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ABSTRACT

In this paper, we establish a fixed point theorem for a pair of self maps satisfying a general contractive condition of
integral type. This theorem extends and generalizes some early results of Boikanyo [4]. And Jaggi and Doss [12]
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1. INTRODUCTION:

The first well known result on fixed points for contractive map was Banach fixed point theorem, published in 1922, [2].
In general setting of complete metric space, Smart [18], presented the following result.

Theorem: 1.1 Let (X, d) be a complete metric space, o € [ 0,1) and let T: X — X be a map such that for each x,y € X,
d(Tx, Ty) < o d(x,y)
Then, T has a unique fixed point z € X such that for each x € X,lim,__,T"x = z.

After the classical result, many theorems dealing with the maps satisfying various types of contractive inequalities have
been established see in [4], [6], [20].

In 2002, Branciari [3], obtained the following theorem.

Theorem: 1.2 Let (X,d) be a complete metric space, o € (0,1) and let T: X — X, be a mapping such that for each
X, y €X,

7w des (Ve dr

0

Where & : [0, 4] = [0, +o0] is a legesgue integrable mapping which is summable on each compact subset of
[0, +x], non negative, and such that, V & > 0, f; () dt >0 Then, T

has unique fixed point z € X such that foreachx € X, T"x - z as n — oo.

It is mentioned in [7], that theorem 1.2 could be extended to more general contractive conditions, for example, in [15],
Rhoades established that Theorem1.2, hold s

If we replace d(x,y) by max {d(x, y), d(x, Tx), d(y, Ty),w} Other work in this direction include [ 1, 8, 19,

20], In [17], Suzuki proved that Theorem 1.2 of Branciari is a particular case of the famous Meir-Keeler fixed point
Theorem [14], More precisely, he proved that under hypotheses of Theorem 1.2, T is a MKC, that is for every & > 0
such that,
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dx,y) < ¢ +86 = d(Tx,Ty) < ¢
And then T has a unique fixed point.
In this paper, we obtain an extension of Theorem 1.2, through rational expression.

Our obtained result extends and improves the result of Jaggi and Dass [12]. Other results on fixed point theorems
through rational expression can be found in [7, 9, 11].

2. MAIN RESULT:

Theorem: 2.1 Let (X, d) be a complete metric space and let T: X — X be a given mapping. We denote

dxTx)d(y,Ty)
d(x,Tx) + d(y,Ty) +dxy)

m(x,y) = V x,y€X (€))

We assume that for each x, y € X,

fod(Tx,Ty) ) dt< fom(X'Y)g(t) dt + P fod(x'y) E(Y) dt 2

Wherea >0, p >0, 0 < o+p <1land &:(0,1) - (0,1) is a lebesgue- integrable mapping which is summable
on each compact subset of (0, ), nonnegative and such that

Ji&® dt >0,ve>0 )
Then T has unique fixed point z € X such that foreach x € X, T"x »>z as n - +o.

Proof: Let x € X and we define the sequence {x,} in X, defined as, x,,, = Tx, for each integer n > 1. from (2), we
claim that

lim,, d(Xn:Xn+1) =0

To prove (4), we required to show that,

fod(xn+1,xn+z) E(H) dt < ™+ fod(xo.xﬂ E(t) dt

Where, r = (a+ )

By Using (2),
fod(TXn.TXn+1) &(t) dt S o fom(Xn'Xn+1) é(t) dt + Bfod(xn‘xn+1) &(t) dt

By Using (1)
d(xnXn+1)d(Xn+2.Xn+1)
d(xnXn+1) + dXn+2.Xn+1) + d(XnXn+1)

m(xp, Xn+1) =

m(Xp, Xp41) = d(Xp, Xp41)
Which implies,

fod(Xn+1:Xn+2) E_,(t) dt < « fod(Xn‘Xn+1) é(t) dt + Bfod(XnIXn+1) E_,(t) dt

fod(xn+1.xn+2) &(t) dt < ((X,+ B) fod(xnyxn+1) E-’(t) dt

In general we can write,
fod(xn+1:Xn+2) E() dt < (a+ B)n+1 fod(XO,X 1) E() dt

Since (o + B) < 1 and, it follows that,

limp,,,,d(Xp, Xp41) = 0 4)

© 2011, IUIMA. All Rights Reserved 2452



'Animesh Gupta*, *Dilip Jaiswal and ’S. S. Rajput / SOME FIXED POINT THEOREM SATISFING GENERAL
CONTRACTIVE CONDITION OF INTEGRAL TYPE / IJMA- 2(11), Nov.-2011, Page: 2451-2455

Now we show that, {x,} is a Cauchy sequence in X. Suppose that it is not then there exists an € > 0 such that for each
p €N there are m(p) and n(p) in N, with m(p) > n(p) > p, such that,

d(TXmp) Txn) = €5 d(TXmp)-1, Txn)) < &

Hence
& < d(Txmep) Txnm) < A(Txmep) TEmep)-1) + A(TXmp)-1 TXn(p))

d(TXm(p) Txnp)) < A(TXm(p) TXm(p)-1) + €

Using (4) and taking p = +o, we get
d(Txm(p), Tngp) = & (5)
This implies that there exists k € N suchthat p >k = d(TXm(p)H,Txn(p)H) < g
In fact if there exists a subsequence (py) € N, px > k, d(Txm(p)H, Txn(p)H) > ¢
We obtain from (2)
e desa U000 iy ey Cme0m0) g gy 6)

On other hand we have,
930 (1) n(i) (o)

*m(pi) Tm(pi0) * ACn(or) Tn(pr) + 4 ¥m(pi) *n(oy))

M (Xm i Xn(pi0) = o

m(Xm(Pk)’Xn(pk)) —>0ask » oo,
Tacking k = 4o in (6) we get
JEE® de< BLIED dt

Which is contradiction being B € (0,1) and the integral being positive. Let us prove now that there is o, € (0, ),
p: € N such that p > p, = d(Txm(p)+1,Txn(p)+1) < £¢— o,

If it is not true, then there exists a subsequence(p,) € N such that
d(Txm(p)+1,Txn(p)+1) - ¢ as k- 4w,

By (2), we obtain

d( Tx,, —_1%n(py)— m(X o)X, ) d(xp, Xy
fo( (Pr)-1""n(pk) 1) Et) dt<a fO ( (Pr)"n(Pre) E(t) dt + Bfo( (P (pk)) E(v) dt

On taking as k = 40, we get
J & dt<B[5 & dt

Which contradiction, since B € (0,1). now we can deduce the Cauchy character of{Tx,}. In fact for each natural
numberp > p,, we have

& < d(TXm@p) Txnp)) < A(TXmepy T¥mpy+1) + ATxmep)+1 Txny+1) + A(Txnye1 T¥np))
d(TXm(p)'TXn(p)) - £€—0gas p > +©
Thus, e <e—o0,

Which is contradiction. We conclude that {Tx,} is Cauchy.

© 2011, IUIMA. All Rights Reserved 2453



'Animesh Gupta*, *Dilip Jaiswal and ’S. S. Rajput / SOME FIXED POINT THEOREM SATISFING GENERAL
CONTRACTIVE CONDITION OF INTEGRAL TYPE / IJMA- 2(11), Nov.-2011, Page: 2451-2455

By the completeness of X, there is z € X such that Tx,, = z as n - . We shall show that Tz = z. Suppose by
contradiction that d(z, Tz) > 0. We have

0 <d(z Tz) < d(z Txpyq) + d(Tz, Tx,4q) 7

First, let us prove that d(Tx,,,Z) is convergent sequence and it is converges to zero, then d(Tx,,q,Tz) is bounded
sequence. Assume that there exists a subsequnce

d(Txp, +1, T2) such that d(Txnk+1,Tz) — 1€ (0,+o)as k- +oo, we obtain

nk ” k ”
m(x 1 z) d(xn +1 Z)

d(Txnk+1,Tz)
f E(t) dt + Bf E(t) dt
0 0

() dt < o f

0

from (1) and as k —» +oo

f,&® de< B[ e dt
Which is contradiction the hypothsis,
Since 0 < o < 1, then d(Txp44,Tz) - 0 asn — +ow
Now letting n = +oo in (7) we get
0< d(z,Tz) <d(z, Txysq1) + d(Tz, TXpeq1) = 0
We deduce that z is a fixed point of T.
Uniqueness:

Suppose that there is another fixed point of T say w, different from z in X, then from(2) we have

m(w,z) d(w,z)

My de<a [T de+ pLIP e de
[T ey de< B e de

which contradiction of hypothis. so T has unique fixed point in X

REMARK:

By taking £(t) = 1 in the above theorem then we get the result of Jaggi and Das [12].
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