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ABSTRACT

The concept of vector valued Dirichlet series was introduced by B. L. Srivastava [2] who characterized the growth of
entire functions represented by these series. In this paper we introduce the generalized order and generalized type of
entire functions slow growth.
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1. INTRODUCTION:
Let
f(s)= Zane‘“ﬂ" , s=o+it, (o,t are real variables), (1.1)
n=l1

where a, 's belong to a complex commutative Banach algebra E with identity element

wwithll (0||=1and/1n 's € R satisfy the conditions 0</1l </12 <ﬂ3...</1n...;/1n —> 00 as 1 —> 0,

. loglla,
limsup——2—=—o0 (1.2)
n—oo p /?’n

and limsuplofn=D<<>o . (1.3)

n
Then, the vector valued Dirichlet series in (1.1) represents an entire function f (S ) (see [2]). In [2], B. L. Srivastava

defined the growth parameters such as order, type, lower order, lower type of the vector valued entire Dirichlet series.
He also obtained the result for coefficient characterization of order and type. In this paper we obtain the generalised
order and generalised type of vector valued Dirichlet series.

For the entire function f(s) defined as above by (1.1) the maximum modulus, the maximum term and the index of
maximum term are defined as

M (o)=sup{ll f(o+it)ll;te R},
m(o) :maX{II a,ll e ne N+},

N(o)=max{n;m(c)=lla,lle” ,ne N'}.
The order p of f(s) is defined as

O —>o0
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and for 0 < p < oo thetype T of f(s) is defined as (see [2])

gM (o)

T =limsup , (0T <o) .

O—o0

We shall call the entire function f(s)to be of slow growth if the order © =0.We obtain the characterization of
growth parameters. in the context of generalised order and generalised type of vector valued Dirichlet series of slow
growth. Let @ denote the class of functions /(x) satisfying the following conditions:

(i) h(x) is defined on [a,c) and is positive, strictly increasing, differentiable and tends to o0 as x — oo,

d(h(x))

im——>—=ke (0,o), p=12,3,...
x> d(log'"! x) (0.c2) p

(i)

[p]

where log'” x = x,log"! x =log x,log"”! x = log(log"" ™" x),

(iii) For every ¢ >0,
1ij:1, limmzl (1.4)
S h() o )

that is , 2(x) is slowly increasing.
Let &(x)e P, the generalised order (&, f) of the entire function f(§) given by (1.1) can be defined as

a(logM (o))

a(o)
For 0 < p < oo the generalised type T (¢, f') of the entire function f(s) is defined by

p=p@. f)=limsup

aM©) _ . sup BlogM (o))

T=T =li
G D= ey~ oy

where f(log x) = a(x).
2. MAIN RESULTS:

Now we prove

Lemma: 1 If the vector valued Dirichlet series given by (1.1) satisfies (1.2) and (1.3), then

m 2AogM©0)) _ . alogm()) 5 @.1)
P [a(0)]’ o= [a(0)) ’

Proof: From the equation (1.2), for a given & >0, there exists an integer N, such that for n> N,

A — 1/(D+¢)

e’"<n .By the definition of M (0°) ,we have

M()< ) lla,lle™ = lla, 17" n>¢

n=1 n=1
=0+ . lla, 1P g P4,
n=N+1
SO +m(c+D+m) Y, nPIere

n=N+1
<O+ K(g,nym(c+D+n)
where K (&,7)is a positive constant depending on £ and 77 . Hence
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. a(logM (o)) .. a(logK(e,n)+logm(c+D+n)) [a(o+ D+77)]5
lim s < lim S . S
o= [a(0)] o [a(o+D+n)] [a(o)]

By (1.4), it follows that

a(logM (o)) < lim a(log m(O'))'
o= (o)) o= [a(o)]

The reverse inequality follows from the well known relation 71(0)< M (7). Hence the Lemma is proved.

Lemma: 2 If the vector valued Dirichlet series given by (1.1) satisfies (1.2) and (1.3), then

logm(o) =logm(c,)+ T A

vindts 0y >0.

9
The result can be proved on the lines of [3].Hence we omit the proof.
Next we prove

Theorem: 1 Let the vector valued Dirichlet series (1.1) satisfy (1.2) and (1.3), then

(a) lim supm—l= lim su L)m’ for p=1,
oorien a(0) o= " g(Inlla, ")

(b) lim supL”)/s lim supws lim supL)M+l, for p=2,3...
o= g(Inlla, ITV4) oo ac) o= " a(inlla, M)

Proof: We prove this theorem in two steps.
Case I: When p =1, by condition (ii), if
_ oO—c¢C
a(o)=klno+c, then ' (0) = exp[Tj =ce'*.

By Lemma 1, lim a(logM (o)) _ lim a(logm(o)) _ A
oo a(0) oo q(0)

For p =1, from the given condition (ii),we can easily deduce that &(0)=klogo . If A <1then there exists £> 0
such that A+ € <1 .For sufficiently large values of O, we get

M(o)< e’

Hence f(s)reduces to an exponential polynomial. Hence for p =1, wehave A>1.Let us suppose that A < oo,
Then for every € >0,3 0,(€) > 0such thatforo = g,

a(logm(o)) <Are=A.

a(o)

A - .
or logm(o)< o '[Aa(o)]= exp (%] =co’
Then  loglla, lle*” < logm(o) < co™
or loglla_II">A 6 —co” , o>0,
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A a4
When 7 is large enough, setting 0 = [A—" , we have

- K K
A A A . A A

loglla IM>A | 2= - 1 =(A - 1 .

oglla, n(A*j C(A*j ( C)(A*j

Now using (1.4) for the function & , we get

_ A)
loglla M4y =% %) oy,
a(loglla, ) 1 1+0( )

m
Hence we obtain

lim sup o(4,) —
noe - g(loglla, Il

1/4, -
n)

When p =2,3..., we suppose that A < oo . From the above proof, it follows that
logm(o) < '[A"a(o)]

or loglla, i< & '[A'a(0)]- Ao

Choose 0 =0 (A,) to be the unique root of the equation

a:a“{%ﬂf)} , (00— 00 &1 —> )
Then  loglla, I'"* >o-1
or a(loglla, Iy > a(c-1)

By (1.4), when O is sufficiently large, we have (0 —1) = (1+o0(1))x(0), thus

o(loglla, M%) > 1+ o) (o) = (1+ 0(1)){0[(/}")}

A

)

a(h,)

a(loglla, ”—1/,1ﬂ) < (I+o0() A

Now proceeding to limits, since £ > (Qisarbitrary, we obtain

lim sup o(4,) —
n=e g(loglla, |l

1/4, -
n)

The above inequality obviously holds when A = co.

Conversely, let

lim sup a(4,) =B
o aloglla, )

We suppose that B < 0. Then fora given £ > 0and foralln = n,(€), we have
a(4,)

—<B+e=8
alloglia, I'™)

A 1
Hence a' [M} <——1Ioglla,ll,
B A

n
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oo lla Ik exp{—ﬂnal {“Z“H Vn>n, 2.2)

From (1.3), there exists 7 > 0, such that ﬂn > rlog n. Further, when O is sufficiently large, there exists N > n,, so
that

I 2
A Sa'[Ba(c+5)]< A, . (2.3)
r
We have
) N o0
M@©@)<) lla,lle™ + > lla, e+ > lla,lle"” =A+A+4,.
n=1 n=ny+1 n=N+l

Using equations (2.2) and (2.3)

N N
A<e Y lla,ll < exp[O'a"{B*a(0'+z)}]. > exp{—ftpf1 {%@H
n=ny+1 n=ny+1

2 Y A . 2
=exploa {(B'a(c+5)}]1. D n B < Cexploa (B a(oc+>)}].
r r

n=ngy+1
2
InA,,wehave 4, > [B (0o +—)] thatis
r

06(/1,,)} 2

From (2.2) and the above inequality, it follows that

4 < i exp[—;@ﬂ_l{ag}")H.eXp[—/ka“{a;’}")

} e r

n=N+1
o 24, o
— 1 .
= 2 e " < Z — < K where K is a constant..
n=N+1 n=N+1
Accordingly,

Mo)<(+o()K a[aa*l{B*a(mg)}] ,
r

As in Lemma 2 (see [1]), we have
M (o)< (+o()aloa (B a(c+2)1 = (+oM) B’ +Da(o).
r

Thus
lim sup —a(log M)
O —+oo a(o‘)

<B+1.

Combining the inequalities obtained in case I and II, we get (a) and (b) above and the proof of Theorem 1is complete.

Theorem: 2. Let the entire function represented by the vector valued Dirichlet series (1.1) satisfiy (1.2) and (1.3), and
be of generalized order P € (1,00). Then

ploeM @) (o B
(B == "1 B(1oglla, I7"™)]

n =limsup (2.4)

Proof: By Lemma 1, we have

H=1Iim supM = lim su M )
VG e V)
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We suppose H < co. Then for a given € >0,30,(€) > Osuch that for allo > o, we have

plogm(@) 1 &
[B(o))

or logm(o)< ﬁ‘l[ﬁ{ﬁ(O')} 1,

or loglla, ll< B [H{B(0)}"1-A0.

We choose 0 =0 (4,) to be the unique root of the equation

1/p
0=ﬂ_l[{%} } (0> o0& n—>o0).

Then loglla, II'"*>0o—1 or B(logla, I*)> B(c-1).

By (2.1), when O is sufficiently large, we have B(0 —1) = (1+ 0(1)) B(0), thus

[B(loglla, ”_Z)]” > (1+o())[B(0)) =1+ 0(1)){
or F4) ~(+o()) < H=H+¢.

| B(logla, I”"*)]
Now proceeding to limits, we obtain

lim sup p4) — <
| Bllogla, )]

)]
&)

(2.5)

The above inequality obviously holds when H = oo

To obtain the reverse inequality, let

lim sup ’B(ﬂ”) ~ =
[ B(logha, )]

We suppose that B < co. Then for € >0and foralln > n,(€), wehave

pA) ~<B+e=B
| B(loglia, "]
or B(A,) < B'la(loglla, IIT"*)]°.
Then ﬁ_l {M}I/p < —ilog la Il .
B A, !

Hence for a given £ >0, 3n, > 0,such thatfor n > n,,
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lla, Il <exp| —A4,5" {(’6( J } (2.6)

From (1.3), there exists 7 > 0, such that
A, >rlogn..

In addition, when O is sufficiently large, there exists N > n,, so that

A, < BB ﬂ(a+—)}”]< vt @D
We have
M(@)3lla, e + Y lla, e+ 3 lla, lleh = A+ A+ 4,
n=ny+1 n=N+1

Using equations (2.6) and (2.7), we obtain

N P N 1/p
A <e™ > lla,ll<exp| of” {B* (,B(G+E)J } > exp|-4,8" {(ﬂ;’“j }
r

n=ny+1 n=ny+1

é u Cip . p
=exp| of” {B [,[)’(0'4-2)) } S P A < Cexpl o {B (ﬂ(o-_"g)j }
r r

n=ny+1

2 p
InA; , we have A, > i {B* {,B(O'+—)} ] .
r

Then o©<pf~ {{ﬁg)} }—%

From (2.6) and the above inequality, it follows that

A< S ew|-ap {ﬁ( ,Jj }_ex e {(W)j } oy

— z e A, 0r < Z _< Cv
n=N+l n= N+l
Accordingly,

P
M(G)S(1+0(1))Cexp Gﬁ_l {B* (ﬂ(o‘+g)j }
r

Hence

P
BllogM (0) < (1+0(1) B oB” {B* ( ﬂ(a+%)j }

Hence, by Corollary 2 see [1], it follows that

fim sup B0 M (@) _
O—+oo [ﬂ(a)]p

Combining (2.5) and the above inequality, we obtain (2.4). This completes the proof.
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