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ABSTRACT

There are several Theorems are prove in L- Space, using various type of mappings .In this paper, we prove some fixed
point theorem and common fixed point Theorems, in L- space using different, symmetric rational mappings.
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1. INTRODUCTION:

It was shown by S. Kasahara [13] in 1976, that several known generalization of the Banach Contraction Theorem can
be derived easily from a Fixed Point Theorem in an L-Space. Iseki [10] has used the fundamental idea of Kasahara to
investigate the generalization of some known Fixed Point Theorem in L-Space.

Let N be the set of natural numbers and X be a nonempty set. Then L-Space is defined to be the pair (X, =) of the set X
and a subset — of the set XN X X, satisfying the following conditions;

L; —ifx, =x € X foralln € N, then ({Xp}nen,X) € = Ly — if ({Xp}nen »X) € =, then ({Xni}ieN ,X)

for every subsequence {Xni}ieN of {X, }nen In what follows instead of writing ({X,}nen ,X) € =, we write {Xp}pen =
X or X, > x andread {X,},en converges to x. Further we give some definitions regarding L-Space.

Definition: 1 Let (X, —>) be an L-Space. It is said to be ‘separated’ if each sequence in X converges to at most one
point of X.

Definition: 2 A mapping f on (X, —) into an L-Space (X', —") is said to be continuous f: x, — x implies f(x,) = f(x)
for some subsequence {xp}ien for {X,}nen

Definition: 3 Let d- be a non negative extended real valued functionon X X X: 0 < d(x,y) < o, forallx, y €X
The L-Space is said to be d- complete if each sequence {x,},en in X with D32, d(x;, Xj11) < o converges to the atmost
one point of X.

In this context Kasahara S. proved a lemma, which as follows,

Lemma (S. Kasahara): Let (X, > ) be an L- space which is d- complete for a non negative real valued function d on
X x X.if (X, ) is separated then, d(x,y) = d(y,x) = 0 implies, x =y forall x,y € X During the past few years
many great mathematicians Yeh[19], Singh[18], Pathak, and Dubey[14], Sharma, and Agrawa[17], Patel,Sahu, and
Sao[15], Patel and Patel[15], worked for L- Space. In this chapter, we similar investigation for the study of Fixed Point
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Theorems in L- Space are worked out. We find some more Fixed Point Theorem and Common Fixed Point Theorem

in L- Sapce.

2. MAIN RESULT:

Theorem: 2.1 Let (X, =) be a separated L-space, which is d- complete for a non negative real valued function d on
X x X with d(x,x) =0, foreach x in X. Let E, Fand T be three continuous self mapping of X into itself, satisfying
the following condition;

1c,: — E(X) € T(X) and F(X) € T(X),ET = TE, FT = TF.

d(Tx,Ty).[d(Tx,Fy)+ d(Ty,Ex)]

1c,: —d(Ex, Fy) < «a ATRED+ ATy .FY)

For all x, y in X, where non negative a, suchthat 0 < a < 1, with Tx # Ty. Then E,F, T have unique common
fixed point.

Proof: Let x, € X, since E(X) c T(X) we can choose a point x; € X, such that Tx; = Ex,, also F(X) < T(X), we
can choose x, € Xsuch that x, = Fx; In general we can choose the point;

TXa2n+1 = EXxan (1.1)
TXon+2 = FXonss (1.2)

Now consider,
d(TXzn+1, TXzn42) = d(EXzp, FXop41)

Fromlc,
d(Txzp, TXpn41). [A(TXan, F Xop41) + d(T Xpp41, EXpp)]
d(EXZn! FX2n+1) sa d
(TX2n, Exzp) + d(T Xan41, F Xon41)
d(Tx Txynis) < @ d(TXzn, TXon41)- [A(TXon, T Xon42) + d(T Xan11, TXon41)]
anel T2l = d(Txzp, TXon41) + d(T Xon41, T Xan42)

d(TXzn+1, TXzns2) < @ d(TXzn, TXzn41)

For n=1,2,3,.........

Whether,  d(TXzp41, TX2n42) = 0 or not,

Similarly, we have

d(TXzn4+1, TXzn42) < o d(Txo, Tx4)

For every positive integer n, this means that,
220 d(TXzi11, TXpi42) < 0

Thus the d- completeness of the space implies that, the sequence {T"X(} ey converges to some u in. so by (1.1) and
(1.2);{E™Xo}nen and {F™xy}nen also converges to the some point u, respectively.

Since E, F, T are continuous, there is a subsequence t of {T"x,},en such that,
E(T(Y) - E(w), T(E(D) - T(u),
F(T(®) - F(w), T(F(V) - T(u),
i%y (11c¢;) we have,
E(uw) = F(u) = T(w) (1.3)
Thus,
T(Tu) = T(Eu) = E(Tu) = E(Eu) = E(Fu) = T(Fu) = F(Tu) = F(Eu) = F(Fu) (1.4)

By 1c,, (1.3) and (1.4), we have,
© 2011, IUIMA. All Rights Reserved 2
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If E(u # F(Eu)

d(Tu,T(Eu)).[d(Tu,F(Eu))+ d(T(Eu),Eu)]
d(Tu,Eu)+d(T(Eu),F(Eu))

d(Eu,F(Eu)) < a

d(Euy,F(Euw)) < 0
Which contradiction

Hence; Eu = F(Eu) (1.5)
From (1.4) and (1.5) we have
Eu = F(Eu) = T(Eu) = E(Eu)
Hence Eu is a common fixed point of E, F, and T.
Uniqueness:
Let v is another fixed point of E, F,and T different from u, then by 1c, we have,
d(u,v) = d(Eu, Fv)

d(Tu, Tv). [d(Tu, Fv) + d(Tv, Eu)]
d(Tu, Eu) + d(Tv, Fv)

d(Eu,Fv) < a

d(Eu,Fv) < 0
Which contradiction.
Therefore u is unique fixed point of E, F, and T in X.
Theorem : 2.2 Let (X, =) be a separated L-space, which is d- complete for a non negative real valued function d on
X x X with d(x,x) =0, for each x in X. Let A,Fand T be three self mapping of X into itself, satisfying the

following condition;

2¢,:— A(X) € F(X) N T(X) and AT = TA, FA = AF.

d(Ax,Fx)[1+d(Ay,Ty)] B d(Ax,Ay)[d(Ax,Ty)+d(Ay,Fx)

1
1+d(Ax,Ay) d(Ax,Fx )+d(Ay,Ty) + v d(Ax Ay)

2¢,: —d(Fx,Ty) < a

For all x, y in X, where non negative o, 8,y suchthata+f+y <1,
Then A, F, T have unique common fixed point.

Proof: for any arbitrary x, in X, we define a sequence {x,} of elements of X such that,
AXony1 = Fxop (2.1)

AXoniz2 = TXon41 (2.2)
Foralln =0,1,2,3 ... ........

Now consider,
d(Axzn41.-AXonez) = d(FXan . TXzn41)
From 2c,

d(Axzn Fxzn)[1+d(AXzn+1,TX2n+1)]
d(Fx2n , Tx2n+1) <a

1+d(Axzn ,AXz2n+1)

+ Y d(AXZn ’ AX2n+1)

d(Axzn Axzn+1)[d(AXzn , TX2n+1)+d(AXan+1,FX2n )]
d(Axzn Fxzn )+d(Axzn+1,TXz2n+1)

+B

d(Axzn AXzn+1)[1+d(AXan+2,AX2n+1)] d(Axzn AXzn+1)[d(AXzn AXon+2) +d(AXan+1,AX2n+1)]
d(Ax LAx <a +
(AXanss 2n+2) 1+d(AXzn+1,AX2n+2) B d(Axan AXzn+1 )+d(AXzn+1,A%2n+2)
+ v d(Axz,, AXzn41)
d(Axzni1-AXansz) < (a4 B+ Y) d(AXzy, AXonsr)

© 2011, IUIMA. All Rights Reserved 3



Rajesh Shrivastava*, Animesh Gupta* and Dilip Jaiswal**/ SOME RESULTS OF FIXED POINT THEOREMS IN L-SPACE/ IIMA- 2(12),
Dec.-2011, Page: 1-6

Where q=(a+ +v)<1;
Processing the same way we get,

d(AXzni1-AXanyz2) < Q" d(AXgn, AXany1)
Forn=1,2,3,.........
Whether, d(AX;p41, AX2n42) = 0 or not,
Similarly, we have

d(AXzn41, AXansz) < Q" d(AXg, Axq)
For every positive integer n, this means that,

220 d(AxXzit1, AxXpiyp) <

Thus the d- completeness of the space implies that, the sequence{A"X(},cn converges to some u in. so by (2.1) and
(2.2); {F™xg}nen and {T"Xq}en also converges to the some point u, respectively.

Since A, F, T are continuous, there is a subsequence t of {A"X},en such that,
F(A(D) - F(w), A(F(D)) - A(w),
T(A(®) - T(w), A(T®) - Aw),

By (2c;) we have,
A(u) =F(u) =T(w) (2.3)

u is common fixed point of A,F and T.
Uniqueness:
Let us assume that w is another fixed point of A, F and T different fromu u # w then

d(Au, Aw) = d(Fu, Tw)
from 12c,

d(Au,Fu)[1+d(Aw,Tw)] d(Au,Aw)[d(Au,Tw)+d(Aw,Fu)

]
1+d(Au,Aw) B d(Au,Fu)+d(Aw,Tw) + v d(Au, Aw)

(Fu, Tw) < «a

d(Au, Aw) <y d(Au, Aw)

Which contradiction.

Hence u is unique common fixed point of A, F, T. inX.

Theorem : 3 Let (X, —) be a separated L-space, which is d- complete for a non negative real valued function d on
X x X withd(x,x) =0, foreachxin X. LetE, Fand T be three continuous self mapping of X into itself, satisfying

the following condition;

3¢, — E(X) € T(X) and F(X) < T(X), ET = TE, FT = TF.
1
3c,: — d(Ex, Fy) < a.{d(Tx, Ex).d(Ty, Fy).d(x,y)}3

For all x, y in X, where non negative «, 3, y, such that
0<a+B+y <1,with Tx # Ty. Then E, F, T have unique common fixed point .

Proof: Let x, € X, since E(X) € T(X) we can choose a point X; € X, such that Tx; = Ex,, also F(X) c T(X), we
can choose x, € X such that Tx, = Fx; In general we can choose the point;

TXzn+1 = Exop @3.1)
© 2011, IUIMA. All Rights Reserved 4



Rajesh Shrivastava*, Animesh Gupta* and Dilip Jaiswal**/ SOME RESULTS OF FIXED POINT THEOREMS IN L-SPACE/ IIMA- 2(12),

Dec.-2011, Page: 1-6
TXan+2 = FXons

For every n € N, we have

d(TXz2n41, TXzn42) = d(EXapn, FXoniq)
From 3c,

1
d(Exyp, FXani1) < o {d(TXp, Expn). d(TX2n41, FXon41). d(Xon, X2n41) 13

1
d(TXzn41, TXzn42) < . {d(TXzn, TXon41)- A(TXon41, TXon42). d(Xan, X2ne1)33

d(TXz2n41, TXon42) < O‘% d(Txzn, TXzn41)
Letq = 0(% <1

d(TXzn41, TXzns2) < q d(TXzn, TXzn41)
Forn=1,2,3,.........
Whether, d(TX;p41, TX2n42) = 0 or not,
Similarly, we have

d(TXzn+1, TXzn42) < q°. d(Txg, TXq)

For every positive integer n, this means that,

Z d(Txpi41, TXzi12) <

i=0

(3.2)

Thus the d- completeness of the space implies that, the sequence {T"X¢}n,en converges to some u in. so by (3.1) and

(3.2);{E™Xo}nen and {F™xy}nen also converges to the some point u, respectively.

Since E, F, T are continuous, there is a subsequence t of {T"X,},en such that,

E(T(®)) - E(w), T(E(®) - T(u),
F(T(Y) - F(u), T(F(V) - T(w),

By (3c;) we have,
E(w) =F(uw =T(w

Thus,
T(Tu) = T(Eu) = E(Tu) = E(Eu) = E(Fu) = T(Fu) = F(Tu) = F(Eu) = F(Fu)

By 3c,, (3.3) and (3.4) we have,

If E(u) # F(Eu)
d(Eu, F(EW)) < «.{d(Tu, Ew). d(T(Ew), F(Ew)). d(u, (Eu))}3

d(Eu,F(Euw)) <0
Which contradiction
Hence; Eu = F(Eu)
From (3.4) and (3.5), we have
Eu = F(Eu) = T(Eu) = E(Eu)

Hence Eu is a common fixed point of E, F, and T.

© 2011, IUIMA. All Rights Reserved
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Uniqueness:

Let v is another fixed point of E, F, and T different from u, then by 3c, we have,

d(u,v) = d(Eu, Fv)
d(Eu, Fv) < a.{d(Tu, Eu).d(Tv, Fv).d(u, v)}%

d(Eu,Fv) <0
Which contradiction.

Therefore u is unique fixed point of E, F, and T in X.
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