6 /0 �D�Y�,D	 RdXRdd ���: 6 �	-RU� ---------------------------------�/9	 
2. MAIN RESULTS: 

 

Proposition: In the case the utility function is of the form HARA, ���	 % ,e�, �f� � g	,�hi-, and the bequest function 

is of the form 
����	 % j���� \ ,e�, �k�� � l	,�hi , then solution of problem �Q	 and it’s parameters are determined 

by followings: 

 

• �m % ,e 5j�n�k� � l	 6 go�-----7m % Y�,D \ eUpqU -   
• k % f�----l % rs �-----j % tf�f 6 /	 u �e�,6 se 6 ,X D�Y�,Dvw�hi 

 

Proof: Using the first-order condition (8), we have 

 �����_��	 % RU -x �_��	 % RU-��� y �m % ��_	�,�Rd \ ���	� 
 

Hence consumption is determined by the marginal utility function and the marginal value function as 

 �m % ��_	�,�Rd \ ���	. 
 

For the utility function, we have chosen to be  ���	 % ,e�, \ ���� \ RU	,�e. 

 

Substituting this into the Bellman equation �/9	, we have the following equation: 

 

a:� � gf � /f�f 6 /	 ���� \ RU	�eb RU � R� 6 /0 �D�Y�,D	 RdXRdd % 9� ---------------------------------�//	 
 

The equation �//	 is a nonlinear partial differential equation.  

 

In the case that, the following system was hold, equation �//	 can be solved analytically.  

 

z{{
|
{{}:� � gf � /f�f 6 /	 ����RU	�e % ~� � �
RUXRUU % �"� ��	RU----------------------------------------RUXRUU % �R� -----------------------------------------------------------

------------------------------------------------------�/0	-� 
 

where ~� ���� "� �-are unknown coefficients.  

 

From first equation of �/0	, we have found ����RU	�e % f�f 6 /	 a�~ 6 :	� � � 6 reb,  and here we denote k %
f�f 6 /	 �~ 6 :	 and l % f�f 6 /	 u� 6 rev respectively. Hence the marginal value function becomes  

 RU % �����k� � l	�,e 

 

By integrating both sides, we get the value function in general case to be 
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 R����	 % j���� /f 6 / �k� � l	,�,e-�-------------------------------------------------------------�/<	 
 

Now we will show that above function �/<	 satisfies second and third equation of the system �/0	. Since  

 

RU % jkf �����k� � l	�,e � RUU % 6jkXfX �����k� � l	�,e�,-------------------------------------�/A	 
R� % 6j! /f 6 /�����k� � l	,�,e � 

 

Substituting above derivatives into the second equation of the system �/0	  
 RUXRUU % j�����k� � l	,�,e % 6fk �k� � l	RU� 
 

Here if we will denote � % f� " % eqn , then it becomes 
������ % �"� ��	RU-� and satisfies second equation of �/0	. 

Also if we will count  RUXRUU % j�����k� � l	,ep, % a6f � /! b R� � 
 

and denote � % 6 ep,� , then it becomes 
������ % �R�, and satisfies third equation of �/0	.    

 

Therefore, we can choose the value function of the form�/<	.  
 

Substituting RU� RUU�-R� and above result into�/9	, we have 

 ���� /f 6 / �f� � g	,�,n 6 j!f 6 /�����k� � l	,�,n 6 /0 a6j�����k� � l	,�,eb �D�Y�,D	 � �:� 6 �	��������	 % 9� 
 

Now we can find parameters j� k� l using condition �`	  
 j kf �����k� � l	�,e % �����f� � g	�,e � 
Hence   

---k� � l % ajkf be �f� � g	�--------------------------------------------------------------�/H	 
 

If we will account �/H	, then above equation is   

 /f 6 / �f� � g	,�,e 6 je!f 6 / ukfve�, �f� � g	,�,e 6 /0 �D�Y�,D	je ukfve�, �f� � g	,�,e � �:� 6 �	�f� � g	�,e �% 9�---- 
 

All terms in the Bellman equation, except possibly the term�:� 6 �	�f� � g	�hi, have a common factor �f� � g	,�hi. 

Last term is of the order�f� � g	�hi, it suggests that we should choose k� l-in such a way that :� 6 � is proportional to f� � g. Therefore, we have chosen k % f� l % rs  so   

 

�:� 6 �	 % :k �k� � l	 6 /k �:l � k�	 % :k ?�f� � g	 ajkf bn 6 /k �:l � k�	@� 
 

Substituting them into the Bellman equation and dividing it by �f� � g	,�hi, the Bellman equation is obtained   

 /f 6 / 6 /f 6 je � !f 6 / 6 :f 6 /0 �D�Y�,D	� % 9 

 

Where, this determines the constant A, i.e., 
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j % �f�f 6 /	 � !f 6 / 6 :f 6 /0 �D�Y�,D	���,e �----------------------------------------------�/Q	 
From �/H	, the optimal consumption is � % /f �j�e�k� � l	 6 g	� 
 

and substituting �/Q	� �/A	 into �c	, the optimal portfolio rule is found to be  

 7 % k� � l� -Y�,D-� 
It gives proof.   

 

Now substituting above results into the budget equation�H	, the wealth process is determined as  

 ����	 % �: 6 ! � / � f0 D�Y�,D� af� � g:b �� � af� � g:b D�F�,�
��	� 
 

Using the Ito formula with ���	 % �P uf� � rsv, we get  

 � �P uf� � rsv % eueUp��v�� 6 ,X \ e�
ueUp��v� ���	X %% f u: 6 ! � ,X D�Y�,Dv�� � fD�F�,�
��	-. 

 

Integrating gives  �P af�� � g:b 6 �P af�� � g:b % f a: 6 ! � /0 D�Y�,Db � � fD�F�,
��	� 
 

If we denote �� % �P uf�� � rsv, then we have a strong solution 

 �� % �P af�� � g:b � f a: 6 ! � /0 D�Y�,Db � � fD�F�,
��	� 
 

Using the Ito isometries, its mean and variance are  

 ��� % �P uf�� � rsv � f u: 6 ! � ,X D�Y�,Dv �, ���� 6 ���	X % fXD�Y�,D�. 
 

Hence ��-is a normal distribution with following parameters 

 ���3 ��P af�� � g:b � f a/0 \ u& 6 :( vX 6 ! � :b �� fX u& 6 :( vX �� 
 

or �� is determined with ��� � I.e., �� is a lognormal distribution.  

 

CONCLUSION 

 

• In this paper explicit solution of Merton’s type portfolio optimization problem in finite horizon with HARA 

utility function and transactions costs was investigated.  

• By assuming the utility function is of the form HARA, following results have been investigated;  

o investor’s wealth are log-normally distributed with linear trend,  

o optimal consumption and the optimal portfolio rule are linear in wealth 
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