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ABSTRACT

In ihis paper, we prove the existence of fixed point theorem of a generalized weakly constrictive map in
T — Orbitaly complete metric space.
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INTRODUCTION:

In 1997, Alber and Guerre- Delabriere [3] introduced the concept of weakly contractive map in Hilbert space
and proved the existence of fixed point results. Rhoades [2] extended this concept in Banach space and
established the existence of fixed points. Throughout this paper (X,d) is a metric space which we denote
simply by X.

we denote, R* = [0,%) is positive real number, N the set of natural number and R the set of real number.
We write, ® = {{: Rt > R* } where ' setisfies following conditions;

(i) g is continuous

(ii) Y is non decreasing

(iii) Y(t) > 0 fort > 0

vy w(0) =0

Let binary operation ¢: R* x Rt - R* satisfies the following condition;
(a) ¢ - is positive and commutative
(b) ¢ - is continuous

Five typical examples are as follows, For each a,b € Rt
(1) a¢ b = max{a, b}

(i)adb=a+b

(iii) a0 b = ab

(ivia®b=ab+a+b

1
(V) adh = max{a,b,1}

Definition: 1.1 The binary operation ¢ — is said to satisfy a- property, if there exists a positive real number
a— such that, a0 b < max {a,b} forevery a,b € R*

Definition: 1.2 For any X, € X; 0(%y) = {T"x,;n=0,1,2,3 ...... } is said to the orbit of x, where, T? =],
is the identity map of X.
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A metric space X is said to be T — orbitally complete; if every Cauchy sequence Which is contained in
0(x) for all x € X converges to the point of X.

Here we note that every complete metric space is T — orbitally complete for any T, but converges is not
true.

Definition: 1.3 Let A and S be the mapping from a metric space X into itself, then the mapping is said to
weakly compatible if they are commute at their coincidence points, that is, Ax = Sx implies that ASx = SAx.

Definition: 1.4 A self map T:X — X is said to be generalized weakly contractive map if there exists a | € @
such that,

d(Tx, Ty) < d(x,y) — . (d(x, y)) with lime_,, P(t) = oo forall x,y € X

MAIN RESULT:

Theorem: 2.1 Let (X,d) be a T — orbitally complete metric space, satisfying a — property, if A,B,S,T be
the self mapping of X into itself such that;

(1) AX) € T(X) and B(X) € S(X), T(X) or S(X)are closed subset of X.

(2) The pair (A, S)and (B, T) are weakly compatible and generalized weakly contractive map.

(3) for all x,y € closer 0(x,) we define,

d(Ax, By) < M(Ax, By) — y(M(Ax, By))

Where, M(Ax, By) = k max{ d(Sx, Ty) ,d(Ax, Sy) , d(By, Ty) , d(Sx, By) , d(Ax, Ty)}

Then A,B,S, T have unique fixed point in closerO(x,).

Proof: We suppose that, x, € X arbitrary and we choose a poin t x € X such that,

yo = Axy = Tx; and y; = Bx; = Sx,

In general there exists a sequence,

Von = AXyp = TXype1and yope: = BXopye1 = SXopye for n=1,2,3 ... ...

first we claim that the sequence {y,} is a Cauchy sequence for this from (3) we have,

d(Y2n Y2n+1) < M(AXzn, BXonit) — W(M(AXzp, BXane))
d(Y2n Y2n+1) < M(AXzp, BXani1)

d(SXzn, TXzn41), d(AXap, SXon ),

d(Y2n Y2n+1) < k maxq{ d(Bxzni1, TXon41), d(SXan, BXons1),
d(AXZIv TX2n+1)

d(¥V2n-1,¥2n)» d(F2n-1,Y2n+1),
d(¥2n Yzn+1) < kmaxq d(¥2n+1,¥2n) d¥2n-1,Y2n+1),
d(yzn,¥2n)

d(¥2n-1,Y2n)» d¥2n+1,Y2n ):}

d , <k max{
(Y2n: Y2n+1) d(Y2n-1,Y2n+1)

d(¥an Yan+1) < kmax{d(yzn-1,¥20) » d(Y2ns1 Y2n)}

We assume that, d, = d(y,,Vns+1) then dyp < kmax {d,,_q,dsn}
Now if, dy, = dy,_q1 then dy, < kdy, < dyy

which contradiction our hypothesis i.e.

d2n = dZn—l
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Similarly we write, dyn4q < dyp

By follow above, we can show that

d(n yns1) < k" d(yo,y1)

limp_ d(Yn, Yne1) = 0

Our next step is to check {y,} is Cauchy sequence, for this if m > n then

d(¥n, Yn+1)0 d(¥ns1, Yns2) © }

Amym) <
(y y ) d(Yn+2vYn+3)<>"- -----d(Ym—1:Ym)

d¥n, Yn+1)r dVn+1,Yne2)s }

d(y,, < kmax{
(Y Ym) AdVns2, Yn+3)s e e - AV m—-1, Ym)

limy o d(Yn, ym) < k lim
n

—00

{ A Yn+1) dVns1s Ynez) }
d(Yn+2' le+3) re e d(Ym—l! Ym)

limy_, d(y,, ym) = 0, as n - ®

It follows that {y,} is a Cauchy sequence and by the completeness of X, {y,} converges to y € X. That is we
can write;

lim, .y, = lim,,,Ax,, = lim,,,TX;pyq = limpL,Bxoner = limp,, SXopin =y
Now let T(X) is closed subset of X, such that, Tv =y
We prove that Bv = y for this again from (3),

d(Sx,p, Tv) , d(AX,p, SXop ),
d(Ax,,, Bv) < kmax d(Bv, Tv), d(Sx,,, Bv),

d(Ax,,, Tv)
d(Sx,p, Tv), d(AX,p, SXop ),
lim,_,,, d(AXzn, Bv) < klim,_,, d(Bv, Tv), d(Sx,p, BV),
d(Ax,,, TV)
d(y,Bv) <k {d(y,Tv),d(y,y),d(Bv,y),d(y, Bv), 0}
d(y,Bv) < k .d(y,Bv)
Which contradiction, d(y,Bv) >0
Hence Bv = y = Tv and that BTv = TBv implies that By = Ty.
Now we proof that By =y for this again from (3)
d(SXZn' TY)’ d(AXZn! BXZn):
d(Ax,,, By) < kmax d(By, Ty), d(Sxy,, By),
d(Ax,p, Ty)

limy,,,, d(Axzy, By) < kd(y,By)
By =y =Ty
Since B(X) € S(X)

For,w € X suchthat Sw =y
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Now we show that Aw = y

d(Aw, By) < kmax {d“W' Ty), d(Aw, Sw), d(By, Ty)}

,d(Sw, By), d(Aw, Ty)

It follows that,

d(Aw,y) < kmax {d(y,y), d(Aw,y), d(y,y),d(y,y), d(Aw,y)}

d(Aw,y) < kd(Aw,y)

Which contradiction, d(Aw,y) > 0 thus Aw = y = Sw

Since A and S are weakly compatible, so that ASw = SAw this implies, Ay = Sy.
Now we show that, Ay = y for this again from (3),

d(Ay, By) < k max {d(Sy,Ty),d(Ay, Sy), d(By.Ty),}

d(Sy, By), d(Ay, Ty)

It follows that,

d(Ay, y) < k max {d(SY’ y), d(Ay, Sy), d(y, y).}

d(Sy,y), d(Ay,y)

d(Ay,y) < kmax {d(Sy,y) ,d(Ay,y)}

d(Ay,y) <kd(Ay,y)

Which contradiction, d(Ay,y) > 0, thus Ay = y and then, we write
Ay = Sy =By =Ty =y

y is common fixed point of A,B,S,T

If S(X) is closed subset of X then we follows similarly proof.
UNIQUENESS:

We suppose that x, is another fixed point for A,B,S, T then,

d(x,y) = d(Ax, By)

d(Ax, By) < k max{d(Sx, Ty), d(Ax, Sx), dBy, Ty), d(Sx, By), d(Ax, Ty)}
And so

dx,y) <kmax {d(x,y),d(x,x),d(y,y),d(x,y),d(xy)}

d(x,y) < kd(xy)

Which contradiction. so that x =y

y isunique fixed point of A,B,S,T.

This complete the prove of the theorem.
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