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ABSTRACT 

In the paper the generalization of the notion b -frame in Banach spaces is given by means of bilinear mappings and the 

notion of b -convergence and b -representation systems are introduced. The relations between these notions are 

established. The criterion when the system in Banach space forms b -frame, is given.  The projection description of b -

frame is constructed. Using a linear algorithm of expansion in b -frame, the extremality estimation for the coefficients of 

expansion in b -frame are established. 
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1. INTRODUCTION: 

 Note that, the notion of frame was determined by Duffin and Schaeffer [1] in Hilbert spaces in the following way. Let H  

be a separable Hilbert space the system of non-zero elements { }
Nnn ∈

ϕ ⊂ H  be called a frame in H if there exist the 

constants  ∞<≤< BA0  such that for each  Hh∈    it is valid 

                                             A
2

H
h ≤ �

∞

=1

2
),(

n

nh ϕ ≤ B
2

H
h  ,                                                                                        (1) 

where   
H

⋅  and  ),( ⋅⋅  is a norm and scalar product in  H .  The constants A  and B   in (1) are called lower and upper 

bounds the number BAk =  is called a condition coefficient of the frame { }
Nnn ∈

ϕ .  In the case, when 1=k  { }
Nnn ∈

ϕ  

is an  tight frame. 

 

Development in theory of a frame in Hilbert spaces reduced to obtaining the analogues of the known results for Banach 

case. By theory of frame [2]-[5] and others have Banach extensions. The notion of X -frame generalizing the notion of p -

frame studied in [5] was introduced in the paper [6]. In [7]   gives the dual notion of a frame in Banach space, for which in 

[8] projection description is studied, a criterion on the existence of a linear expansion algorithm in frame is proved, the 

analogue of the extremality properties for the coefficients of expansion in frame is obtained. A frame is a special case of 

Bessel sequence introduced and studied [9] in Hilbert spaces. Banach analogies these results were investigated in the paper 

[10]-[14]. 

 

Cite the known result [15] from the quant theory of information for projection description of frame. 

 

Theorem: 1.1 Let { }
Nnn ∈

ϕ   be a tight frame in Hilbert space H . Then there exists a Hilbert space  H ′ ⊃ H  and 

orthonormed basis { }
Nnn ∈

ψ ⊂ H ′   such that 

)( nψπ = nϕ , Nn∈ , 

where π  is an operator of orthogonal projection from H ′ onto H . 

________________________________________________________________________________________________ 
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The results [16], [17] and [18] in this direction are known. The frames in Hilbert spaces have close relations with Riesz 

bases. This matter was considered [19] and is in the following. 

 

Theorem: 1.2 For the system { }
Nnn ∈

ϕ  of Hilbert space  H  to be a frame with boundaries A  and B , A ≤ B , it is 

necessary and sufficient to find a Hilbert space  H ′   containing H   and the Riesz basis   { }
Nnn ∈

ψ ⊂ H ′    such that 

                             2
1

A
2

1

1

2
�
�

�
�
�

�
�

∞

=n

nc ≤
Hn

nnc
′

∞

=
�

1

ψ ≤  2
1

B
2

1

1

2
�
�

�
�
�

�
�

∞

=n

nc ,                                                                     (2) 

where  )( nψπ = nϕ , Nn∈ ,  π  is an operator of orthogonal projection from H ′  onto H . 

The goal of our paper is extension of the results of [8] to 
X

b ~ -frames for CB -space X
~

. In the paper, necessary and 

sufficient condition 
X

b ~ -frame of the system in Banach space is proved, projection description of 
X

b ~ -frame and criterion of 

the existence of linear expansion algorithm in 
X

b ~ -frame is given. 

 

2.  b -FRAME IN BANACH SPACE: 
 

Let  X  be a Banach space with the norm
X

⋅ .  Denote by X
~

  B -space of sequences x~ = { }
Nnnx

∈
, Xxn ∈ ,  with 

coordinate-wise linear operations.  If the convergence in X
~

is coordinate-wise and the subspaces 

nE
~

= { }{ }XxxxXx
Niin ∈=∈

∈
,~:

~~ δ   form  a basis, then X
~

  called CB -space with a canonical basis. 

 

Find the general form of a linear continuous functional in X
~

. Let t
~

  be an arbitrary linear continuous functional in  X
~

.  

Since for each  Xx
~~ ∈   ( x~ = { }

Nnnx
∈

) the equality  x~ = { }�
∞

=
∈

1n

Ninin xδ    is valid, then )~(
~

xt = { }�
∞

=
∈

1

)(
~

n

Ninin xt δ .   

Consider the functional  CXtn →:  such that )(xtn = { } )(
~

Niin xt
∈

δ   for Xx ∈∀ . Then we get that 

)~(
~

xt =�
∞

=1

)(
n

nn xt .  From the coordinate-wise convergence in X
~

 it follows that
*

Xtn ∈ . Consequently, identifying   t
~

 

with { }
Nnnt ∈

⊂ *
X , 

*~
X    is isometrically isomorphic to some   B -space of sequences of  elements from 

*
X   and   

                                                             )~(
~

xt =�
∞

=1

)(
n

nn xt  

is a general form of a linear continuous functional in X
~

,  with the norm 

*~
~

X
t =

1~
~

sup
≤

X
x

�
∞

=1

)(
n

nn xt . 

 

Let Y  and Z  be B -spaces with appropriate norms  
Y

 and
Z

.  Consider a bilinear mapping ZYXyxb →×:),(   

satisfying the condition: 

 

                     ∃ 0�M :    
Z

xy ≤  
YX

yxM  Xx ∈∀ , Yy ∈ .                                                                     (3) 

 

where   xy = ),( yxb ,  Xx ∈ , Yy ∈ .  Denote by ),(ˆ yfb  the mapping
**:),(ˆ XYZyfb →× , determined by the 

relation  ))(,(ˆ xyfb = )(xyf  
*

Zf ∈∀ , Yy ∈ , Xx ∈ .  Further, for brevity we assume >< yf , = ),(ˆ yfb . It is 

easy to get from (3) the validity of the inequality 

 

                                 *,
X

yf >< ≤  
YZ

yfM *   
*

Zf ∈∀ , Yy ∈ .                                                                            (4) 
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Let  X
~

  be a CB -space with a canonical basis. Introduce the following denotation. 

 

Definition: 2.1 The system  { }
Nnn ∈

ϕ ⊂ Y  is said to be 
X

b ~ -frame in  Z   if there exist the constants A , B , 

∞<≤< BA0  such that for any  
*

Zg ∈   the sequence  { }
Nnng

∈
>< ϕ,   belongs to 

*~
X   and satisfies the inequality    

                                      A *Z
g ≤ { } *~,

XNnng
∈

>< ϕ ≤ B *Z
g .                                                                                  (5) 

 

Definition: 2.2 The system  { }
Nnn ∈

ϕ ⊂ Y is said to be a system of  
X

b ~ -representation if for any  Zz ∈  there exists 

{ }
Nnnx

∈
Z∈  such that z =  �

∞

=1n

nnx ϕ  and a system of   
X

b ~ -convergence in Z   if for any   Xx
~~ ∈ ( x~ = { }

Nnnx
∈

)   the 

series  �
∞

=1n

nnx ϕ   converges in Z . 

Cite the criteria when the system { }
Nnn ∈

ϕ ⊂ Y   forms a 
X

b ~ -frame in   Z . 

 

Theorem: 2.3 The system { }
Nnn ∈

ϕ ⊂ Y  forms a 
X

b ~ -frame in Z  iff it is simultaneously both a system of 
X

b ~ -

representation and a system of 
X

b ~ -convergence in Z . 

 

Proof: Necessary: Let  { }
Nnn ∈

ϕ   be a 
X

b ~ -frame in Z . Determine the operator S  (of synthesis) in linearity on finite 

sequences   { }nx  by the equality { })( nxS = �
n

nnx ϕ . For an arbitrary 
*

Zg ∈ we get 

{ }))(( nxSg = �
n

nnxg )( ϕ = )(�
n

nnxg ϕ = )(, n

n

n xg ><� ϕ = { }
Nnng

∈
>< ϕ, { })( nx . 

Then 

{ }))(( nxSg = { }
Nnng

∈
>< ϕ,| { } |)( nx ≤ { } *~,

XNnng
∈

>< ϕ  { }
Xnx ~ ≤ B *Z

g { }
Xnx ~ . 

 

So, { }
ZnxS )( ≤ B { }

Xnx ~ . Continuing  S  in continuity on all X
~

, we get S ∈ ),
~

( ZXL  and )~(xS = �
∞

=1n

nnx ϕ , 

Xx
~~ ∈ ( x~ = { }

Nnnx
∈

). Consequently, { }
Nnn ∈

ϕ    is a system of 
X

b ~ -convergence in Z . Consider an operator (of 

analysis) R :
*

Z → *~
X  in the equality )(gR = { }

Nnng
∈

>< ϕ, , 
*

Zg ∈ .  It is clear that it holds the equality R = *
S . 

Since for any 
*

Zg ∈  it holds A *
Z

g ≤
*~

* )(
X

gS , then S  maps  X
~

 on all the space Z  (see  [20], theorem  4.15). 

Thus, { }
Nnn ∈

ϕ is a system of  
X

b ~ -representation in Z . 

 

Sufficiency: Let { }
Nnn ∈

ϕ  be a system of  
X

b ~ -representation and 
X

b ~ -convergence in  Z . Consider (linear) operators 

nS : ZX →
~

  by  the equalities )~(xSn =�
=

n

k

kkx
1

ϕ , Nn ∈ .  From the coordinate-wise convergence in X
~

 it follows, 

that nS ∈ ),
~

( ZXL .   Since { }
Nnn ∈

ϕ    is a system of 
X

b ~ -convergence in Z , then ∃
∞→n

lim )~(xSn  and by the theorem on 

uniform boundedness  
),

~
( ZXLnS ≤ B   for any Nn ∈ .  Consequently, the operator  S   determined by the equality  

)~(xS =
∞→n

lim )~(xSn   belongs to ),
~

( ZXL . Further, consider an operator  R ∈ )
~

,( **
XZL  such that R = *

S . Then for 

any 
*

Zg ∈  and   Xx
~~ ∈  we get 

)(gR )~(x =  )(*
gS )~(x = ))~(( xSg =�

∞

=1

)(
n

nnxg ϕ = { }
Nnng

∈
>< ϕ, )~(x . 
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Hence we get )(gR = { }
Nnng

∈
>< ϕ, . Since { }

Nnn ∈
ϕ  is a system of  

X
b ~ -reresentation  then ZXS =)

~
( . Therefore 

there exists 0>A : A *
Z

g ≤
*~

* )(
X

gS  (see. [20], theorem 4.15) and  { }
Nnn ∈

ϕ  forms a
X

b ~ -frame in   Z . The 

theorem is proved.  

 

3.  PROJECTIVE b -FRAMES:  
 

Let X , Y  and Z  be  B -spaces , a  X
~

 be a CB -space with a canonical basis. Cite some notion from [14]. 

  

The system { }
Nnn ∈

ϕ ⊂ Y  is said to be b -complete in Z   if the aggregate  { } )(
NnnbL

∈
ϕ  of all possible finite sums   

nnx ϕ�  is dense in  Z . 

 

The system { }
Nnn ∈

ϕ ⊂ Y  is said to be  
X

b ~ -basis  in Z  if for Zz ∈∀  there  exists a unique sequence    { }
Nnnx

∈
⊂ X :  

z =  �
∞

=1n

nnx ϕ ,  moreover  X
~

=  {x~ = { }
Nnnx

∈
⊂ X : �

∞

=1n

nn yx ∈ }Z .     

 

As the analogue of the projective frame (see [8]) introduce the following definition. 

 

Definition: 3.1 b -frame { }
Nnn ∈

ϕ ⊂ Y  in Z  is said to be projective if:  

(à) there exist B -space  Z
~

⊃ Z , including the space Z as a closed subspace; 

(b) there exist 
X

b ~
~

-basis   { }
Nnn ∈

ψ ⊂ )
~

,( ZXL  in  Z
~

, where  ),(
~

ψxb ≡ ),( ψx = )(xψ , Xx ∈ , )
~

,( ZXL∈ψ ; 

(c) there exist a continuous projector P ∈ ),
~

( ZZL  from   Z
~

 onto Z  such that ),( nxP ψ = nxϕ   for  Xx ∈∀ , 

Nn ∈ . 

 

Definition: 3.2 The space of coefficients of zero-series of the system { }
Nnn ∈

ϕ ⊂ Y   is called a closed in X
~

 

subspace N
~

= {x~ = { }
Nnnx

∈
∈ X

~
:�

∞

=1n

nnx ϕ = }0 . 

Theorem: 3.3 Let  { }
Nnn ∈

ϕ ⊂ Y  be  a  
X

b ~ -frame in Z . Then  { }
Nnn ∈

ϕ  is a projective 
X

b ~ -frame in Z  iff  N
~

 is 

complemented in  X
~

. 

 

Proof: Necessity: Let  { }
Nnn ∈

ϕ  be a projective 
X

b ~ -frame in Z . By theorem 2.3 there exists a synthesis 

operator S ∈ ),
~

( ZXL : )~(xS = �
∞

=1n

nnx ϕ , Xx
~~ ∈ ( x~ = { }

Nnnx
∈

).  Let  J   be a natural isomorphism between X
~

 and 

Z
~

,  i.e.  { } )(
NnnxJ

∈
=�

∞

=1

),(
n

nnx ψ   and P  be a projector  from  Z
~

 onto Z .   Then the following equality holds: 

PJS = . Denote by  M
~

= )(1
ZJ

−
  a closed subset in X

~
. Show that X

~
= M

~
⊕ N

~
. Take an arbitrary  x~   from X

~
. 

Denote by  z =  )~(xS  and 
M

x ~
~ =  )(1

zJ
−

. Consider
N

x ~
~ = −x~

M
x ~
~

. Since )~( ~
N

xS =  −)~(xS )~( ~
M

xS = 0 , then  

Nx
N

~~
~ ∈ ,  consequently, x~ =

M
x ~
~ +

N
x ~
~

.    Now let x~ ∈ M
~

∩ N
~

.  From  x~ ∈ N
~

 it follows that )~(xS = 0 . Since  

x~ ∈ M
~

, there exists   z  from Z , such that )(1
zJ

− = x~ . Consequently, z = )(zP = )~(xPJ = )~(xS = 0  Therefore 

x~ = )(1
zJ

− = 0 . Thus, X
~

= M
~

⊕ N
~

.   

 

Sufficiency: Let  N
~

 be complemented in X
~

, i.e. X
~

= M
~

⊕ N
~

. Denote by Z
~

 the direct sum of Z  ⊕ N
~

. Obviously,  

Z
~

 is a B -space by the norm { }
Z

xz ~
~, = max ( )

XZ
xz ~
~, , { }xz ~, ∈ Z

~
. Let  P   be a projection operator from Z

~
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onto Z , i.e.  { })~,( xzP = z , and Q  a projection operator from X
~

 onto  M
~

 along N
~

. Define the operator J : X
~

→ Z
~

  

from the formula )~(xJ = { })~(~),~( xQxxS − . Obviously, J ∈ )
~

,
~

( ZXL . Show that  J  is an isomorphism between 

X
~

and  Z
~

. If )~(xJ = 0, so )~(xS = 0 and )~(~ xQx = . Then  x~ ∈ M
~

∩ N
~

, therefore  x~ = 0 . Further, we 

have )
~

(XJ = Z
~

. Indeed, if { }0
~, xz ∈ Z

~
, then there exists ξ

~
∈ X

~
 such that  z = )

~
(ξS . Denote x~ = 0

~x + )
~

(ξQ . It 

is clear that )~(xQ = )
~

(ξQ . So,  0
~x = )~(~ xQx −  and  z = )

~
(ξS  = ))

~
(( ξQS =  ))~(( xQS  = )~(xS ,  

i.e. { }0
~, xz = { })~(~),~( xQxxS − . Using the Banach theorem on inverse operator, we get that J   is an isomorphism.  

Since X
~

 is a CB - space with a canonical basis, the system { }
Nnn ∈

ψ : { } )(
Niin xJ

∈
δ = ),( nx ψ  forms   

X
b ~
~

-basis in Z
~

. 

On the other hand for Xx ∈∀ , Nn ∈  it is valid  ),( nxP ψ = nxϕ .     

 

The theorem is proved. 

 

4. LINEAR EXPANSION ALGORITHM IN 
X

b ~ -FRAME: 

 

Let  X ,  Y   and  Z  be  B -spaces,  X
~

 be a CB -space with a canonical basis. 

 

Definition: 4.1 We say that it holds a linear expansion algorithm in 
X

b ~ -frame { }
Nnn ∈

ϕ ⊂ Y  in Z , if there exists a system 

{ }
Nnn ∈

*ϕ ⊂ ),( XZL   such that for any  Zz ∈   the sequence  { }
Nnn z

∈
)(*ϕ   belongs to X

~
 and z = �

∞

=1

* )(
n

nn z ϕϕ .

  

Theorem: 4.2 Let  { }
Nnn ∈

ϕ ⊂ Y   be 
X

b ~ -frame in Z . For the existence of a linear expansion algorithm in 
X

b ~ -frame  

{ }
Nnn ∈

ϕ   it is necessary and sufficient that  { }
Nnn ∈

ϕ  be a projective   
X

b ~ -frame. 

 

Proof: Necessity: Let there exists a linear expansion algorithm in 
X

b ~ -frame { }
Nnn ∈

ϕ . As in the proof of theorem 2.1 we 

denote by S ∈ ),
~

( ZXL : )~(xS = �
∞

=1n

nnx ϕ , Xx
~~ ∈ ( x~ = { }

Nnnx
∈

) the synthesis operator in X
~

. Determine the 

operator T : Z → X
~

 from the formula  )(zT = { }
Nnn z

∈
)(*ϕ .  Show that T ∈ )

~
,( XZL . Consider the sequence of the 

operators mT ∈ )
~

,( XZL : zTm =  { }�
=

∈

m

n

Ninin z
1

* )(ϕδ .  Since the series    { }�
∞

=
∈

1

* )(
n

Ninin zϕδ   converges, there exists  

∞→m
lim zTm     and by the Banach Steinhous  theorem the sequence { }

NnnT
∈

 is bounded. So,  T ∈ )
~

,( XZL ,  since  

Tz =
∞→m

lim zTm .  Obviously ))(( zST = )(*

1

zn

n

ϕ�
∞

=
nϕ = z , i.e.  IST = , where I  is an identity operator in Z . 

Further, let M
~

=  )(ZT .  We have X
~

= M
~

⊕ N
~

,  where KerSN =
~

. Indeed, let x~  be an arbitrary element in X
~

. 

Denote z = )~(xS  and  
M

x ~
~ = )(zT . Then )~~( ~

M
xxS − = −)~(xS )~( ~

M
xS = 0 .  Therefore  

N
x ~
~ = −x~

M
x ~
~ ∈ N

~
.  

Show that M
~

∩ N
~

= { }0 . If  x~ ∈ M
~

∩ N
~

, then  )~(xS = 0 . Suppose that z  from  Z   is such that  )(zT = x~ .  

We get  z = ))(( zST = )~(xS = 0 . Consequently,  x~ = 0  and X
~

= M
~

⊕ N
~

. It remains to apply theorem 3.3. 

 

Sufficiency: Let  { }
Nnn ∈

ϕ  be a projective 
X

b ~ -frame in  Z . Then by theorem 3.3  N
~

 is complemented in X
~

, i.e. 

X
~

= M
~

⊕ N
~

. Denote by   S    a synthesis operator,  J  is a natural isomorphism between  X
~

 and Z
~

, T ∈ )
~

,( XZL :  
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)()( 1
zJzT

−= , Zz ∈ , and operator ne ( X
~

→ X ): )~(xen = nx , x~ = { }
Nnnx

∈
.   Determine the operator  

*

nϕ  : 

Z → X  from the expression  )(*
znϕ =  ))(( zTen .  So, { }

Nnn zTz
∈

= )(*ϕ . Take an arbitrary Zz ∈ . Let  x~ =  )(zT  

( x~ = { }
Nnnx

∈
). Then we have 

z = ))(( zST = )~(xS = �
∞

=1n

nnx ϕ = )(*

1

zn

n

ϕ�
∞

=
nϕ . 

The theorem is proved. 

 

Theorem: 4.3 Let  { }
Nnn ∈

ϕ ⊂ Y  be a  
X

b ~ -frame in Z  and  N
~

  be a space of coefficients of zero-series of the system 

{ }
Nnn ∈

ϕ . Then the following properties are equivalent: 

(i) there exists a continuous projector P : X
~

→ N
~

,   such that 1=− PI ; 

(ii) it holds a linear expansion algorithm in { }
Nnn ∈

ϕ , moreover if for  Zz ∈ ,  there exists the sequence { }
Nnnx

∈
  from  

X
~

: z = �
∞

=1n

nnx ϕ , then   { }
XNnnx ~∈

≥ { }
XNnn z ~

* )(
∈

ϕ . 

 

Proof: Let condition (i) be fulfilled. Then   N
~

 is complemented in  X
~

, i.e. X
~

= M
~

⊕ N
~

, where KerPM =
~

 (see 

[20], theorem 5.1). Consequently, { }
Nnn ∈

ϕ  is  a projective  
X

b ~ -frame in  Z  and by theorem 4.2 it holds a linear 

expansion algorithm. Take an arbitrary Zz ∈ . Suppose that there exists { }
Nnnx

∈
 ∈ X

~
,   such that  z = �

∞

=1n

nnx ϕ .  Let   

S   be a synthesis operator,   J    be a natural isomorphism between X
~

 and  Z
~

,    PIQ −= ,  T   be a contraction of  

1−
J on  Z . Since X

~
= M

~
⊕ N

~
, then  x~ =

M
x ~
~ +

N
x ~
~

. Let Zu ∈ : 
M

x ~
~ =  )(uT .   We have 

u = ))(( uST = )~( ~
M

xS = )~(xS = z . 

 

Consequently,  { }
XNnn z ~

* )(
∈

ϕ =  
X

zT ~)( =
XM

x ~~
~ =  

X
xQ ~)~( ≤ { }

XNnnx ~∈
. 

 

Let now condition (ii) be fulfilled. Then by theorem 4.2 the  
X

b ~ -frame  { }
Nnn ∈

ϕ  is projective  and so by theorem 3.3  the 

subspace N
~

 is complemented in X
~

, i.e. X
~

= M
~

⊕ N
~

.   As above, let  S  be a synthesis operator,  J   be a natural 

isomorphism between  X
~

 and  Z
~

 = Z  ⊕ X
~

 and  T ∈ )
~

,( XZL  be an operator determined by the expression 

)(zT = { }
Nnn z

∈
)(*ϕ . 

 

Denote by  Q  the operator projecting   X
~

 on  M
~

 along N
~

 and P = −I Q . Take an arbitrary x~ ∈ X
~

.  Obviously, 

there exists  
N

x ~
~ = −x~ )~(xQ ∈ N

~
. Since )~(xQ ∈ M

~
, then there exists z ∈ Z  such that  )(zT = )~(xQ , since 

MZT
~

)( = . We have 

z = ))(( zST = ))~(( xQS = )~(xS =�
∞

=1n

nnx ϕ . 

According to the condition we get { }
XNnnx ~∈

≥ { }
XNnn z ~

* )(
∈

ϕ .  Consequently, 

 

{ }
XNnnx ~∈

≥
X

zT ~)( =
X

xQ ~)~( , 

therefore 1=Q . The theorem is proved. 
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