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ABSTRACT

M. any author established very interesting results of fixed point theorem in HAUSDROFF SPACE. In this paper we
established some fixed point result by using Banach contraction principle, in hausdroff space.
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1. INTRODUCTION:

The study of ommon fixed point of mapping contractive type condition has been a very active field of research activity
during the last three decades. The most general of the common fixed point theorem for certain to two or three mapping
of a metric space (X, d) and use either a Banach type contractive condition or other contractive condition. Many, Hardy
[1], Rajput [2], Sengupta[3] and so many author work in this field and prove more interesting result. In this paper we
establish a theorem to prove the existence of a common fixed point for three mappings. Throughout in this paper
we denote (X,d) is a metric space which is denoted simply by X and T:X - X a selfmap of X

Let (X, d) be a metric space. A mapping T: X — X is called a contraction mapping if there exists a positive real constant
o < 1, such that,
d(Tx, Ty) < o d(x,y), vV xy €X

By the well known Banach contraction principle every constraction mapping of a complete metric space (X, d) into
itself has a unique fixed point.

The object of this note is to prove some fixed point theorem in arbitrary topological spaces.
Now we prove the following Theorems:
2. MAIN RESULT:

Theorem: 2.1 Let T be a continuous mapping of a Hausdroff space, X into itself and let d: X X X — R*be a
continuous mapping such that for x,y € X and x # y. Setisfying

dxY[dE,Tx)+ d(y.Ty)]
d(TX' TY) s a { d(x,Ty)+d(y,Tx) } (1)

For x,y € X and 0 < a < 1,then T has unique fixed pointin X.
Proof: For any arbitrary x, € X we choose x € X, we define a sequence {x,} of elements of X, such that,

Xn+1 = TXp
For n=0,1,2,3,......

Now
d(Xnt1,Xns2) = d(Txp, Tner)
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Form (1)

d(TXn, TXn+1) <a {d(xn'xn+1)[d(xanXn)+ d(xn+1‘TXn+1)]}

d(xn,Txn+1)+d(Xn+1,Txn)

d(TXn, TXn+1) <aq {d(xn'xn+1)[d(xn'xn—1)+ d(Xn+1:Xn)]}

d(xnxn)+d(Xn+1Xn-1)
d(Xn+1, Xnsz) < 0 d(Xp, Xnt1)
Proceeding the same manner, we get
d(Xp, Xp41) < a® d(x9,Xx1)
lim,_,., d(Xp, Xp41) = 0
{xn} is converges to its limit z (say)
It is easy to see that, {x,} is cauchy sequence, which converges to its limit z (say)
We suppose that, z # Tx then,
d(z Tx) < d(z,Xp4q) + d(Xp4q, TX)
d(z Tx) < d(z,Xp41) + d( Txp, TX)
From (1),

d(zxp)[d(z,Tz)+ d(xn,Txn)]}
d(z,Txp)+d(xp,Tz)

d(z Tx) < d(z,Xp41) + a{

From the continuity of T and as n — o

d(z,Tz) <0
Which contradiction,

d(z,Tz) =0

z="Tz

z is a fixed point of T .

Theorem: 2.2 Let Sand T be a continuous mapping of a Hausdroff space, X into itself and letd: X X X - R* be a
continuous mapping such that for x,y € X and x # y. Setisfying

d(Sx, Ty) < a {d("'”[d("'sm d(y.Ty)l} o

d(x,Ty)+d(y,Sx)
For x,y € X and 0 <a<1,then S,and T have unique fixed point in X.
Proof: For any arbitrary x, € X we choose a, x € X such that {X,} is the sequence of elements of X define as follows,

Xon+1 = SXpp and Xpniz = Txppyq
For n =0, 1, 2,.......

Now,

d(X2n+1,X2n42) = d(SXon, TXo2n41)
From (1)

d(xzn.X d(X2n,SX2n)+ d(x ,Tx
d(SXZn; TX2n+1) <a { (x2n,X2n+1)[d(X2n,SX2n)+ d(X2n+1 2n+1)]}
d(x2n,TX2n+1)+d(X2n+1,5%2n)

d(x2nX2n+1) [d(Xz2nX2n+1)+ d(Xan+1.X2n+2)]
d(Sx,,, Tx <a {
( 2 2n+1) d(x2n,Xz2n+2)+d(X2n+1,X2n+1)

d(SXZn: TX2n+1) <o d(XZn' X2n+1)
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Procceding the same manner, we get

d(Xzn Xan41) < 0% d(Xzn-1,%2n )
In general,

d(Xan+1,X2n42) < 20+l d(x0,%1)
Since 0<a<1 = q=02"" €0,1)

lim, ., d(X2n41,X2n42) =0
{xn} isconvergent sequence converges to its limit say z.
{xn} is Cauchy sequence.
Again, if we assume that z # Tz then,

d(z, Tz) < d(z,X2n41) + d(Xzn41, T2)

d(z,Tz) < d(z Xon41) + d(Sz, Tz)

d(Z, TZ) < d(Z, X2n+1) +a {d(z,z)[d(z,Sz)+ d(z,Tz)]}

d(z,Tz)+d(z,Sz)
d(ZI TZ) < d(ZI X2n+1)
lim,_,d(z,Tz) - 0

Which contradiction, i.e
d(z,Tz) =0

Tz=z
z is fixed point for T in X.
Similarly we can show that,
z is fixed point for S in X.
UNIQUENESS:
let us assume that, wis another fixed point of S and T in X such that z # w. then,

d(z,w) < d(z,Sz) + d(Sz, Tw) + d(Tw, w)

d(Z, W) <ua {d(z,w)[d(Z,SZ)+ d(w,Tw)]}

d(z,Tw)+d(w,Sz)
d(z,w) <0
Which contradiction, i.e. z is unique.

Theorem:2.3 Let (X,d) be a complete metric space and S,T,P be self mapping from X into itself, satisfying
the following condition;

DHSXK) c P(X) and T(X) < P(X)

(ISP = PS and TP = PT

(D) d(Sx, Ty) < o {d(erPY)[d(PX.SxH d(Py,Ty)]}

d(Px,Ty)+d(Py,Sx)

Forx,y € Xand 0 < a < 1 Piscontinuous, then S,T,P have unique fixed point.
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Proof: For any arbitrary x, € X we choose a, x € X such that {Px,} is the sequence of elements of X define as follows,

PXon+1 = SXon and PXpnyp = TXonyg
For n=20,1, 2,.......

Now from (iii)

d(Px2n,PX2n+1)[d(PX2n,SX2n)+ d(PXan+1,TX2n+1)]

d(Sxzn, TXzn41) < @ {

d(Pxzn, TXz2n+1)+d(PX2n+1,5X2n)

d(Px2n,Px2n+1)[d(PX2n,PXz2n+1)+ d(PX2n+1,PXan+2)]

d(SXZn: TX2n+1) =a {

d(PxXzn+1, PXany2) < 0 d(PXzn, PXangs)
Processing the same way, we get
d(PX2n41, PXon42) < 22+ d(Pxq, Px ;)
lim,_ ., d(PXzn11, PXans2) = 0
{Px,} Converges toitlimit, z (say),
It is easy to see that {Px,} is Cauchy sequence.
Form the continuity of P, {x,} is also Cauchy sequence.
By the completeness of X, Sx,, and Tx,,4, is subsequence of {Px,} converges to z.

Again,
d(PSx,p, Tz) = d(SPx,,, Tz)

d(SPXZn, TZ) <a {d(PPXZn,Pz)[d(PPxZn,SPx2n)+ d(Pz,Tz)]}

d(PPx,p,Tz)+d(PPz,SPx,n)

lim,_,,, d( PSx,,,Tz) =0

d(PzTz) =0

Pz =Tz
Similarly we can show that,

Pz = Sz

So we can write,

For the uniqueness of z,
Let w be another fixed point of S, P, T in X different form z.
d(z,w) < d(z,Pz) + d(Pz, Sz ) + d(Sz, Tw) + d(Tw, w)
Again using (iii), we get
d(z,w) <0
Which contradiction

z is unique fixed point of P, S, T
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REMARK:

1. In we take S = T in Theorem 2.2, then we get Theorem: 2.1

2. IfwetakeS = T and P = I, in Theorem 2.3, then we get, Theorem 2.1.
3. If we take P = I, in Theorem 2.3, then we get, Theorem 2.2

REFFERENCE:

[1] Hardy, G.E. and Rogers, T.D., A generalization of a fixed point theorem of Reich, Canad, Math. Bull, 16, 201-206
(1973)

[2] Rajput S.S, On common fixed point theorem of three mappings, Acta Ciencia Indica, XVIIIM, 1, 117 (1992).

[3] Sengupta, S.B and Dutta, S.K, Common fixed point of operators, The Math. Student. Vol. 56 Nos1-4,
Pp 85-88(1988)

[4] P.L. Sharma and A.K. Yurl; A Unique fixed point Theorem in metric space, Bull. Cal. Math.Soc. 76,
153- 156(1984)

[5] Edelstein M: an extension of Banach contraction principal, Proc. Amer, Math, Soc. Vol. 12, 7-10 (1961)

[6] Yadav R.N, Rajput S.S, Some common fixed point Theorem in Banach space , Acta Ciencia Indica, XVIIIM, 1,
117 (1992).

[7] Singh S.P. Fixed point theorems in Banach space. AMS 47H10, 54H56 (1970)
[8] Rus, I. A, On common Fixed point, univ. Babes-Bolyai Ser. Math. Mech. Vol. 13, 30-33(1973)
[9] Sengupta, M. (Mrs Dasgupta), on fixed point of operators, Bull Call. Math. Soci., 66 149-153 (1974)

[10] Caristi, J: Fixed point theorems for mapping satisfying inwardness conditions, Trans. Amer. Math. Soc., 215,
241-251 (1976).

[11] Ioan Golet “On Uncountable Product of Probabilistic Metric Spaces” World Applied Sciences Journal 6 (9): 1
304-1308, 2009

[12] M.S khan, on fixed point theorem, Math. Japonica, 23, No.2 (1978), 201-204

[13] B. Ahmad, F. Rehman, Fixed point theory in L-space, Math. Japonica, 36, No. 2 (1991) 255-228.

st sttt s skt ok skokok

© 2011, IUIMA. All Rights Reserved 2474



