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ABSTRACT

In 1997, Arockiarani and Balachandran introduced and studied the concepts of rg-regular and rg-normal spaces. In
this paper strongly rg-regular and strongly rg-normal spaces are introduced and their basic properties are studied.
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1. Introduction:

After the works of Levine [6] on generalized open sets, various mathematicians turned their attention to the
generalizations of some concepts in topology. Palaniappan and Chandrasekhara Rao [9] introduced the concept of
regular-generalized closed sets. Arockiarani and Balachandran [3] introduced and investigated rg-closed and rg-open
maps. They also defined the concepts of rg-regular and rg-normal spaces. In this paper strongly rg-regular and strongly
rg-normal spaces are introduced and their properties are discussed. Further, some of the existing lower separation
axioms are characterized by using strongly rg-regular and strongly rg-normal separation axioms.

2. Preliminaries:

Throughout this paper (X,t) and (Y,6) denote the topological spaces on which no separation axioms are assumed unless
explicitly stated. For a subset A of X, cl(A) and in#(A) respectively denote the closure of A and the interior of A in
(X,7). Suppose BCACX, the interior and the closure of B relative to A is respectively written as inta(B) and cls(B). We
recall the following definitions and results that are utilized in this paper.

Definition: 2.1 Let (X,7) be a topological space and A < X. Then A is regular open [14] if A=int(cl(A)); pre-open[7] if
Acint(cl(A)); generalized closed(briefly g-closed)[6] if c/(A)cU whenever AcU and U is open in X; and regular
generalized closed (briefly rg-closed)[9] if c/(A)cU whenever ACU and U is regular open in X.

The complement of a regular open(resp. pre-open) set is regular closed(resp.pre-closed). Analogously the complement
of a g-closed (resp.rg-closed) set is g-open(resp.rg-open). The pre-closure of a subset A of X is the intersection of all
pre-closed sets containing A and is denoted by pcl(A). The pre-interior of a subset A of X is the union of all pre-open
sets contained in A and it is denoted by pint (A). In a similar manner the rg-closure of A is defined and is denoted by

cl (A).

Definition: 2.2 The set A is pre-generalized pre-regular-closed (briefly pgpr-closed)[2] if pcl/(B)cU whenever BcU
and U is rg-open. The complement of a pgpr-closed set is

pgpr-open.
Lemma: 2.3 A subset A of X is pgpr-open if and only if Fc pint (A) whenever FC A, F is rg-closed. [2]

Lemma: 2.4 Let BC A C X and A be g-closed and open in X. Then if B is rg-closed relative to A, then B is rg-closed
relative to X. [9]
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Definition: 2.5 A subset A of a topological space X is said to be quasi H-closed [15] relative to X if for every cover
{(Va: a e V) of Aby open sets in X, there exists a finite subset V ;of V such that Ac U {cdlVa): o e Vol

Definition: 2.6 A subset B of a topological space X is said to be rg-compact[1] relative to X if for every collection
{Aa: o € V } of rg-open subsets of X such that B;U {Ag: a € V }, there exists a finite subset V ;of V such

that BcU{Aq@: a e Vo).

Definition: 2.7 Let f :( X,T) —(Y, O ). Then f is rg-continuous (resp. rg-irresolute) [9] if { 1(V) is rg-open in X for
every open (resp. rg-open) set Vin Y.

Definition: 2.8 Let f :( X,7) —(Y, 0 ). Then f is perfectly rg-continuous [3] if the inverse image of every rg-open set in
Y is both open and closed in X.

Definition: 2.9 A function f:(X,t)—(Y, O ) is said to be rg-closed[3] if for every open set Uin (X, 1), the set f(U) is
rg-closed in (Y, O).

Definition: 2.10 A topological space (X,t) is almost regular [11](resp. rg-regular[4]) if for every regular closed set F
and a point x¢ F, there exist disjoint open(resp. rg-open) sets U and V such that xeU and Fc V.

Definition: 2.11 A topological space (X,7) is said to be g-normal [8](resp. mildly normal [13], resp. rg-normal[3]) if for
each pair A, B of disjoint g-closed (resp. regular closed, resp. regular closed) sets in X, there exist disjoint open (resp.

open, rg-open) sets U and V such that A c U and BCV.

Definition: 2.12 A topological space (X,t) is almost normal[12] if for every pair of disjoint sets A and B, one of
which is closed and the other is regularly closed, there exist disjoint open sets U and V such that Ac U and BCV.

Definition: 2.13 A topological space (X,T) is said to be regular-T,,[9] (resp. lez [3], resp. T,[3]) if every rg-closed set

is regular closed( resp. closed, resp. g-closed).

Definition: 2.14 A topological space (X,t) is said to symmetric [10] if for any two distinct points x and y of X,
xe cl({y}) implies that ye cl({x}).

Definition: 2.15 A topological space (X,t) is said to Urysohn[10] if and only if whenever x#y in X, there are
neighborhods of U of x and V of y with c/(U)Ncl(V)= O.

Lemma: 2.16 A topological space (X,t) is symmetric if and only if {x} is g-closed in X for each x in X. [6]
The following diagram is useful later.

Diagram: 2.17

/ regular- closed \

closed ——p  g-closed ——p tg-closad

pre-closed ———— pept-closd

3. Strongly rg-regular spaces:

In this section, the strongly rg-regularity axiom is introduced and its analog properties with other separation axioms are
studied..

Definition: 3.1 A space (X,7) is said to be strongly rg-regular if for every rg-closed set F and a point x¢ F, there exist
disjoint open sets U and V such that xe U and FCV.

It is obvious from the Diagram 2.17, that every strongly rg-regular space is regular, almost-regular and rg-regular. But
the reverse implications are not true as shown in the following examples.
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Example: 3.2 Let X= {a, b, ¢} with topology t= {, {a}, {b, ¢}, X}. Clearly (X,t) is regular. Let F= {b, c}. Then F is
rg-closed. As c and F are not separated by disjoint open sets in X, it follows that (X,t) is not strongly rg-regular. This
shows that a regular space need not be strongly rg-regular.

Example: 3.3 Let X = {a, b, ¢, d} with topology t = {J, {a}, {a, b},{a, b, c},{a, b, d}, X}. Then (X,7) is almost-
regular but not strongly rg-regular. Since the rg-closed set {a} and the point b cannot be separated by disjoint open
sets, (X,7) is not strongly rg-regular.

Example: 3.4 Let X = {a, b, ¢, d} with topology T = {J, {a}, {a, b}, {a, c}, {a, b, c}, X}. Clearly (X,7) is rg-regular
but not strongly rg-regular.

Thus we have the following implication diagram.

Diagram: 3.5

rg-regular

!

stronglyrg-regular

7N\

regular —p  almoest regular

Proposition: 3.6
(i) Let (X,T) be a regular space. If (X,7) is T1>1/2 or regular-T7,, then it is strongly rg-regular.

(ii) Let (X,7) be an almost regular space. If (X,7) is regular-T,, then it is strongly rg-regular.

Proof: Suppose (X,7) is regular and T;z . Let F be a rg-closed set of (X,t) and x& F. Since (X,7) is Tliz , by Definition

2.13, F is closed. Since (X,7) is regular, there exist disjoint open sets U and V such that xe U and FcV Therefore (X,7)
is strongly rg-regular. The proof for the rest is similar.

Theorem: 3.7 In a topological space (X,7), the following are equivalent:

(a) (X,7)is strongly rg-regular

(b) For every xe X and every rg-open set U containing X, there exists an open set V such that xe Vcel(V)cU.

(c) For every rg-closed set A, the intersection of all the closed neighborhoods of A is A.

(d) For every set A and a rg-open set B such that AMB=J, there exists an open set F such that AMF#d and cl(F)cB.

(e) For every non-empty set A and rg-closed set B such that AmMB=(J, there exists disjoint open sets L and M such that
ANL#J and BcM.

Proof: (a)=>(b): Suppose (X,7) is strongly rg-regular. Let x € X and U be a rg-open set containing x so that X\U is rg-
closed. Since (X,7) is strongly rg-regular, there exist open sets V| and V, such that ViV, = and x € V,, X\U C V,.
Take V = V. Since V| N V, =, V&X\V, c U that implies cl(V) < cl(X\V,) = X\V, c U. Therefore xe Vc ¢l (V) C
U.

(b)= (c): Let A be rg-closed and x¢ A. Since A is rg-closed, X\A is rg-open and xe X\A.
Therefore by (b), there exists an open set V such that x € V c ¢/ (V) =X\A. Thus
AcX\ cl(V)cX\V, and x& X\V. Consequently, X\V is a closed neighborhood of A.

(c) = (d): Let AnB#J and B be rg-open. Let xe AnB. Since B is rg-open, X\B is rg-closed and x¢ X\B. By our
assumption, there exists a closed neighborhood V of X\B such that x¢ V. Let X\BcUcV, where U is open. Then
F=X\V is open such that xe F and AnF£J. Also X\U is closed and cl/(F)=cl(X\V)cX\UcB. This shows that c/(F)cB.

(d)=(e): Suppose ANB=J, where A is non-empty and B is rg-closed. Then X\B is rg-open and AN(X\B)=J. By (d),
there exists an open set L such that AnL=J, and Lecl(L)cX\B. Put M=X\c/(L). Then BcM and L, M are open sets
such that M=X\c/(L)c(X\L).

(e)=(a): Let B be rg-closed and x¢ B. Then BN {x} =J. By (e), there exist disjoint open sets L and M such that LN{x}
# and BcM. Since LNn{x} #&, xeL. This proves that (X,t) is strongly rg-regular.
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Corollary: 3.8 If a space (X,7) is strongly rg-regular and a subset A of X is quasi H-closed relative to X, then A is
pgpr-closed.

Proof: Suppose (X,7) is strongly rg-regular and a subset A of X is quasi H-closed relative to X. Let U be any rg-open
set of X containing A. Since X is strongly rg-regular, by using Theorem 3.7(b), for each xe A, there exists an open set
V, such that xe V,ccl(V,)cU. Clearly {V,: xe A} is an open cover of A. Since A is quasi H-closed relative to X, by
Definition 2.5, there exists a finite subset A, of A such that Acl {cl(Vy): xeAy}. Therefore we obtain

Accl(A)cU {cl(V,)): xe Ag}U and hence Acpcl(A)ccl(A)cU. This shows that A is pgpr-closed.
Theorem: 3.9 If A is a rg-compact subset relative to X, then A is quasi H-closed relative to X.

Proof: Let A be rg-compact relative to X. Let {V,: ¢ € V } be covering for A where each V is open in X. Since
every open set is rg-open, {V g : ¢ € V }is covering of A by rg-open sets in X. Since A is rg-compact relative to X,
by using Definition 2.6, there exists a finite subset YV, of V such that AgU {(Va:a e Vo}. Clearly
AcU {(Va:ae Volc U {clVa): a € V o} Therefore by Definition 2.5, A is quasi H-closed relative to X.

Examples can be constructed to show that the converse of Theorem 3.9 is not true. However the converse is true
provided the space (X,7) is strongly rg-regular.

Theorem: 3.10 If (X,7) is strongly rg-regular and a subset A of X is quasi H-closed relative to X, then A is rg-compact
relative to X.

Proof: Suppose (X,7) is strongly rg-regular and a subset A of X is quasi H-closed relative to X. Let {(Vag :ax € V } be
an rg-open cover of A. That is Ac U {(Va: o e V}. Letxe A. Then xe V ¢ for some ¢y . For each xe A, take

V.=V, where V ¢ is any one of the rg-open sets in X containing x. Since X is strongly rg-regular, and Vj is rg-
open, by Theorem 3.7(b), for each xe A there exists an open set U, such that xe U,ccl(U,)cV. Clearly {Us: xe A} is
an open cover of A. Since A is quasi H-closed relative to X, there exists a finite subset A, of A such that Ac U {cl(Uy):

xe Aol U {Vi: xe Ao}. This shows that A is rg-compact relative to X.

Theorem: 3.11 In a strongly rg-regular space X, every pair consisting of a compact set A and a disjoint rg-closed set B
can be separated by open sets.

Proof: Let (X,T) be strongly rg-regular and let A be a compact set, B a rg-closed set with ANB=. Since (X,7) is
strongly rg-regular, for each xe A, there exist disjoint open sets Uy and V, such that x€ Uy, BCV,. Clearly {U,: xe A}
is an open covering of the compact set A. Since A is compact, there exists a finite subfamily {Ux;:i=1,2,..n} which

covers A. It follows that A;U {Ux;: i=1,2,...,n} and B;ﬂ {Vx;: i=1,2,...,n}. Put U=U {Ux;: i=1,2,...,n} and
V= {Vx;: i=1,2,...,n}, then UNV= . For, if x€ UNV => x€ Ux; for some j and X€ Vx; for every i. This implies that
X€E ijﬂij, which is a contradiction to ijﬂij =. Thus U and V are disjoint open sets containing A and B
respectively.

Corollary: 3.12 If X is a strongly rg-regular space, A is a compact subset of X and B is a rg-open set containing A,
then there exists an rg-open set V such that AC V C ¢l : (V) cB.

Proof: Let (X,T) be strongly rg-regular and let A be a compact set, B a rg-closed set with A C B. Since B is rg-closed,

X\B is rg-open such that (X\B) NA=@. Since (X,7) is strongly rg-regular, by Theorem 3.11, there exist disjoint open
sets U; and U, such that AcU,; and X\BcU,.ThenV=in#(c/(U,)) is open and hence rg-open. Now AcU,=intU,Cint

(cl(U,))=V which implies AcV and cl/ f (V) ccl(V) ccl(U))cX\U,cB.

Corollary: 3.13 If X is a strongly rg-regular space and A, B are subsets of X such that A is compact and B is rg-open
with ANB={, then there exist rg-open sets U and V such that AC U, BC V and UNV=Z.

Proof: Suppose X is strongly rg-regular and A, B are subsets of X such that A is compact and B is rg-open with
ANB=Y. By Theorem 3.11, there exist open sets U and V such that AC U, BC V and UNV={. Since every open set
is rg-open, the result follows.

Theorem: 3.14 A topological space (X,T) is strongly rg-regular if and only if for each rg-closed set F of (X,7) and
each xe X\F, there exist open sets U and V of (X,7) such that xe U and FCV and c/(U)N cl(V)= &.
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Proof: Let F be a rg-closed set in (X,t) and x¢& F. Then there exist open sets U, and V such that xe Uy, FCV and

U, N V=@. This implies that U, N cl(V)=. Since cl(V) is closed and every closed set is rg-closed, cI(V) is rg-closed
and x¢ cl(V). Since (X,7) is strongly rg-regular, there exist open sets G and H of (X,t) such that xe G, c/(V)cH and
GNH=. This implies c/(G)NH=J. Take U=UxNG. Then U and V are open sets of (X,t) such that xe U and FCV and
cU)Ncl(V)=D since cl(U)Ncl(V) < cl(G)NH=Y. Conversely, suppose for each rg-closed set F of (X,t) and each
xe X\F, there exist open sets U and V of (X,t) such that xe U and FcV and c/(U)Ncl(V)= <.

Now UNVc cl(U)Ncl(V)= . Therefore UNV=. Thus (X,7) is strongly rg-regular.

Corollary: 3.15 If a space X is strongly rg-regular and symmetric, then it is Urysohn.

Proof: Let x and y be any two distinct points of (X,7). Since (X,7) is symmetric, by using Lemma 2.16, {x} is
g-closed. Since every g-closed set is rg-closed, {x} is rg-closed. Using Theorem 3.14, there exist open sets U and V
such that xe U and ye V and cl/(U)Ncl(V)= &. By Definition 2.15, (X,t) is Urysohn.

Now we show that a g-closed, open subspace of a strongly rg-regular space is again strongly rg-regular.

Theorem: 3.16 If X is a strongly rg-regular space and Y is a g-closed, open subset of X, then the subspace Y is
strongly rg-regular.

Proof: Suppose (X,7) is strongly rg-regular. Let Y be g-closed, open in (X,t). Let F be any rg-closed subset of Y such
that xe Y\F. Since FEYcX and xe Y\F, xe X\F. Since Y is g-closed, open and F is rg-closed in Y, by Lemma 2.4, F is
rg-closed in (X,t). Since (X,7) is strongly rg-regular, by Definition 3.1, there exist disjoint open sets U, and V, such
that xe U, and Fc V,. Put U=U, NY and V=V, N Y. Clearly U and V are disjoint open sets in Y containing x and F
respectively. Thus Y is strongly rg-regular.

4. Strongly rg-normal spaces:
The natural extension of strongly rg-regular axiom is strongly rg-normal axiom.

Definition: 4.1 A space (X,7) is said to be strongly rg-normal if for any pair of disjoint rg-closed sets A and B, there
exist disjoint open sets U and V such that Ac Uand B c V.

It is obvious that every strongly rg-normal space is normal, g-normal, mildly normal, almost-normal and rg-normal. But
the reverse implications are not true as shown in the following examples.

Example: 4.2 Let X={a, b, ¢} with topology 1= &, {b}, {a, c}, X}. Clearly (X,1) is normal. As {c} and {a} are
disjoint rg-closed sets and are not separated by disjoint open sets in X it follows that (X,T) is not rg-normal.

Example: 4.3 Let X = {a, b, c} with topology © = {J, {a}, {b}, {a, b}, X}. Clearly (X,t) is g-normal. But it is not
strongly rg-normal, because there are no disjoint open sets which contain the disjoint rg-closed sets {a, b} and {c}.

Example: 4.4 Let X = {a, b, ¢, d} with topology © = {J, {a, b}, {a, b, c}, X}. Then (X,7) is mildly-normal but not
strongly rg-normal. Since the disjoint rg-closed sets {b} and {c} cannot be separated by disjoint open sets. This shows
that a mildly-normal space is strongly not rg-normal.

Example: 4.5 Let X = {a, b, ¢} with topology 1=={J, {a},{b},{a, b},{a, ¢}, X}. (X,7) is almost-normal but not strongly
rg-normal.

Example: 4.6 Let X = {a, b, ¢, d} with topology T = {Q, {a, b}{c, d}, X}. (X,t) is rg-normal but not strongly rg-
normal.

From the Definition 4.1 and above examples, the following diagram is obtained.
Diagram: 4.7

normal
rg- normal T g-normal
I strongly rg-normal l

e T

mi ldby normal p almost normal

© 2011, IUIMA. All Rights Reserved 2574



P. Gnanachandra® and P. Thangaveluz*/ On strongly rg-regular and strongly rg-normal spaces/ IIMA- 2(12), Dec.-2011,
Page: 2570-2577

Theorem: 4.8
(i) If a space (X,7) is T;z and if it is normal (resp. g-normal) then it is strongly rg-normal.

(ii) If a space (X,7) is regular-T),, and if it is normal (resp.almost normal, resp. g-normal) then it is strongly rg-normal.
(iii) If a space (X,7) is T}, and if it is g-normal then it is strongly rg-normal.

Proof: Suppose (X,7) is normal and T1;2 Let A and B be disjoint rg-closed sets in (X,T). Since (X,T) is T1;2 , by

Definition 2.13, A and B are disjoint closed sets in X. Since (X,T) is normal, there exist disjoint open sets U and V such
that AcU and BCV, Therefore (X,7) is strongly rg-normal. The proof for the rest is analog.

Theorem: 4.9 A topological space (X,7) is strongly rg-normal if and only if for any disjoint rg-closed sets A and B of
(X,7), there exist open sets U and V of X such that AcU and BCV and cl(U)Ncl(V)= &.

Proof: Let A and B be any two disjoint rg-closed sets in (X,T). Then there exist open sets U, and V such that AcU,,
BcV and U, N V=@. This implies that U, N c/(V)= . Since (X,7) is strongly rg-normal, by Definition 4.1, there exist
open sets G and H of (X,7) such that ACG, cl(V)cH and GNH=Y. This implies c/(G)NH=J. Now Put U=UxNG, then
U and V are open sets of (X,t) such that AcU and BV and c/(U)Ncl(V)=D since cl(U)Ncl(V)ccl(G)NH=Q. It is easy
to prove the converse part.

Theorem: 4.10 In a topological space (X,T), the following are equivalent:

(a) (X,7) is strongly rg-normal

(b) For any two disjoint rg-closed sets H and K of X, there exist disjoint pgpr-open sets U and V such that HCU and K
V.

(c) For any rg-closed set H of X and any rg-open set V of X containing H, there exists a pgpr-open set U of X such
that HcUccl(U)cV.

Proof: (a) = (b): Suppose (X,7) is strongly rg-normal. Let H and K be disjoint rg-closed sets in X. Since (X,7) is

strongly rg-normal, by Definition 4.1, there exist disjoint open sets U and V such that HCU and K cV. The result
follows from the fact that every open set is pgpr-open.

(b) = (c): Let H be a rg-closed set of X and V be a rg-open set of X such that HEV. Then H and X\V are disjoint rg-
closed sets of X. By assumption, there exist disjoint pgpr-open sets U and W such that HCU and X\VcW. Since H and
X\V are rg-closed in X and U, V are pgpr-open, by Lemma 2.3, we have X\Vcpint(W) and U N pint(W)=2.

Therefore cl(U) M pint(W)= and hence HCUccl(U)cX\ pint(W)cCV.

(c)=(a): Let H and K be two disjoint rg-closed sets of X. Then Hc X\K, and X\K is rg-open in X. By (c), there exists
a pgpr-open set G of X such that HCGccl(G)cX\K. Put U=int#(cl(pint(G)) and V=X\c/(G). Since G is pgpr-open,
HcG and H is rg-closed, by using Lemma 2.3, Hcpint (G). Now KcX\cl(G)=V and Hcpint(G)cint(cl(pint(G))=U.
Also UN V= int(cl(pint(G)NX\cl(G)c int(cl(G)NX\cl(G)ccl(G)NX\cl(G)=D. Therefore U and V are disjoint open
sets of X such that HCU and KcV. Therefore, (X,7) is strongly rg-normal.

The next theorem shows that the g-closed, open subspace of a strongly rg-normal space is strongly rg-normal.

Theorem: 4.12 Let Y =X be g-closed, open in (X,7). If (X,7) is strongly rg-normal, then (Y,Ty) is also strongly rg-
normal.

Proof: Suppose (X, 1) is strongly rg-normal. Let Y be g-closed, open in (X,T) and A and B any disjoint rg-closed
subsets of Y. Since Y is g-closed, open and F is rg-closed in Y, by Lemma 2.4, A and B are rg-closed in (X, 7). Since
(X, 1) is strongly rg-normal, by using Definition 4.1, there exist disjoint open sets U and V such AcU and Bc V.
Therefore UNY and VNY are disjoint open sets of Y containing A and B respectively. This proves that Y is strongly
rg-normal.

5. Applications:

In this section the applications of strongly rg-regular and strongly rg-normal spaces to functions are discussed.

Theorem: 5.1 Let f: X—Y be a surjective map such that f is rg-continuous and open.
If X is strongly rg-regular (resp. strongly rg-normal) then Y is regular (resp. normal).
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Proof: Suppose X is strongly rg-regular(resp. strongly rg-normal). Let ye Y and F be closed in Y such that y¢ F

(resp. let A and B be .the disjoint closed sets in Y). Since fis rg-continuous, by Definition 2.7, f(F) is rg-closed

(resp. f '(A) and £'(B) are rg-closed ) in X. Since f is surjective, there exists xe X such that y=f(x) and x& f 3]
(resp. £'(A) #@ and f'(B) 0 whenever A=J and B #0). Since (X,t) is strongly rg- regular(resp. strongly rg-
normal), there exist disjoint open sets U and V such that xe U and f TE) cV( resp. f T(A)cUand f'(B)c V). This
shows that Y is regular (resp. normal).

Theorem: 5.2 Let f: X—+Y be a continuous, injective and rg-closed map. If Y is strongly rg-regular (resp. strongly rg-

normal) then X is regular (resp.normal).
Proof: Let f: X—Y be a continuous function. Suppose Y is strongly rg-regular.

Let xe X and A < X be closed such that x¢ A. Since f is a rg-closed, by Definition 2.9, f(A) is rg-closed in Y. Since f is
injective, f(x)& f(A). Since Y is strongly rg-regular, there exist disjoint open sets U and V of Y such that f(x)e U and
f(A) < f(V). Thatis f 'f (x)ef ' (U) and f " f(A) = f ' (V). Thatis x € f '(U) and Ac f ' (V). Since f is continuous,
£(U) and f 'I(V) are disjoint open sets in X such that xe f ‘l(U) and A cf 'I(V). Thus X is regular. The proof for the
rest is analog.

Theorem: 5.3 Let f: X—Y be a perfectly rg-continuous, open, closed and surjective map. If X is regular then Y is
strongly rg-regular.

Proof: Suppose X is regular. Let U be an rg-open set containing a point y in Y. Since f is onto, there exists xe X such
that y=f(x). Since f is perfectly rg-continuous, by Definition 2.8, f'(U) is both open and closed in X. Since X is regular,
and f'(U) is open in X, there is a open set V such that xe Vccl(V)cf '(U). Then f(x)e f(V)cf(cl(V))f (V) and hence
ye f(V) cU. Since f is open, f(V) is open in Y. Since f is a closed map and since £1(U) is closed, ff'(U)=U is closed in
Y. This implies ye f(V)ccl(f(V)CU. Therefore by using Theorem 3.7, Y is strongly rg-regular.

Theorem: 5.4 If there is a function f: X—Y such that fis perfectly rg-continuous, open and surjective then Y is
strongly rg-normal.

Proof: Let A and B be any two disjoint rg-closed sets of Y. Since f is perfectly continuous, by Definition 2.8, f'(A)
and f(B) are disjoint sets that are both closed and open in X. Let f '(A) =U and f!(B) =V. Since f is open, U and V
are open sets in Y. Since f is onto, A = ff’ '(A) = f (U) and B = ff'(B) = £ (V). This proves that A and B are separated by
disjoint pen sets in Y that implies Y is strongly rg-normal.

Theorem: 5.5 Let f: X—*Y be a bijective map such that f is rg-irresolute and open. If X is strongly rg-regular (resp.

strongly rg-normal) then Y is regular (resp. normal).

Proof: Suppose X is strongly rg-regular(resp. strongly rg-normal).Let F be rg-closed in Y and ye Y\F( resp. let A and B
be the disjoint closed sets in Y). Since f is rg- irresolute, by Definition 2.7, £'(F) is rg-closed (resp. f'(A) and f'(B)
are rg-closed ) in X. Since f is surjective, there exists xe X such that y=f(x) and xgf " (F) ( resp. f'(A) #@ and £'(B)
#7 whenever A=J and B 20). Now ye Y\F=y=f(x)¢ F=xg f'(F). Since X is strongly rg-regular (resp. strongly rg-
normal) there exist open sets U and V in X such that UnV = and xe U, l(F);V(resp.f '(A)cU and f'(B)cV). Since
UNV=J and since f is bijective f(U)Nf(V)=C. This proves the theorem.
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