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ABSTRACT 

 

In  this  paper,  we  prove  the  existence  of  fixed  point  theorem  of  a  generalized  weakly  constrictive map  in  � � �����	
�  complete  metric  space. 
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INTRODUCTION: 

 

In  1997,  Alber  and  Guerre-  Delabriere  [3]  introduced  the  concept  of  weakly  contractive map  in Hilbert  space  

and  proved   the  existence  of  fixed  point   results.  Rhoades [2] extended  this  concept  in Banach  space   and  

established  the  existence  of  fixed  points. Throughout  this  paper   �
� ��  is  a  metric  space  which  we  denote  

simply  by  X. 

 

we denote,   �� �� �����  is  positive  real  number, �  the  set  of  natural  number and  �  the  set  of  real  number.  

We write,   � � ��� � �� � ���� where � setisfies following conditions;  

(i) ����� !"#�"$!$�� 
(ii) �����"!"��% &%'��"( 

(iii) ��#� ) ��*!&�# ) � 

(iv) ���� � � 

 

Let binary operation  + �� , �� � ��  satisfies the following condition; 

(a)  - is positive and commutative 

(b)  - is continuous  

 

Five typical examples are as follows, For each  '� - . �� 

(i) ' �- � /'0�'� -�� 
(ii) ' �- � ' 1 - 

(iii) ' �- � '- 

(iv) ' �- � '- 1 ' 1 - 

(v) ' �- � 2345�4�6�2� 
 

Definition: 1.1 The  binary  operation  7��  is  said  to  satisfy  8- property,  if  there  exists  a  positive  real number  8 � ���$ 9  that,  ' 7 - : /'0 ��'� -��  for every �'�� - . ��  

 

Definition: 1.2 For any  0; . 
�< ��=�0;� � ��>?0@�< " � ��A�B�CDD �   is said to the orbit of  0;�  where,  >; � E�����#9%����%"#�#F��/'G��!*��
H  
�������������������������������������������������������������������������������������������������
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A metric  space  
� is  said  to  be  > � !&-�#'JJF  complete;  if  every  Cauchy sequence  Which  is  contained  in �=�0���*!&��'JJ��0 . 
  converges  to  the  point  of  
. 

 

Here  we  note  that  every  complete  metric  space  is  > � �!&-�#'JJF  complete  for  any  >,  but  converges  is  not  

true. 

 

Definition: 1.3 Let    K  and ��L  be  the  mapping  from  a  metric  space �
� into  itself,  then  the mapping  is  said  to  

weakly  compatible  if  they  are  commute  at  their  coincidence  points,  that  is,   K0 � L0��/GJ�%��#9'#�KL0 � LK0H 
 

Definition: 1.4 A  self  map  >+ 
 � 
� is  said  to  be  generalized  weakly  contractive  map  if  there exists  a   � . �  

such that, ��>0� >F� �: ���0� F� � ��H M��0� F�N��O�#9� J�/P����#� �� ��  for all �0� F� . 
 

 

MAIN RESULT: 

 

Theorem: 2.1  Let   �
� ��  be  a > � �!&-�#'JJF  complete   metric  space,  satisfying �8 � G&!G%&#F,  if   K�� Q� L�� >  be  

the  self  mapping  of  
  into  itself  such  that; 

(1) K�
� R >�
��'"��Q�
� R L�
�� >�
��!&�L�
�'&%� J!�%���$-�%#�!*�
H 
(2) >9%�G'�&��K� L�'"���Q� >��'&%�O%'SJF� !/G'#�-J%�'"���(%"%&'J�T%��O%'SJF� !"#&' #�U%�/'GH 
(3) *!&�'JJ�0� F .  J!�%&�=�0;��O%��%V�"%� 
 ��K0� QF� : W�K0� QF� � ���W�K0� QF��   
 

Where,  W�K0� QF� � S�/'0����L0� >F��� ��K0� LF��� ��QF� >F��� ��L0� QF��� ��K0� >F���  
 

Then  K�� Q� L� >  have unique fixed point in closer=�0;�. 
 

Proof: We suppose that,  0; . 
  arbitrary and   we choose a poin t 0 . 
  such that, 

 F; � K0; � >02��'"����F2 � Q02 � L0X  

 

In general there exists a sequence, 

 FX? � �K0X? � �>0X?�2�'"���FX?�2 � Q0X?�2 � L0X?�X  for   " � A�B�CDDD HH 
 

first  we  claim  that  the  sequence  �F?�   is  a  Cauchy  sequence  for  this  from  (3) we  have, 

 ��FX?� FX?�2� : W�K0X?� Q0X?�2� � ��W�K0X?� Q0X?�2��  
 ��FX?� FX?�2� Y W�K0X?� Q0X?�2��  
 

��FX?� FX?�2� Y S��/'0Z ���L0X?� >0X?�2�������K0X?� L0X?������Q0X?�2� >0X?�2�������L0X?� Q0X?�2����K0X?� >0X?�2� [   

 

��FX?� FX?�2� Y S�/'0 Z���FX?\2� FX?�� ��FX?\2� FX?�2�����FX?�2� FX?��� ��FX?\2� FX?�2�����FX?�� FX?�� [  

 ��FX?� FX?�2� Y �S�/'0 ]���FX?\2� FX?�� ��FX?�2� FX?������FX?\2� FX?�2� ^  
 ��FX?� FX?�2� Y S�/'0����FX?\2� FX?��� ��FX?�2� FX?���  
 

We assume that,  �? � ���F?� F?�2����#9%"� �X? Y ��S�/'0���X?\2� �X?�  
 

Now if,  ��X? �_ ���X?\2� then  �X? ��: ��S��X? ��: ���X?  

 

which contradiction our hypothesis  �H %H  
 �X? : �X?\2   
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Similarly we write,  �X?�2 Y ��X?  

 

By follow above, we can show   that  

 ��F?� F?�2� �: ��S?�����F;� F2�  
 J�/?�� ��F?� F?�2� � ��  
 

Our  next  step  is  to  check  �F?�  is  Cauchy  sequence ,  for  this  if �/� _ �"   then 

 ��F?� F3� : ] ��F?� F?�2� ���F?�2� F?�X�� ���F?�X� F?�`� DD H H ��F3\2� F3�^   
 ��F?� F3� �: �S�/'0� ] ��F?� F?�2�� ��F?�2� F?�X�������F?�X� F?�`�� DD H H ��F3\2� F3�^�  
 J�/?�� ��F?� F3� : ��S��J�/?�� �] ��F?� F?�2�����F?�2� F?�X������F?�X� F?�`��DD H H ��F3\2� F3�^�  
 J�/?�� ��F?� F3� �� �!� '����" � �  

 

It  follows  that  �F?�  is  a  Cauchy  sequence  and  by  the  completeness  of  
,  �F?� converges  to  F . 
. That is we 

can   write; 

 J�/?�� F? ��� �� J�/?�� K0X? ��� ��J�/?�� >0X?�2� � ���J�/?�� Q0X?�2 ��� �� J�/?�� L0X?�X � F  

 

Now let  >�
� is closed subset of �
,  such  that,  >U�� � �F 

 

We prove that  QU� � �F   for this again from (3), 

 

��K0X?� QU� Y �S�/'0Z���L0X?� >U��� ��K0X?� L0X?������QU� >U�� ��L0X?� QU�����K0X?� >U� [  

 �J�/?�� ��K0X?� QU��� Y S�J�/?�� Z���L0X?� >U�� ��K0X?� L0X?������QU� >U�� ��L0X?� QU�����K0X?� >U� [  

 ��F� QU� Y S�������F� >U�� ��F� F�� ��QU� F�� ��F� QU�� ��  
 � ��F� QU� Y �S �H ��F� QU���  
 

Which contradiction, � ��F� QU� ��) � 

 

Hence ��QU� � �F� � �>U���'"���#9'#���Q>U � >QU���/GJ�%���#9'#� QF� � �>F . 

 

Now we proof that �QF � F  for this again from (3) 

 

��K0X?� QF� �: �S/'0 ��Z���L0X?� >F�� ��K0X?� Q0X?�����QF� >F�� ��L0X?� QF����K0X?� >F� [  

 J�/?�� ��K0X?� QF� ���: ��S���F� QF�  

 QF�� � ��F�� � ��>F  

 

Since �Q�
� �R ��L�
�  
 

For, O� . �
���such that �LO�� � �F 
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Now we show that   KO�� � ��F 

 ��KO� QF� : S/'0 ]��LO� >F�� ��KO� LO�� ��QF� >F�� ��LO� QF�� ��KO� >F� ^  
 

It follows that, 

 ��KO� F� : S�/'0�����F� F�� ��KO� F�� ��F� F�� ��F� F�� ��KO� F��  
 ��KO� F� �: S��KO� F�  
 

Which contradiction,   ��KO� F� ) ��   thus �KO� � �F� � �LO 

 

Since ��K   and   L���are weakly   compatible,   so   that   KLO�� � ��LKO� this   implies,   KF�� � ��LF. 

 

Now   we show that, KF� � �F��*!&���#9����'gain from (3), 

 ��KF� QF� : �S�/'0�� ]��LF� >F�� ��KF� LF�� ��QF� >F�����LF� QF�� ��KF� >F� ^  
 

It follows that, ��KF� F� : S�/'0�� ]��LF� F�� ��KF� LF�� ���F� F�����LF� F�� ��KF� F� ^  
 ��KF� F� : S�/'0����LF� F���� ��KF� F��  
 ��KF� F� �: S���KF� F��  
 

Which contradiction,���KF� F� �) ��, thus  KF� � �F  and  then,  we  write 

 KF�� � ��LF� � �QF�� � ��>F�� � ��F  

 F  is common  fixed  point  of �K�� Q� L�� > 

 

If  L�
� is closed subset of  
  then we follows similarly proof. 

 

UNIQUENESS: 

 

We suppose that�0, is another fixed point for �K�� Q�� L�� >  then, 

 ��0� F� � ��K0� QF�  
 ��K0� QF� : S�/'0���L0� >F�� ��K0� L0�� �QF� >F�� ��L0� QF�� ��K0� >F���  
 

And so  

 ��0� F� �: S/'0 � ���0� F�� ��0� 0�� ��F� F�� ��0� F�� ��0� F��  
 ��0� F� : ��SH ��0� F���  
 

Which contradiction. ���!��#9'#��0 � F  

 F  is unique  fixed  point  of �K�� Q�� L� >H  
 

This complete the prove of the theorem. 
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